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ABSTRACT. Stadlmann recently proved that infinitely many pairs of distinct primes are apart by at most 240,
improving upon the longstanding bound 246 established by Polymath8b. Building on her work, we prove that

. o) <319,
liminf(pn 41 — pn) < 212

1. INTRODUCTION

The twin prime conjecture asserts that there are infinitely many pairs of prime numbers that differ by 2.
In mathematical terms, this can be reformulated as follows: if p,, denotes the n-th prime and

Hy =liminf(pp+1 — pn),
n— 00

then H; = 2. As an approximation to the twin prime conjecture, one might hope to simply prove that H;
is finite. All current approaches to bounding H; originate with the ideas of Goldston, Pintz, and Yildirim
(GPY) [GPY09], who proved that

Their method relates the study of gaps between primes to the distribution of primes in arithmetic progressions.
Recall that the primes are said to have level of distribution 6 if, for every A > 0, we have

m(x) x

(1.1) Z max |7(z;q,a) — 2@ <A Toga) A"

g<ab (a,q)=1

The Bombieri—Vinogradov theorem states that holds for every 6 < 1/2. If were to hold for any
6 > 1/2, then the GPY method would show that H; is finite.

Zhang [Zhald] proved a variant of with 6 > 1/2 that, when combined with a modification of the
GPY method, established the finiteness of H; for the first time. In fact, his method yields

H; < 70,000,000.

The Polymath8a project [Poll4al sharpened Zhang’s work, which resulted in H; < 4680. Maynar(ﬂ [May15]
introduced a multidimensional refinement of the GPY sieve which only requires with 6 > 0. Therefore,
using the Bombieri—Vinogradov theorem, Maynard obtained H; < 600. The Polymath8b project [Poll4b]
optimized this method to obtain

H, <246.

The bound 246 stood for over a decade, and there is a structural reason for this stemming from .
In the multidimensional sieve, one chooses a divisor weight supported on a region T' C [0, 1]¥. One notes
that squaring that weight produces moduli whose logarithmic sizes are governed by pairs of points of T'. The
Polymath8b argument arranges 7' so that every such modulus stays below z!'/27¢ for a fixed ¢ > 0, where
Bombieri-Vinogradov is available. Enlarging T' improves the variational problem attached to the sieve, but it
also produces larger moduli, for which no unconditional distribution estimate is known. Every improvement
in the bound for H; amounts to a more efficient negotiation of this exchange.

Stadlmann [Sta26] broke the barrier by changing the shape of T rather than simply enlarging it. Her
support admits a thin region corresponding to moduli beyond the Bombieri-Vinogradov range, but it controls
the total mass carried by coordinates larger than a fixed threshold §. The effect on the moduli is summarized
as follows: The large coordinates record a bounded number of rough factors of size at least 2°, while the
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1Independently7 and at around the same time, Tao arrived at slightly weaker results.
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2 AXIOM MATH
remaining coordinates contribute a factor that is 2°-smooth. The rough factors can then be assigned to the
divisors demanded by the Type I, Type II, and Type III estimates, and the smooth factor can be subdivided
to bring each of those divisors to the required scale. The enlargement is therefore confined to those parts of T’
whose corresponding moduli, although larger than x'/2, still factor in one of the ways these estimates require.
Combining this with variants of the Polymath8a, Baker—Irving, and her own equidistribution estimates
[Poll4al [BITT, [Sta25], Stadlmann proved H; < 240 using an admissible 49-tuple.

Stadlmann’s results depend on complicated numerical calculations involving delicate choices of parameter.
On the basis of extensive numerical experimentation run on a distributed computing cluster, we optimized
Stadlmann’s methodology and proved the following theorem.

Theorem 1.1. We have H; < 212.

The analytic ideas behind Theorem [1.1] originated from Stadlmann. The mixed support, the relaxed Type
I/I1/I1T estimates, and the rough-smooth factor-extraction argument all originate in her work, which in turn
rests on Maynard, Polymath8a, Polymath8b, Baker—Irving, and her earlier estimates for primes in arithmetic
progressions [May15| [Poll4al [Poll14bl BI17, [Sta25]. To prove Theorem [1.1, we sharpen three parts of her
argument.

First, the analytic estimates are stated in terms of the divisors that their proofs actually use, rather than
in terms of a uniform sufficient condition on the modulus. This reformulation is Stadlmann’s, and we carry it
through for each of her five estimates [Sta26, Lemmas 3-7]. For example, the Type Ilc case in her Lemma 6
(which relies on Theorem 1 of [Sta25]) becomes our Lemma[5.6] in which the three divisor intervals for r, u,
and d; remain unsimplified instead of weakening to a convenient, uniform condition. Second, the resulting
factorization conditions are verified over the whole continuous range of rough-factor configurations and of
modulus sizes, instead of at a worst-case configuration. Third, the argument for moduli near z'/2? is made
explicit. We divide the moduli by size into four ranges: those well below z!/2, those below it by only a power of
log z, those at the level z'/2 itself, and those above it. The first range is treated by the Bombieri-Vinogradov
theorem and the last by Stadlmann’s key estimates. For the third we use the factorization that the support
provides exactly at z'/2, and for the second we show that this same factorization survives a small move
inward, so that no range is left uncovered. In Appendix A, we record, statement by statement, which parts of
[Sta26] are used unchanged, which are specialized, and which are strengthened.

The proof separates into an arithmetic statement and a variational statement, which are proved indepen-
dently. On the arithmetic side, a support datum (4, A, B, ¢) determines the family of moduli that can occur
when the sieve square is expanded, and the factor-extraction lemmas reduce the treatment of that family
to finitely many inequalities among the rough factors. All parameters are rational, and the inequalities are
verified exactly. For the reader’s convenience, they are listed in Table [3] and Appendix [B] On the variational
side, the chosen support leads to two rational quadratic forms. After a dilation of the support by a factor of
four, the sieve criterion becomes the critical requirement that the associated Rayleigh quotient exceed 4. For
the polynomial at which the quadratic forms are evaluated, exact rational arithmetic gives

.
VoI 4 00438400833460131037 . > 4.

vTIv

Finally, we note that the sieve criterion proved in Section [4| requires just two results: an equidistribution
theorem for the moduli generated by the support, and a strict variational inequality on that support. These
results are independent of each other.

Section [3] outlines the proof. Section [@] proves the sieve criterion. Section [f] states the five equidistribution
estimates and Section [6] proves them; Section [7] shows that the support supplies the factorizations they require.
Section |§ treats the passage through z'/2. The exact parameters and the variational problem are given in
Section [9) and Sections and [L1] evaluate the variational integrals and verify the required inequality. In
Section we finish the proof of Theorem [1.1

2. NOTATION

Throughout, = denotes a large real parameter, and all asymptotic notation refers to the limit x — co.
The letter p always denotes a prime, P the set of primes 1p the characteristic function of P, and 7(x; ¢, a) the
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count of the primes p < z with p = a (mod ¢). We write ¢ for the Euler totient function, u for the Mébius
function, 7 for the divisor function, w(n) for the number of distinct prime factors of n, and

Piz)=]]p, log,d

p<z

_logd
~logz”

An integer is called x°-smooth if all of its prime factors are smaller than x°. For integers a and b, (a,b) denotes
their greatest common divisor and [a, b] their least common multiple. The bracket notation [a, b] is used for a
real interval only where the entries are real numbers. We write #.4 for the cardinality of a finite set A.

A finite set H = {hq,..., i} of distinct integers is called admissible if, for every prime p, the elements of
‘H omit at least one residue class modulo p. We write
DHL[k, m]

for the assertion that for every admissible k-tuple #H, there are infinitely many integers n such that at least
m of n+ hy,...,n + hy are prime. Thus, if H(k) denotes the diameter of the shortest admissible k-tuple,
then DHL[k, 2] implies Hy < H (k).

The integer k denotes a number of shifts, and the letter n is used both for a generic integer variable and,
inside the description of a support, for the number of bands of that support. No confusion should arise, as
the two never occur in the same expression.

All parameters attached to a support are fixed rational numbers, while €, €¢, ¢/, and € denote small positive
quantities that are chosen after those parameters. Whenever such a quantity is required to be sufficiently
small in terms of the fixed data, we say so and do not record the dependence again for convenience.

3. OUTLINE OF THE PROOF

We consider the Goldston—Pintz—Yildirim sum

k
(3.1) N(zipv)= Y w(n) (ZP(“+’M;$) - 1) :

r<n<2x

n=b (W)
where v > 0 is a sieve weight, W is a product of small primes used to pre-sieve, and p is a lower-bound weight
for the prime indicator. If N(z;p,v) > 0 for arbitrarily large x, then there are infinitely many n for which at
least two of the n + h; are prime, and hence H; < max;x; |h; — hj|. In the multidimensional method, one
takes v to be the square of a k-dimensional divisor weight built from a function F' on a region T C [0, 1]*;
the two sums appearing in N (z;p, v) then have main terms proportional to two quadratic forms I7(F) and
Jr(F), and positivity of N reduces to the inequality kJr(F) > Ir(F).

Making this rigorous requires equidistribution of p in the arithmetic progressions to moduli arising from
expanding the square of the divisor weight. Those moduli are products of two divisors, one from each factor
of the square, and their possible logarithmic sizes are determined by the geometry of T'. The difficulty is
therefore to choose T large enough that kJp(F) > Ip(F) is attainable for k as small as possible, while keeping
the moduli it generates within reach of the hypotheses of the available equidistribution results.

Stadlmann’s support achieves this by imposing two kinds of constraint on a point ¢ € [0,1]*: a
constraint on the total mass ¢1 + - - - 4 ¢x, which is allowed to exceed 1/2 inside a band structure indexed by
A, and a constraint on the mass carried by those coordinates exceeding ¢, governed by the matrix B. The
second constraint is what makes the enlargement a feasible strategy. A coordinate larger than 0 corresponds
to a divisor of size at least °, and bounding the number and total size of such coordinates bounds the
number and total size of the rough factors of any generated modulus. The remaining coordinates produce
an x’-smooth factor, which acts as small change. Inserting its prime factors one at a time moves a partial
product by at most z’, so any target interval of logarithmic width at least § can be hit exactly. This is the
mechanism behind all three factor-extraction lemmas of Section [}

The proof then has four components, which we now list to help frame the remainder of this paper.

The sieve criterion. Theorem |4.10| states that if 1p is equidistributed for every modulus generated by a
support T, and if some nonzero symmetric F' € L?(T) satisfies

kJr(F)
7IT(F) > 1,
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then DHL[E, 2] holds. This is proved in Section by approximating F' by finite sums of products of one-variable
functions, evaluating the resulting divisor sums, and comparing the main term with the error term.

The arithmetic input. Theorem [7.11] states that every modulus generated by the support used here is
covered either by the Bombieri—Vinogradov theorem below the half-level, or by the transition argument of
Section [8 at the intervening blocks, or by Stadlmann’s positive-level Type I/II/III estimates. The support
parameters are the rational numbers of Table [3]

The variational input. Theorem exhibits a symmetric rational polynomial F, with
JT(F*) — 4IT(F*) > 0,
the factor 4 being the rescaled form of the threshold 1 above.

The admissible tuple. Lemma [I2.1] verifies that the 45-tuple H45 displayed in Section [12is admissible and
has diameter 212.

The first three combine to give DHL[45, 2], then the fourth gives us that H; < 212.

4. THE SIEVE CRITERION

This section isolates the only sieve-theoretic implication used later: For a given support, equidistribution for
the moduli that support generates with one strict variational inequality implies DHL[k, 2]. The construction
is Maynard’s multidimensional sieve [May15], with the support enlargement of Polymath8b [Poll4b], and
Stadlmann’s mixed support [Sta26].

We proceed in five steps. We first define the support and identify the moduli produced when the sieve
square is expanded. We then introduce the sieve weights and the quadratic functionals governing their main
terms. After stating the criterion we prove it, by approximating the variational function by finite sums of
products of one-variable functions, evaluating the resulting divisor sums, and comparing the main term with
the error committed by a signed prime minorant.

4.1. The support and its generated moduli. The support determines both the region on which the
variational function may live and, after the sieve weight is squared, the moduli for which equidistribution is
required. We define it first and then record the modulus family it generates.

Definition 4.1 (Stadlmann support). Let k,n € N, let §,e > 0, and let A = (Ao, A1, ..., An) satisfy

1
—s:A0<-«-<An<§—6.

Let B = (Bj,m) be ann x |1/§] matriz satisfying, whenever both sides are defined,
o< Bj,m < Bj,m+1 < Bj,m + 67
and set B;o =0 for every j. Fort = (t1,...,tx), put

k
St =>t,  Rs(t)={i:t;>6}, Ms(t)= >t

1€Rs (L)
Then n
o Aj_1+e<S(t)<Aj e,
Tk((saé7ﬁ7 5) = U {t € [0’ l]k . JM&(:)SBJ}\RS(Z)\ ) } ’
j=1

Thus A governs the total mass, band by band, and B governs the mass carried by the coordinates
exceeding . The one-step upper bound Bj 41 < Bj pm + 0 makes the rough-mass constraint hereditary and
will be used repeatedly.

Lemma 4.2 (Hereditary rough-mass bound). Suppose t belongs to the j-th band, and put I = {i:t; > 6}.

For every I' C 1,
> i< By
=
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Proof. Write |I| =m, |I'| = r. Every removed coordinate is larger than ¢, and therefore
Zt <Zt— m —1)0 < Bj,, — (m—1)d.
i€l i€l
Iterating Bj q+1 < Bjq + 0 gives B; ., < Bj, + (m — r)d, which proves the claim. O
The numerical values of §, A, B are fixed only in Section[J} after the analytic estimates have been translated

into conditions on the factorizations of the moduli. Expanding the square of a divisor weight supported on
Tx(0, A, B, e) produces the following family.

Definition 4.3 (Generated modulus family). Let x > 1 and g9 > 0. For an ordered pair of bands (j,7') and
integers m,m’ < |1/8], let Q(j,j',m,m’) consist of the integers

q=ee Hfa]_[fb
a=1 b=1

with the following properties:
(i) every fa, fi is at least 2°;
(ii) ee’ is x0-smooth;
(iii)
IOgacha > 1_50 Bj,m, IngHfé < (1 _50)Bj/,m’;
b

(iv)
1°gw< Hfa> (1—c0)(4; —¢), logx< Hfb> (1—e0)(Aj +¢).

The generated family is
Q*(I§Ta50) = U Q(jvjlama m/)'
1<5,5'<n
0<m,m’<[1/4]

Here f1,...,fm and fi,..., f], are the rough factors coming from the two sides of the square, and ee’ is
the smooth part. Conditions (iii) and (iv) are precisely the images of the two constraints in Definition

The argument permits the prime indicator to be replaced by a lower-bound weight p < 1p; the distribution
property we shall require of p is the following.

Definition 4.4 (Equidistribution norm). For (a,q) =1, set

A(f;ziga)= > flnw anx

r<n<2x x<n<2a:
n=a (mod q) (n,q)=1

We say that f is equidistributed for the moduli generated by T if, for every A > 0 and gq > 0,
> JAfimg,0)] <ac

q€Q™ (z;T,€0)
q squarefree

T
(logz)4

uniformly in primitive residue classes a mod q.

4.2. The weight and the variational functionals. The divisor coefficients below are the arithmetic
realization of a test function on the support. Their main terms are measured by three functionals: I is the
unweighted mass of the sieve, J measures the prime contribution, and K measures the loss that a signed
prime minorant can cause.

Definition 4.5 (GPY sieve). Let (hy,...,hi) be an admissible k-tuple.
Let W =[], <i0g10g10g 2 P and choose b € N with (b+h;, W) =1 for all i € {1,... k}.
Let p: N x (1,00) = R with p(n;z) < 1p(n) for all large x and n € [z, 2z].
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For given L € N, ¢1,...,c € R and smooth compactly supported functions Fy; : [0,00) — R, we define
the following sieve weights:

v(n) = (Z caAp, (n+hy).. . Ap, (n+ hk)> with  Ap(n) = Z w(d)F (log,.(d)).

=1 d|n

For the chosen weight function v : N — [0,00), we then define the GPY sieve function

k
N(z;p,v)= > v(n) <Zp(n+hi;x)—1>-

r<n<2z =1
n=b(W)
Because v > 0, positivity of N(z;p,v) forces some ng € [z,2x] with ), p(ng + hi;x) > 1. Moreover,
since p < 1p, at least two of the ny + h; are then prime. Therefore, positivity for arbitrarily large  implies
H, < hy — hy. Constructing a weight with this positivity property gives rise to the following three integrals.

Definition 4.6 (Key integrals). Let Ty (6, A, B,€) be as given in Definition . Let F be a symmetric,
square-integrable function supported on Ty (9, A, B,€). Then define

I(F;0,A,B,e) = // F(ty,... ty)2%dty ... dty,

J(Fi0,A,Be)=)Y_ > // Fty, .. tpe1, te)F(tr, .. b1, th)dty ... dtgp_y dtdt),

t14-+tp—1<max{A,,—¢,A,, —¢€}
ti+Htp—1+te E[Am—1+e,Am+e]
tide o1 HLE[A e, Ay te]

K(F:0,ABe) =3 3 [/ (b, t)%dt .. dby.

m t14-+tr—1>max{A,—¢,A,,r—¢c}

ti+ At 1+t €E[Am—1+e,Amte]

ti+tte_1+t, E[A,, 1 te, A, te]

4.3. Statement of the criterion. The hypotheses of the following proposition have two roles: the four
conditions on p supply arithmetic information, while the strict quadratic inequality supplies the positivity
needed to force two primes.

Proposition 4.7. Let T),(5, A, B,¢) be as in Definition [{.1} Suppose that p : N x (1,00) — R and the
constants c1,co have the following properties:

(1) Prime minorant: —co < p(n;x) < 1p(n) for all large x and n € [z, 2x].

(2) p has equidistribution properties for moduli corresponding to Ty (9, A, B, €); see Definition .

(3) If p(n;x) # 0, then all prime factors of n exceed z°, for some B> max{B;1:1<j <n}.

(4) The sum of p(n;x) over [v,2a] satisfies 3,y 00 P(N32) = (1 = c1 + 0(1)) 15555 -
Further let I(F; 6, A, B,e), J(F;6,A,B,¢) and K(F;6,A, B,¢) be as given in Definition . Suppose there
exists a symmetric, square-integrable function F supported on Ty (6, A, B, &) with
k(1 —c1)J(F;6,A,B,e) — keaK(F; 9, A, B,¢)

I(F;6,A, B,e)

Then DHLIk, 2] holds. In particular Hy = liminf,,_ o (pnt1 — pn) < H(k), where H(k) is the diameter of the
shortest admissible k-tuple.

(4.1) > 1.

4.4. From an L? function to finite tensor sums. The arithmetic evaluation applies to products of
one-variable weights, whereas the variational problem is stated for an arbitrary symmetric function of k
variables. To pass between them, we first retreat strictly from every face of the support, and then mollify and
approximate by finite sums of products. The retreat guarantees that no smoothing from mollification crosses
a band face or a rough-mass face. The argument follows Section 5 of [Poll4b], with the support geometry
and the minorant penalty retained explicitly.
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Proposition 4.8 (Sieve realization). Let Ty (6, A, B,€) be as described in Definition[{.1 Let g9 > 0 and
define region

k
+(5. A. B . _ 1k: Zi:lti<(1_80)(Aj+€)7 )
Rk (6af7i757.7a50) {(tla 7tk) € [07 ] Zie[ t < (1 7 EO)Bj,\I\ fO?”I _ {Z > 5}

Suppose there ezists a symmetric, square-integrable function F supported on Ty (6, A, B, &) with
k(1 —c1)J(F;0,A,B,e) —kca K(F;0,A, B, ¢) 51
I(F;5, A, B,¢)

If g9 > 0 is chosen sufficiently small, we can then find integers L1, ..., Ly, constants cj; and smooth compactly
supported functions fj;; : [0,00) = R with the following two properties:

(1) For everyj € {l,...,n} andl € {1,...,L;}, the support of the product fj;1(t1) ... fj1k(tx) is contained

mn R]j(é, A, B,e,j,20).
(2) Denote by L(j,1) the set of L € {1,...,L;} for which the support of [, ; fj1,s(ts) is contained in

(ts)si sy ts < (1—20)(A;—2) ¢,
s#£1

and let U(j,1) ={1,...,L;} \ L(j,%). Then the quantities

n L7 n

1= ZZZZCNCJ'I’H/ fjls '1' (ts) dts,
j=11=1j'=11'=1

n

B YD WD D WA UTART) | § AR IR

J=11eL(5,4) /=11 €L(F i) s£i
n
2531 Db SID ST ARUI AN H/ Pt fl (o) dt
J=11eU(5,5) 3'=11V€EL(F' i) s#1

n

Ki= Z Z Z Z CJlCJ’l’H/ Fiasts) i s(ts) dts

J=11eU(y,1) J'=11'€U(j’,i)
satisfy the inequality
(L—e) Y, Ji—e >, K
> 1.
T
The sieve weights used in the GPY method will then be

n Lj

Z Z cj,l)\fj“(n + hl) - /\f“,k(n + hk-)

j=11=1

Proof. Let F : [0,00)F — R be a symmetric square-integrable function, supported on Ty (8, A, B, €), which
satisfies the inequality

k(l - CI)J(F7 63A,§, E) - kC2K(F7 67Aa Ba 8)
I(F;0,A,B,¢)

Let S = {(t1,...,tx) € [0,1]*: Zle ti € [Aj_1+¢,Aj +¢), and let 15, (n) be the indicator function of S;.
For I = {i:t; > 6}}, let Y . t; < Bjq. Since {S1,...,5,} is a partition of Tx(d, A, B,¢), we then have
F=Y" F-lg,

Next, we choose small £1,e2 > 0 and define F; ; : [0,00)* — R as follows:

Pz, i) g (2, 452) i, b > 5,
0 otherwise.

(4.2) > 1.

Fajltr,. .. te) =



8 AXIOM MATH

We also take €9 = {75 and define the integrals

FG/ / Ftr, ... . t)G(te, ... ) dty ... dtg,

J;(F,G; B) / / F(ty, ... tici tistiot, oo te) Gty ooy timg, thtign, oo tr) dthdty ... diy,

Y epita<B

K,(F,G;B) / / F(ty,...,tx)G(ty, ... tg)dty ... dtg,

S#lt >B

Because F' is symmetric, square-integrable, and satisfies the strict inequality (4.2)), continuity under dilation
and translation allows us to choose €1 > 0 and then 0 < e2 < €7 so that the shifted functions F5 ; still satisfy

k n n w( s - ./ .
Zi:l Zj:l Zj’:l((l - Cl)Ji(Fljv Fy ;B (4,4")) — CZKi(FZj, F ;B (4,3)))
i g L(F2, Fa )

where B*(j,7') = (1 — gg) max{A; —e, Ay — e}

We next check that this deformation has created room for mollification. Let ¢ € supp F>; and set
Ly ={i:t; > d}. For i € Ly, the preimage coordinate (t; —e2)/(1 — 1) is still larger than §, provided e is
sufficiently small relative to e;. Therefore, the rough-mass bound for the preimage, together with Lemma [£.2]

gives .
, — €

> 1= =B

i€Ly
Therefore, the dilation and translation place supp F» ; strictly inside every total-mass, rough-mass, and
coordinate face of R',:(é, A, B, ¢e,j,2¢), and we may convolve with an approximate identity of sufficiently
small radius. This produces smooth functions F3 ;, supported in the same open region, for which continuity
of the three quadratic forms preserves the strict inequality

k n n * x/ . -
>ict Zj:l Zj’:l((l —c1)Ji(F3,5, F5,5 B*(4,§")) — caKi(F3,5, F3,5:: B*(5,5')))
Z?:l Zj’:l (F3,j= F&j’)

Following [Pol14b], define f; : [0,00)F — R by setting

fgﬁj(fl,...,tk):/ Fg,’j(sl,...,sk)dsl...dsk.

t1 tr

(4.3) > 1

(4.4) > 1.

The condition Bj,, < Bjmy1 < Bjm + ¢ again ensures that the support of fs; is contained in
Rf(6,A, B, ¢, j,2e). Write D = 8, - -- 8, and D; =[], 9;,. Then

I(Fyj, Fs ) = / (D fs.;)(1)(D fs 1) (1) dt.

H(Fag, Fayi B) = [ (Dsfaj)(t5, 0)(Difi ) (85, 0) di,
szits<B
K;(F3,5, Fs j1; B) =/ (D f3,5)(t)(Df34:)(t) dt.
Dszits>B
Write I*(fsj, fa) = I(Fsj,Fsj), Ji(fsj, f35:B) = Ji(Fs;,Fsj;B), and K7 (fsj, fs;;B) =

K,(Fs, F5 j; B). Hence
P dimr 2y (L =) JE (f3,5, f3,55 B*(5,57) — 2K (f3.5, f3,5 B*(5,57)))

S g I (f3,55 fa.50)
where B*(j,7") = (1 — eo) max{A; — ¢, Ajy —e}.

(4.5) >1

With this in hand, we next pass from smooth multivariable functions to finite tensor sums, as in Section 5.3
of [Pol14b]. We cover the compact support of each f3; by coordinate boxes of side at most €3, choose a
smooth partition of unity subordinate to this cover, and approximate on each box by finite sums of products
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of one-variable smooth functions. Tensor-product density in the required Sobolev norm makes the three
quadratic forms converge simultaneously. Because the support of f3 ; lies strictly inside the admissible region,
€3 and the approximation error may be chosen so that every tensor retains the same support conditions. We
thereby obtain integers L1, ..., L,, constants ¢;;, and smooth functions f;;; : [0,00) — R that satisfy the
following key properties:

(i) Each f;,;; is supported on an interval of length at most e3.

(ii) For every j and [, the support of Hle fii(t;) is contained in R} (8,4, B, ¢, j,20)-
(iii) For each j, the tensor sum

h t17-~-7 ZC]lejlz

approximates f3 ; closely enough that
Dict Zj:l Zj/:l((l —c1)J (hy hys B*(4,5")) — c2 K (b, hyrs B*(4,5)))
Z?:l Z?’:l I* (hj7 h]/)

With our goal in mind, it remains to identify the three tensor expressions with the quadratic forms in
Proposition Expanding >0 Ty, hyr) gives

ZZ Z Z Cj lcj/ 1 / / f] l 1 tl f;,l,k(tk)f‘;/,l’,l(tl) . e fj/'/,l,,k(tk) dtl . e dtk.

j=11=1j'=11U=1

(4.6) > 1.

This is exactly Z. We next compare the numerator terms. For a fixed 4, expansion of Z I (hy, ks B*(4,5"))
gives

L;

n
SIS S 00 [ [T T e [
j=1l1i=1j=1U=1 S osi te<(1—c0) max{A;—c, A,/ —c} s#£i s#i s#£i
Partition {1,...,L,} according to whether the marginal support lies inside the retained region. To this

end, we let £(4,4) consist of those [ for which the support of HS# fi1s(ts) is contained in

(te)spit P _ta < (1—g0)(4j—¢) ¢,
s#£1
and put U(j,¢) ={1,...,L;} \ £(j,1).
The union of the supports of fis(ts farps(ts), with I € U(j,1) and I' € U(j',1), meets
s#i J It s#i J I,
{(t1, oy tict, tig1y ooy tg) ZS# ts < (1 —eo)max{A; —e, Ajs —e}} on a set of measure O(e3). Therefore,

for any given €4 > 0, we can choose the value of e3 sufficiently small that the contribution of pairs
() eU(y,7) xU(', i) to T is bounded by 4 and

Z Z Z Z cjuci v fi,,i(0) fi0,i(0 / / Hszs Hffzf S)Hdts

J=11€L(4,i) /=11 €L(j,i) s#i s#i s#i
+22 Z Z Z C]lcj’l’]lz fj’l” / / Hf]ls Hf’l’ S)Hdts
J=11eU(4,i) j'=11'€L(j’ i) s#i s#i s#i
>ZZJ* hjr; (1 —eo) max{A; —e, Ajy —e}) — 4.

Jj=1y5'=1

Finally, a pair (1,1') for which | € £(j,4) or I’ € L(j', ) makes no contribution to >~ ., K} (h;, hj:; B*(4,5"))-
Indeed, its support is disjoint from the region of 1ntegratlon The entire K;-sum therefore equals

00 oo k
S S S e [ 1760 T] st

51—
J=IeUG ) =L eul’, Z)Z;ﬁ ts>(1—eo) max{A;—e,A; — E}
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Since the support of functions [[,_; fi.1,s(ts) [Ioz; firr,s(ts) with { € U(j, i) and I € U(j',7) only overlaps
with {(t1, ... tim1 tiprs ooy te) 1 D ts < (1—€o) max{A; —e, Ajy —e}} on a set of measure O(e3), we can
drop the condition » _; ts > (1 — o) max{A; — e, Aj — e} with a loss of at most 4, provided that e3 was
chosen small enough. Overall we then have

oo OOk
K=Y Y Y % ”/o/o 1t Hf,, ) dty .. dy

J=11eU(j,i) 3’ =11 el(j’ i)
< Z Z K} (hj, hj; B*(j, 4')) + ea-
j=1j'=1
Looking back at inequality (4.6 we therefore have
(1—e) X, Ji—ca iy Ki+ (1= c)k + cak)es
z

Hence, taking &4 sufﬁciently small (and the corresponding 3 even smaller), we arrive at the desired inequality
(1— 01)21 1~-71752 Zz K i1, O

> 1.

4.5. Asymptotic evaluation of the divisor sums. Having reduced to products of one-variable weights,
we evaluate the corresponding divisor sums, of which there are two terms. The principal residue-class average
produces the variational functionals, and the discrepancy from that average is summed over the modulus
family of Definition [£:3] The coprimality conditions introduced by the W-trick are recorded explicitly, since
they are part of the uniformity demanded of the equidistribution estimates in Section [5}
Both sums appearing in N(z; p,v) reduce to the mixed term
k
> pn+hiz) [[Ae (n+ho)re, (n+hy),
r<n<2x s=1

which is estimated as follows. The calculation follows Section 4.2 of [Poll4b], with the minorant modification
of Baker and Irving [BI17] and with the generated modulus family tracked explicitly.

Lemma 4.9. Suppose that p: N x (1,00) = R has the following properties:
(1) Prime minorant: —co < p(n;x) < 1p(n) for all large © and n € [z, 2x].
(2) p has equidistribution properties for moduli corresponding to Ty (9, A, B, €); see Deﬁmtzon
(3) If p(n; x) # 0, then all prime factors of n exceed xP, for some 3 > max{B“ :1<j<n}.
(4) The sum of p(n;x) over [z,2x] satisfies 3°, ¢, o, P(Ns2) = (1 —c1 + o(1)) e -

Fizig € {1,...,k}, and let F;,G; : [0,00) = R be smooth and compactly supported. Suppose

suppHF ) C Rf(8,A,B,e,j,c0)

and the analogous inclusion for ||, Gi(t;) holds with §' in place of j. Finally, assume that the marginal support
satisfies

supp H Fi(t:) C 4§ (ti)istio Z ti < (1—e9)(4; —¢)
1710 i
Let W =[], <10g10g10g 2 P @nd b € N with (b+ h;, W) =1 for all i € {1,...,k}. Then
k

w§n§2$ i=1
n=b(W)

((1—c1 Gio H/ Fi(t)Gi(t dt*“)(sﬁ@(x)’“)‘

i#i0
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Proof. By relabeling the coordinates, assume 4o = k. Recall that Ap(n) = 3", 1(d)F(log,(d)). We call the
sum we are interested in S. Expanding, we have

k
S = Z p(n+ hy; x) H AR (n+ hi)Ag, (n + hy)
z<n<2z =1
n=b(W)

k
= Y [ md)u(d)Fiog,(d))Gi(log,(d})) > p(n+ hi;a).
dieodidy o df, =1 r<n<2z
n=b(W)

If p(n+ hy; z) # 0, every nontrivial divisor d | n+ hy, satisfies log, d > B; 1. Since Bj ,, < Bj1+ (m—1)d,
adjoining any further m — 1 rough coordinates would give total rough mass greater than B, ,,,. Such a point
cannot lie in the support of [ [, Fi(¢;). Consequently only dj = 1 contributes. Moreover, same argument gives
d, = 1. Hence

k—1
S=TFp(0)Gr0) > ] mdi)u(d;)F;(log,(d:)Gi(log, (d;)) > p(n + hy; ).
di,...,di,df ..., d) =1 z<n<2z
n=b(W)

We now use the W-trick in the form of [Poll4b]. The residue class b was chosen so that (b + h;, W) =1 for
every ¢. Once zx is large enough that
|h; — hir| < logloglog (1 #1'),
the preceding congruences can be compatible only if the least common multiples [d;, d;] are pairwise coprime
and are all coprime to W = Hpgloglog log 2 P-
The conditions (n = b(W) and n = —h;[d;, d}] for i # k) can thus be replaced by a single congruence
n+hy =awg,,. 4 - mod AW,dy,...,d,_, - Here Aw,d,,....d,_, can be chosen to be coprime to all primes p < z,

k—1
and AW,dy,....d|,_, 18 defined to equal

Aw.dy....a,_, = Wldi,dy] ... [dy—1,dj_4].

Hence we split S into a main term Sj; and an error term Sg as follows:

Su = OGO Y [Ty p(di)u(dp) Fy(log, (d:))Gi(log, (d))) v

7 7 p(m;x),
ey diydyyensdy SD(W[dh dl] o [dkil’ dk_l]) r+h<m<2zx+hy
k—1
SE = |Fi(0)Gy(0)] > T 17:(log, (d:)Gi(log, ()| Alps away ..., (@wias,.a, )
dryeerdie,dl .y dl, i=1

aw,d, condh squarefree

> p(m;x) — L > p(m;x)|.

z+hr<m<2z+hy Lp(q) z+h<m<2x+hy
m=a(q) (m,q)=1

For the main term Sy, use the assumption »_, 1, o, p(n;2) = (1 —c1 + o(l))@ and apply Lemma 4.1
of [Pol14b], with [d;, d}] replaced by ¢([d;,d;]). This gives

b1 - T k—1
Sy = (Fk(O)Gk(O) < H /0 Fi/(ti)G;(ti)dti> (1 - Cl) + 0(1)> (go(W';[:log(x)k> ’

For the error term, consider a contributing modulus

q= W[dlv dll] T [dk—bd;c—l]'

where A(p; a(q))
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Among the factors d;, denote those at least 2° by fi,..., fm, and absorb the remaining factors, together with
W, into e. Apply the same procedure to the coprime quotients d;/(d;, d}), obtaining rough factors fi, ...

and a residual factor ¢’. Then )
m m

g=cc [[£]]#
i=1  i=1

-smooth. The two tensor-support conditions give

o / / €0
log,, (eHﬁ) < (1 — 5) (A5 —e), log,, (e Hf1> < (1 - 5) (Aj +¢).
The one-step inequalities for the B-rows similarly give

log, H Ji < (1 —€0)Bjm, log, Hf{ < (1—¢9)Bjm-

v Jm/’

where e and e’ are z°

Thus Definition places every modulus contributing to Sg in Q*(x;40, A, B,e,20/2).

By hypothesis (2), p has equidistribution properties for the moduli corresponding to Ty (9, A, B, ¢): if
a € Z with (a,p) =1 for all p <z, and if C > 0, then

1 x
(4.7) Z Z p(n;m)——) Z p(n;x)| o, W.

4€Q" (r:0.A.B.2, %) | nélr2a] 40) e
q is squarefree n=a(q) (n,q)=1

The congruence class a above is fixed, whereas in Sg the class aAw,ds ....d _

, depends on the divisors. The
averaging device from the proof of Theorem 3.6 of [Poll4b] uses the set

A:{ae{l,...,np}:aZb—l—hk mod W, Vp € (logloglogz,z]3i € {1,...,k—1}:a=hy — h; modp}.

p<z
Fix dy,d},...,dk-1,d}_,, and put
q=qwd,,...a,_, = Wldi,dj] - [d—1,dj,_4].
The set A was chosen so that its reduction modulo ¢ contains the residue class AW,dy,...,d],_, - The Chinese
remainder theorem gives its multiplicity: among the elements of A, this class occurs
Al
(& — 1)=(/™)

times, where w(q/W) denotes the number of prime factors of ¢/W. Since ¢/W is squarefree, (k —1)~(@/W) <«
7(q)°™. Thus averaging over @ € A, with the factor 7(¢)°(") /|.A|, dominates the discrepancy in the required

class. Conversely, a fixed ¢ € Q* arises from at most T(q)o(l) tuples of divisors. These two multiplicity bounds
give the following estimate for Sg:

7(q)° 1
I IR 5 5l D DR M
| Al e(q)
qu*(z;é,Aé,a%) aC€A | n€[z+hg,2z+hg] n€z+hi,2zc+hi]
q squarefree n=a(q) (n,q)=1

To finish, apply Cauchy—Schwarz and (4.7). Choosing C' sufficiently large gives

1/2 1/2
SE<LL§:< > ﬂ@m”A@m@D> < > A@ﬂ@»)
q€Q"(

a€A ©;6,A,B,e,5%) qEQ™ (x36,A,B,6,72)
q squarefree q squarefree
1 _ T
<o 1 2 (wlog(@)? ) A alog(e) N <o e

acA

Since W < (loglog #)®™M), summing the asymptotic for Sy; and the bound on Sg for a large C' completes
the proof. O
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4.6. Proof of the criterion. We now assemble the approximation and the asymptotic formula. One point
requires care: the prime detector may be a signed minorant, and the tensor approximation was made on a
slightly enlarged support. We therefore separate the retained marginal terms from the discarded ones, and
show that the latter are charged precisely to the functionals K.

Proof of Proposition[{.7 Fix a sufficiently small ¢y > 0. Lemma then supplies integers Lq,...,
coefficients c¢;;, and smooth compactly supported functions f;;; :
being supported in R} (6, A, B, ¢, j,c0). Let L£(j,i) be the set of | € {1,.

[szi fi1,s(ts) is contained in

(ta)spi 1 Y ts < (1 —c0)(4;

s#£1
and let U(j,1) = {1,...,L;} \ £(j,7). Then the quantities

&)

I= ZZZZCNQW’H/ Firs(ts) fir v o(ts) dts,

j=11=1j'=1U'=1

Z Z Z Z cjcir o £.0,i(0) fir0,:(0 H/ Fins(ts

J=11eL(5,4) /=11 €L(F i)

+2Z Z Z Z cjlcj’l’fjlz fj’l" H/ fgls

J=11eU(j,i)j'=11eL(j,i)

K = Z Z Z Z CJlC/l'H/ f,zb

J=11eU(j,i) ' =11 €Uy’ i)

satisfy the inequality

Q-e) X T X K

s#£1

s#£1

Pl o(ts) dty

> 1.

7
Choose the sieve weights

n Lj
Z Z Cj»l)‘fj.m (n+hy)...

j=11=1

Next we consider the ratio

N(z;p,v) =

)‘fj,L,k (n + hk)

k
> im1 Zm§n§2x,nzb(W) v(n)p(n + hi; x)

ngnSQm,nEb(W) V(TL)

On the one hand, Theorem 3.6 of [Poll4b] gives

> HAfmn+h>Af,,/sn+h (H/ Fe(ts /l,<s>dts+o<1>>(¢(

z<n<2z s=1
n=b(W)

Expanding the square in v(n), this gives

(4.8) > v(n) = (T +o(1)) (

r<n<2z,n=b(W)

aWk=1
p(W)* 10g(w)k>

[0, oo) — R, each tensor []; fj:(t:)
., L;} for which the support of

/ JA,s (t )dts

/ s (t )dts

JTWk_l
W)¥log(z)*
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On the other hand, a lower bound for the numerator follows from p(n + h;; z) + c2 > 0 and the identity below.

v(n)p(n + hi;z) > (Z > cngAf,lén+h ) (p(n + hi; ) + c2)

J=11€eL(j,7) s=1

n k n k
+2<Z > CjJHAfj,l,s("Jrhs)) (Z > Cj,lHAfj,z,s(nJrhs)) (p(n+ hi;x) + c2)

J=11€L(j,i) s=1 J=11€U(j,i) s=1

J=11eU(j,%) s=1

2
10> ot | CORISIRED b ol s CORRTR)
J=11eL(j,1) =

n k 2
= (Z Z cj'lH)\fj,l,s(n+h5)> p(n+ hi;x)

J=11eL(j,i) s=1

+2

N

n k n k
S>> Cj,zH/\fj,z,s(nﬂth)) (Z > Cj,ZH/\fj,l,s(nJrhs)) p(n + hi; x)

J=11eL(j,i) s=1 J=11€uU(j,i) s=1

2
n k
—co ( Z i H )\fj)lﬂs(n + hs)> .

J=lleu(ji) — s=1

Lemma [.9] gives the asymptotic formula
k

Z p(n + hlvm) H )\fj.l,s(n + hs))‘fj/yl/gs(n + hs)

z<n<2z s=1
n=b(W)

Wkt
((1—01)fm( Va0 E[/ Fras () o (t)dts + o1 >> (W)

Summing the lower bound for v(n)p(n + h;; x) over [z, 2z] and substituting the asymptotic from Lemma
for terms involving p(n + h;; ), and substituting the asymptotic from Theorem 3.6 of [Pol14b] for terms
involving co, we then get

k gWk-1
@) Y Y et has) = (1—c12$—622’<+ )(W)

=1 2<n<2zx,n=b(W)
Combining asymptotics (4.8) and (4.9), we finally get

(1—c1) Zi;l Ji— ¢ Zle Ki+o(1)
T+ o(1)
Hence, for sufficiently large x, we have the desired inequality N (z;p,v) > 0. 0

N(x;p,v) = > 14 0(1).

Specializing to p = 1p gives the form of the criterion that we shall use. Here and below we abbreviate
I (F) =I(F;6,A,B,¢) and Jp(F) = J(F;0, A, B,¢) for a support T with data (4, A, B, ¢).

Theorem 4.10 (Direct-prime sieve criterion). Let T be a Stadlmann support, and suppose that 1p is
equidistributed for every modulus generated by T. If a nonzero symmetric F € L?(T) satisfies
k‘JT(F) > IT(f‘j)7

then DHLIk, 2] holds.
Proof. Apply Proposition [.7] with

le]p, 6126220.
Its variational inequality becomes kJp(F) > Ir(F'). The admissible k-tuple in Definition is arbitrary, so
the conclusion of that proposition is exactly DHL[k, 2]. O

Theorem [£.10] leaves two things to prove: equidistribution for the moduli generated by the chosen support,
and the existence of an F' satisfying the strict inequality. The first occupies Sections [BH§| and the second

Sections [QHITl
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5. THE EQUIDISTRIBUTION ESTIMATES

The sieve criterion reduces the arithmetic input to a discrepancy estimate over Q*(z;d, A, B, €, ), and
this section states the estimates from which that discrepancy bound will be assembled. A modulus lying
below z'/2 is covered by the Bombieri-Vinogradov theorem, whereas a modulus above that level must exhibit
divisors of prescribed sizes in order to meet one of the Type I, Type II, or Type III hypotheses below.

The analytic inputs are the Type I/II/III estimates for multiply #°-densely divisible moduli of Polymath8a
[Poll4a], Stadlmann’s estimate for smooth moduli [Sta25], and the Baker—Irving Type I estimate [BIL7].
A large smooth divisor does not by itself imply multiple dense divisibility, and this is where Stadlmann’s
reformulation enters: one retains the particular factorizations that the proofs of those estimates actually
use, and states the conclusions directly in terms of the divisors r, u, d; that the combinatorial partition of
Section [7] can supply. Every such modification is recorded, and the proofs are given in Section [6] The labels I,
ITa, IIb, Ilc, and III refer to the shape and relative lengths of the convolution variables.

5.1. Coefficient sequences and discrepancy. We first fix the analytic language. All implicit constants in
the divisor bound below are independent of the integer variable and may depend on the fixed sequence.

Definition 5.1 (Coefficient sequences). A coefficient sequence is a function a : N x (1,00) — R which
satisfies |a(n;z)| < 7(n)°MW log(z)0W.
(i) « is said to be located at scale N(x) if there are some constants 1 < ¢ < C < 1 such that o -;x) is
supported on [¢N(z), CN(x)] for every x > 1.
(ii) If « is located at scale N(x), it is said to have the Siegel-Walfisz property if

1 N(z)
Y alma) = ——= Y almz)| <arler)?V
ZL:aj(g)l SO(Q) (n,qr)=1 10g(:L‘)

forany x> 1, any g, > 1, any A > 1, and any residue class a mod q with (a,q) = 1.
(iii) « is said to be smooth at scale N(x) if there are some constants 1 < ¢ < C < 1 so that for every x > 1,

there exists a smooth function ¢ : R — C supported on [c, C], with |9 (t)] <; log(x)? ™) for all t € R,
n

such that a(n;x) = (N) .

For sequences a, 8 : N — C, their Dirichlet convolution is

(axB)(n) =Y ald)s (5).

d|n

The estimates below use the following discrepancy convention.

Definition 5.2 (Equidistribution). Consider f : N x (1,00) — C. Let D(z;w,~,d;¢) be a set of integers
dependent on parameters w, v and §, and dependent on a small parameter € > 0.

For a given set of (w,~,0), we say f has equidistribution properties for moduli in D(x;w,, d;€), provided
the following holds: For any sufficiently small € > 0 and for all x > 1 and A > 0, and for all a € Z with

1 T
(5.1) Z Z f(n,m)—@ Z f(n;x) <A Wo

deD(z;w,y,0;¢) | n€[z,2z] née(z,2x)
d is squarefree  n=a(d) (n,d)=1

Note that the implied constant is only allowed to depend on w, v and § insofar that they determine which e

are sufficiently small for to hold.

5.2. The five estimates. Harman’s decomposition, which we shall use in Section [7|to construct the prime
minorant, sorts its convolution terms by the exponent « of one distinguished variable. Different parts of the
~v-range are accessible to different exponential-sum estimates, and those estimates in turn require different
divisors of the modulus. Table [I| maps this correspondence. A row records the convolution shape, the
factorization that must be extracted from the modulus, the range in which the estimate is used, and its
source. The formal statements that follow quantify all coefficient and residue-class uniformity.
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TABLE 1. The five equidistribution estimates.

estimate convolution shape factorization of ¢ range source

Type I a* (3, B smooth r|gq all Baker-Irving
Type lla ax*f r|q lower Type I1 Polymath8a
Type IIb ax*f ru| g middle Type I Polymath8a
Type llc axf g=ruv, di|r upper Type II ~ Stadlmann
Type III %11 %2 x 3 r|q Type III Polymath8a

In the statements below, v denotes the logarithmic size of the indicated convolution factor, w measures
how far above z'/2 the moduli are allowed to reach, ¢ is the roughness threshold, and ¢ is the local retreat.
The first estimate is the form of Lemma 5 of Baker and Irving [BIT7] needed for the present modulus family.

Lemma 5.3 (Type I). Suppose f(n;z) = (ax B)(n;x), where « is a coefficient sequence at scale M and (
is a smooth coefficient sequence at scale N with M(x)N(x) =< z. Suppose also that « has the Siegel-Walfisz
property; this is used only in the range v € (1,5 + 2w + €]. Write N(x) = &7. Define the set of moduli

de 1,z *]NAN: 3r | d with 27°7% < r < x”735} ify < 3,
Di(z;w, v, 6;¢) = de 1,22 NN: 3 | d with 22777073 <r < xl_“’_gs} ifv€E (3,3 +2w+el,
[1,2Y/272*] NN ify> %4+ 2w+e.
Consider triples (w,~,d) which satisfy the following inequalities:
3y — 12w —36 > 1 if v<3,
68w + 146 < 1 if ve(3,3+2w+el

For such triples (w,7,9), convolution f has equidistribution properties for moduli in Dy(xz;w,"y,d;€).

The next estimate comes from Theorem 2.8(iv) of [Poll4al; in the lower Type-II range it takes the place
of Theorem 2.8(i), which was used at this point in the original formulation.

Lemma 5.4 (Type Ila). Suppose f(n;x) = (ax B)(n;x), where a is a coefficient sequence at scale M and
B is a coefficient sequence at scale N with M(z)N(z) < = and N(x) < /2. Suppose also that B has the
Siegel-Walfisz property. Write N(x) = 7. Define the set of moduli

Diro(z;w,7,05¢) = {d € [1,%1/24'2‘”] NN : There exists a divisor r | d with 2V < < x'y_gs}.
Consider triples (w,~,d) which satisfy the following inequalities:
24w 4+ Td — by < =2,
8w + 35 —v <0.
For such triples (w,~,9), convolution f has equidistribution properties for moduli in Dyr.(x;w,7,0;¢€).

In Lemma and in each of the lemmas that follow, the permissible triples (w,~,d) are defined by strict
inequalities. If one restricts attention to triples satisfying these inequalities with room to spare—say, for a
fixed 1 > 0, to triples with 24w + 70 — 5y + &1 < —2 and 8w + 3J — v + €1 < 0—then ¢ may be chosen
uniformly in (w,~, d), and the implied constant in the equidistribution estimate does not depend on the triple.
This is how the lemmas will be applied.

The middle Type-II estimate is the corresponding specialization of Theorem 2.8(ii) of [Poll4al.

Lemma 5.5 (Type IIb). Suppose f(n;x) = (a* f)(n;x), where v is a coefficient sequence at scale M and
B is a coefficient sequence at scale N with M(x)N(z) < = and N(z) < x'/2. Suppose also that B has the
Siegel-Walfisz property. Write N(x) = 7. Define the set of moduli

Ir|dIu| 2 with V=370 <p < g% }

242w
Drry(z;w,7,0;€) = {d € [171’1/ TINN: and p1/2—7—2w—65=8 . o 41/2—y—2w—6c
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Consider triples (w,~,d) which satisfy the following inequalities:
24w + 70 — 3y < —1,
8w+ 35 —v <0.

For such triples (w,,9), convolution f has equidistribution properties for moduli in Dypp(x;w,~,0;¢€).

The upper Type-II estimate is obtained by retaining the factorization requirements in the proof of
Theorem 1 of [Sta25].

Lemma 5.6 (Type Ilc). Suppose f(n;x) = (a* B)(n;x), where « is a coefficient sequence at scale M and
B is a coefficient sequence at scale N with M(z)N(z) < z and N(x) < x'/2. Suppose also that B has the
Siegel-Walfisz property. Write N(x) = 7. Define the set of moduli
Ir|dIu| 2 3d | rwitha" 570 <r < g7
Dire(zyw,v,0;e) = d € [1,x1/2+2“’] NN: and 2177707001 <y < g1—7=6eq~1
and r2x2—fy—52e—6d—4 < dl < r2x2—'y—525d—4
Consider triples (w,~,d) which satisfy the following inequalities:
8w 440 + 2y < 1,
32w + 106 — v < 0,
48w 4 166 — 4y < —1.
For such triples (w,,9), convolution f has equidistribution properties for moduli in Dyj.(x;w,~y,0;¢€).
Finally, the Type-1II estimate is the fixed-divisor form of Theorem 2.8(v) of [Poll4al.
Lemma 5.7 (Type III). Suppose f(n;x) = (a* 11 *x 1 *13)(n;x), where a is a coefficient sequence at scale
M and 11, Yo and 13 are smooth coefficient sequences at scales N1, No and N3 with
M (x)N1(z)N2(x)N3(z) < =,
Ni(x)Na(x), Ni(2)N3(z), No(z)N3(z) > z'77,
] < Ny (l‘), Ng(x), Ng(l‘) < 7.
Define the set of moduli
Dirr(z;w,v,0;¢e) = {d IS [1,x1/2+2“’] AN : 3r | d with g /3T40/3-Aw/3=0 ) m1/3+45/374“’/3}.

Consider triples (w,~,d) which satisfy the following inequality:
28w + 97 + 80 < 4.

For such triples (w,,9), convolution f has equidistribution properties for moduli in Dyrr(z;w,~,d;¢).

6. PROOFS OF THE EQUIDISTRIBUTION ESTIMATES

The five lemmas of Section [b| are variants of the results cited there, not restatements of them. This section
details the differences. Their common analytic core is Theorem 5.8 of [Poll4al]. The Type I argument uses in
addition Lemma 5 of [BI17], and the Type Ilc argument Theorem 1 of [Sta25]. In each case we first record
which source estimate is being invoked, then match its variables to ours, and only then simplify the resulting
exponent inequalities. A reader can therefore see which part of each cited proof is unchanged and which part
is supplied here.

The proofs are ordered by increasing complexity of the required factorization. Type I and Type Ila need
a single divisor in a prescribed interval. Type IIb needs two divisors at compatible scales. Type Ilc is the
delicate case: it needs a nested divisor d; | r, and it is responsible for the active parameter wall in the final
optimization. Type III again needs one divisor interval, but for a three-variable convolution.
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The common reduction. With the exception of Type III, the estimates pass through the reduction in
Section 5 of [Poll4a]. That paper is formulated for i-tuply x°-densely divisible integers, but its reduction
uses only a factorization m = gr with Nz—3=% <« r <« Nz =3¢, We therefore restate its Theorem 5.8 with
precisely the relaxed modulus hypothesis needed here. Since the statement involves exponential sums, we first
fix notation.

For ¢ € N and n € Z, we define e,(n) = exp(2min/q). For a,b € Z, we set

a €q (TM) if a/b is well-defined mod ¢,
o (3) =

b 0 otherwise,

where a/b represents an integer n which satisfies n = a/b mod q.

The reduction produces the following family of exponential sums.

Definition 6.1. For a given triple (w,~,0) withy — 4w — 8 >0 and v < 3 and for v > 0, let Z(w,,8; )
denote the set of (Q, R, qo,b1, b2, £) with the following properties:

(i) R € (0,00) with x7~073¢ < R < 772,

(ii) Q € (0,00) with '/?27¢ < QR < x/?+2v,
(iii) go € N with o < Q.
(iv) by,be € Z with (b1ba,p) =1 for all p < x.
v) L€ Z with1 < || < .

Consider some choice of sets Q(Q;x,w,v,d,¢) C [Q,2Q] NN and R(R;z,w,,d,¢) C [R,2R] NN.

(

For a given z = (Q, R, qo, b1, b2, () € Z(w,,6; ), we then set C(n) =1v, _ v, “ and define
n — n+lr
Sor(x)= D S>> > >° CmBm)B(n + br)®e(h,n, 7, 0,01, 42) |,
TER(R@’WW’(;YE)qoql,qoq2§197gé;z,w,w,6,a)0<\h|§zZ§AQ42 ("v“mnh):l
(q1,92)=1 (n+er,qpqz)=1

q0a1 790927 squarefree

5 ®o(h ) ( ah ) ( bih ) < boh >
where ®;(h,n,7,q90,q1,q2) = e, | —— | e — e —_ ).
oz "\naoqiqz ) " \nrg2) 2\ (n+€r)raom

Lemma 6.2 (Variant of Theorem 5.8 of [Poll4al). Suppose f(n;z) = (a* f)(n;x), where a is a coefficient
sequence at scale M and B is a coefficient sequence at scale N with M (xz)N(x) =< x. Suppose [ has the
Siegel-Walfisz property. Write N(z) = x7.
Consider some sets Q(Q;x,w,v,d,e) C [Q,2Q] NN and R(R;z,w,~,d,&) C [R,2R] NN.
Let Z(w,7,6;x) and o =(Q, R, g0, b1,b2,¢) be as defined in Definition .
Let Dy = exp(log(z)'/?) and suppose that ¢ € Q(Q;x,w,,d,¢) implies that (¢,p) = 1 for p < Dy.
Suppose D(x;w,,0;¢€) is a set of moduli with
JR3IQ with log,(Q) € Z and log,(R) € Z
and 277073 < R < 277% so that
d = gqr for some q € Q(Q;z,w,v,0,¢) and r € R(R;x,w,~,0,¢),
or Hp|d,p§D0 p > exp(log?®/® )

D(z;w,7,8;¢) C{del,z/* ] NN:

Consider triples (w,v,9) with v — 4w —§ > 0 and v < % Suppose a collection of such triples satisfies

sup ZQ,R(Q7 R7 q0, b1> b27 ‘g) < m_QEQQRN(q(L g)q(;2
(Q,R,q0,b1,b2,£)€Z (w,7,5;x)
Then convolution f has equidistribution properties for moduli in D(x;w,~,d;¢€).
Proof. Only one preliminary change is required in the proof of Theorem 5.8 of [Poll4al. There the congruence
class a obeys (a,p) =1 for p € I, with I a bounded set depending on . We take I = [1,x] and replace P; by

HpSw p-

The contribution of d with Hp‘ d.p<Do P> exp(log?/? z) is bounded trivially. It remains to consider d = gr,
with ¢ € Q(Q;z,w,v,0,¢) and r € R(R; z,w,~,d,¢).

The source factors every i-tuply x’-densely divisible integer as d = ¢r with 277073 < < 2773¢ then

removes from ¢ its prime factors at most Dy. We replace the resulting densely divisible sums by sums over
q € 9(Q;x,w,7,6,¢) and r € R(R; z,w,,6,¢), where 77973% < R < £772¢, Elements of Q already have no
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prime factor at most Dy. The conditions log, @, log, R € Z leave only O(log2 x) dyadic pairs, and ¢r remains
squarefree.

The required bound RQ? < x follows from RQ < z'/?*2% and RQ? < z't% /R <« glt4w=7+0+3 when
v — 4w — 6 > 0. Here and below ¢ is chosen sufficiently small in terms of (w,7,d) and is suppressed in the
recorded limiting inequalities.

Cauchy—Schwarz introduces two copies q1, g2 and their ged go. Relabel them as qoq1, gog2, where (g1, ¢2) = 1.
The resulting sums satisfy ¢oq1, gog2 € Q(Q;x,w,7,,¢), and (5.31) in the proof of Theorem 5.8 becomes

EQ,R(Q» Rv q0, bla b2a ‘e) <<E $72EQ2RN((]0, E)an
|
6.1. The Type I estimate. This proof specializes Lemma 5 of [BI17], using the second estimate in
Corollary 4.16 of [Poll4al. The task is to convert the divisor r supplied by the definition of Dy into the factor

R required by the source theorem. Once r has been localized dyadically, the complementary factor is forced,
and the source inequalities reduce to the two exponent walls in Lemma

Proof of Lemma[5.3 We first consider v < % Recall that we work with moduli
Dj(z;w,y,0;¢) = {d €1,z 2 NN : I | d with 277973 <r < x”“g’a} .
Accordingly, choose
Qs z,w,v,6,¢) ={q € [Q,2Q]NN: (¢,p) = 1 for p < Do},
R(R;z,w,v,0,e) = [R,2R] N N.
Applying Lemma with this choice of Q and R, we must now show that

sup ZQ,’R(Q7R, CIO7b1»b2,€) <e x_QaQQRN(qo,g)qa
(Q,R,q0,b1,b2,0)€Z(w,7,0;2)

As in the proof of Lemma 3 of [BI1T], we observe that by fixing r € [R, 2R], this problem can be reduced to
showing that

ZZ Yo (@0 Osup| D BM)BI A r)erg, (Zh>eq(b2h>’

Y4
) 0<|h|<Z2EQ2 #a0) | n=t(qo) naz (n+fr)raom

QOQI7QOQ2EQ(Q T,w,v,0,e
(q1,92)=1
qoq17,90g27 squarefree

< 17%°Q*N(qo,0)qq >,
for a suitable choice of z = z(a, b1, 7, q0, q1,g2) with (z,rg0q1) = 1.

We apply Lemmawith B(n)B(n+ €r), t, qo, rq0q1, and g2 in place of Y (n), a, d, d1, and ds, respectively.
We also take zh/qa, bah/(rqoq1), 0, and ¢r in place of ¢1, ¢2, 11, l2. These are the same substitutions as in [BI17].
Consequently [dy,d2] = rqoqiq2, 07 = rq1, and 8, = g2, while (c1,07) = (h,7q1) and (c2,8%) = (h,q2). It

follows that
zh boh
14 rqoqr \ 2
ZB ’fl+ T)eqq (nq2>€q ((n+€r)rq0q1>|

> > (a0.0)sw
n=t(qo)

t(qo)

q1,92 IERQQ

G091,9092 € 2(Q;x,w,Y,8,¢) 0<|h|<%;
(q1,92)=1

q0q17,90q2T squarefree

< 2.2 Yo (@0, 0)(raoqge)” ((rq1q2)1/2 + WWJ\/)

r
q1,92 0<|h‘<IaRQ2 qoq192
q0q1,9092€ 2(Q;x,w,y,d,¢) ST

(q1,92)=1
q0q17,90q2T squarefree

R'/? N [ RQ? 5 (g0, 0) (R¥2Q°  Q*N
o EE (M0 (1)« td (R0 0)

q1,92 qo 2
G091,9092€ 2(Q;x,w,y,d,¢)
(q1,92)=1
q0q17,90g92T squarefree
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To obtain the desired upper bound <. r~2¢Q?N(qo, Z)q&Q, it is enough to verify
R3/2Q3 1 s
( MN + M) L T .

Recalling NM =< z and RQ < 2'/?72% and R > 277973¢ and choosing ¢ sufficiently small (depending on
(w,~,0)), the inequality holds provided that

3(1/2 4+ 2w) — 3/2(y — 6) < 1.

This rearranges to condition 3y — 12w — 36 > 1 and concludes the treatment of v < %

Consider next v € [%, % + 2w + ¢]. Interchanging « and f3 replaces v by 1 — v and exchanges the roles of
the two sequences; since 1 — vy < % and « has the Siegel-Walfisz property, Lemma applies when
24w+ 765 = 5(1 — ) < =2, 8w+3i—(1—7)<0.
Since v < % + 2w + €, it is enough that
min{2 — 15— 22w, 1 — 8w — 36} > § + 2w.
Rearranging, the condition becomes
68w + 146 < 1.

Finally, if v > 1 4 2w + €, the terminal case of the proof of Theorem 2.8(ii) of [Pol14a], as used by Baker

and Irving, gives the desired estimate for every d < z'/2t2% without an additional factorization condition.

Overall we thus have the desired equidistribution properties if 68w + 146 < 1 and 3y — 12w — 3§ > 1. O

6.2. The Type Ila estimate. This is the required extension of Theorem 2.8(iv) of [Poll4a)] into the lower
Type-II range. As in Type I, one divisor of a suitable size suffices. The only additional point is that the very
small prime factors removed in the preliminary decomposition must be absorbed into that divisor; their total
size is 2°() | so the reserved e-width of the interval accommodates them.

Proof of Lemma[5.J] We first apply Lemma [6.2] with a specific choice of Q and R: Recall first that in
Lemma 5.4l we work with moduli

Diro(z;w,7,85¢) = {d € [1,331/2““’] AN:3r | dwith 27707% < r < 337735} )

So d € Dya(w;w,7,d;¢) implies d = ¢r with 277973¢ < r < 2773¢. Suppose now that Hp‘d,pSDop <
exp(log2/3 x). Then g = ¢*s for some ¢* with (¢*,p) =1 for p < Dy and some s with s < x°. Thus we can
factorise d as d = ¢*(rs) where 277973¢ < rs < £772¢. Accordingly, choose

Q(Qz,w,v,0,6) ={q € [Q,2Q] NN : (g, p) =1 for p < Dy},

R(R;z,w,v,0,e) = [R,2R] N N.
Applying Lemma [6.2] we must now show that

(6.1) sup Yor(Q; R, qo, b1, b2, £) <o 27 Q*RN (g0, £)qq *.
(Q,R,q0,b1,b2,6)€Z(w,7,5;)

Fixing r, enlarging the conditions ¢og1, gog2 € Q(Q;z,w,v,d,€) to qoq1, gog2 € [@,2Q)], and linearizing the

absolute values by constants cj,q, 4, gives condition (5.33) of [Polldal]. The remainder of the proof of its

Theorem 2.8(iv) uses no further modulus factorization and proves (6.1]) provided that

1 H120475/2
< 1:71008
N5/2 c ’
8w+340
T —100
N L T c.

These are the two inequalities immediately following (5.36) of [Poll4a]. There one imposes v > % — 2w — ¢
here we instead substitute N = x7 directly. For sufficiently small ¢, the preceding inequalities follow from

24w 4+ 76 — by < =2,
8w+ 35 — v <0.
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Lemma [6.2] also assumes 4w + & — v < 0. This follows from 8w + 3§ — v < 0 in the present parameter range,
and therefore imposes no additional restriction. O

6.3. The Type IIb estimate. After the reduction to Lemma the usual next step [Poll4al BI17] is
the first inequality in Corollary 4.16 of [Poll4a), which uses the g-van der Corput method and requires one
further factor of the modulus in a prescribed range. For the present support it is more efficient to use the
second inequality of that corollary instead. The resulting exponential-sum bound is weaker, but it requires no
additional modulus factorization, and this exchange of analytic strength for a simpler geometric condition is
favourable here. We record the inequality first, and then show that the two divisors defining D;j, place us
within its range.

Lemma 6.3 (Corollary 4.16 of [Poll4al, inequality 2). Let N > 1 and suppose ¥y (n) is a smooth coefficient
sequence at scale N. Let dy,dy € Z be squarefree, and let a,cy,ca,l1,ls € Z. Suppose d | [dy,ds]. Write
§; = d;/(d1,ds) and ;= 6;/(d,0;). Then for any e >0,

C2 e [dlv d2] 1/2 (Clv 61) (023 5/2)
2 nln edl(n—l—ll) (n+l2> <e [, o] <<d> taw s V)

n=a(d)

Since this bound involves greatest common divisors, we shall also use the following elementary estimate.

Lemma 6.4 (Lemma 1.4 of [Poll4al]). Let ¢ € N and K > 1. Then
> (kq) < K7(q)-

1<k<K
Proof of Lemma 5.5 Recall first that in Lemma we work with moduli

Ir|dJu| 2 with 277370 <p < g77% }

: DA — 1/2+42 )
Dirp(w;w,7,6;€) = {d € [1L,2'**|NN: and zl/2-7—2w—6e=6 _ 4  21/2—7—2w—6e

Hence we can take
0(Q:w70.9) = {4 € [Q.20] NN

R(R;xz,w,v,d,e) = [R,2R] N N.
Applying Lemma we must now show that

(6.2) sup Yor(Q, R, qo,b1,b02,¢) <. x_zaQQRN(qo,f)qa
(Q,R,q0,b1,b2,£)EZ (w,,0;x)

(¢,p) = 1 for p < Dy
and Ju | ¢ with x1/27772w=Te=0 <y < g1/2-7-2w=6e (>

In the proof of Theorem 2.8(ii) of [Poll4a], the 20+°()-dense divisibility of goq; is used to obtain a factor u,
of ¢ in the interval from gy '2=°=2°Q/H to ~2°Q/H. Our hypothesis goq1 € Q(Q;z,w, 7,0, ¢) instead gives

qoq1 = wv with

x1/2—7—2w—75—6 1/2—y—2w—6¢

<u<czw
Recalling that gogi7 is squarefree and writing u; = u/(u, qo) and v1 = v/(v, qo), we then have ¢; = ujv1 with
qo 2T TTERd <y < /27772008 Thus (5.39) of [Poll4al is replaced by

% 11,1/2 y—2w—Te—4§ < U<« x1/27’yf2w766.
The complementary factor satisfies UV =< Q/qo. The condition v < 1/2 — 2w ensures, for sufficiently small ¢,
that the displayed upper bound for U exceeds 1; thus the factorization range is nonempty.

The unchanged Cauchy—Schwarz and completion steps leading to (5.42) reduce the argument to the
following estimate:

(6.3)

= Z Z ZZ ZZ sup Z YN (n)Pe(h1,n, 7, qo, u1v1, g2)Pe(h2, n, 1, qo, u1v2, q2)

u1xU q2xQ/q0 v1,v2XV R |h2|<zERQ2 #a0) | =(gp)
(u1v1v2,9092)=

<. x7105q51Q2VN.
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At this stage [Pollda] applies the first inequality of Corollary 4.16. We instead apply its second inequal-
ity, recorded as Lemma As there, substitute qo, rqoui[vi,ve], and ¢o for d,d;,ds, respectively. The
accompanying gcd factors satisfy

(0275/2) <1 (0175/1) < (h1U2 - hzvlﬂ")
& T /. r '
Therefore
12 . N (hivg — havy,7)
LerY Y XY XY (ul e et
u1 XU q2<Q/qo0 v1,02 XV 1< A |h2|<I€RQ2 q0
(u1v1v2,9092)=1 "~ ’ ="qoM

<. I25q0—3U3/2V3R5/2Q11/2M—2 4ot Z Z Z N(A,7) Z Z (A — ho)

w1 =U g2<Q/qo |A|<<IERQ2V o=V 1<|h‘<LERQ2
<. 1:2€q0_3U3/2V3R5/2Q11/2M’2 + 2% UVERQPNM 2 + 1% 453UV RQPN M.
The bound is therefore satisfied if the following inequalities are true:
anU?’/QVQRS/QQ?/QM_QN_l <, g~ 100
4 UVRQPM ™2 <, o100,
4@ “URQM " <. 1%,
Recall now that RQ < z2/2t2% and R > 277379 and q61x1/2_7_2“_75_5 <« U < gt/2=7—2w-6e 4
UV = Q/qo. Hence it suffices to have (for sufficiently small ):
— 13 —v-2w-0)+HE +2w) —3(v=-8) +(v—2) <0,
AL+ 2w) — 3(y— 6) - 2(1 %) < 0,
(3—7—2w—6e)+ (3 +2w)— (1—7) <0.
Rearranging, we obtain our proposed conditions

24w 4+ 76 — 3y < —1,

8w+ 35 —v <0.
The condition 4w + § — v < 0 of Lemma[6.2] is again already implied by 8w + 3§ — v < 0. O

6.4. The Type IIc estimate. This is the most constrained of the five estimates. The outer divisor r, its
complementary divisor u, and the nested divisor d; | 7 are used at three different stages of the exponential-sum
argument, and we keep all three intervals unsimplified: no interval endpoint is replaced by a worst-case value
during the translation into Stadlmann’s variables. We first make that translation, and then check that the
three displayed exponent inequalities are exactly what is needed to make every error term smaller than the
target discrepancy.

Proof of Lemma[5.6. Recall that we work with moduli
Ir|d3ul s 4 3d, | r with 277379 < p < 2773¢
Dire(ziw,v,8;6) =< de 1,227 AN and 2!~7~ 6e=0 g1 <u < gt=r0eg-t
and T2l‘2 y—52e— 6d 4 < d < 7“21‘2 y— 52€d—4
We thus choose the following sets Q(Q, R; x,w,,d,¢) and R(Q, R; x,w,~,d, €):
: _ . (g,p) =1for p< Dy
Q(QaR,an77a67€)_{qe[szQ]mN' and Elu|qw1thx1 y—6e— S(QR) < u << gt GE(QR) ,
R(Q, Ryz,w,v,6,¢) = {r € [R,2R|NN: 3d; | r with 227752 °(Q*R?)~! < dy <« 2> 7752 (Q*R*)™! }.
For any d € Djj.(x;w,~,0;¢) with Hp‘d,pSDop < exp(log®® ) there exist Q and R with log,(Q) € Z

and log,(R) € Z and 277379 « R <« 2772 so that d = ¢r for some ¢ € Q(Q, R;x,w,~,d,¢) and some
r € R(Q, R;w,w,7,0,¢).
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We modify the proof of Theorem 1 of [Sta25]. Its initial reduction follows the proof of Theorem 2.8(ii)
of [Poll4a], so the preceding transformation applies. The source uses d | P(x°) to write d = ¢r with
r € [R,2R] and 2~ %N < R < 272 N. The definition of D(x;w,~,d;¢) supplies the same factorization
here. Accordingly, replace the conditions ¢; < @, r < R, and qir | P(z°) by ¢1 € Q(Q, R;x,w,~,0,¢),
r € R(Q, R;z,w,v,6,¢), and qr squarefree. Replace (abiby, P(x?)) =1 by (abiby, P(x)) = 1.

The source next uses q; | P(2°) to extract a factor of size U. Here qoq1 € Q(Q, R;x,w,7,0,¢€) gives
qoq1 = wv for some u with 277" 9(QR)™! <« u < 2'777%(QR)~!. Writing u1 = u/(u,q) and v; =
v/(v,q0) gives ¢ = wyv; for some u; < U with ¢; 2! 79(QR)™' <« U < 277 %(QR)~!. Since
H = 2°RQ?/(qoM), this is

0227 Q/H < U < gy 'o™ > Q/H
Hence we also get 2°°H < V < qox®T°°H. Thus the ranges of U, V, and R in the summary lemma and its
associated definition are replaced by the displayed ranges.

The proof then uses r | P(x°) to extract from r a factor di of size D = N/(2°°°H?). Instead, r €
R(R; z,w,7,6,€) gives 7 = dyry for some d; < A with 22777526 9(Q*R?)~! <« A <« 22777525(Q*R?)~L.

Equivalently,
-5

x
g <A< e

In particular, we have replaced D ~ N/H? by D ~ qO_QN/HQ, so that the value of D no longer depends

on qo. The ensuing ¢-van der Corput argument is unchanged after these substitutions except in the di-

agonal estimate. Since V has increased by a factor qg, replace max{zot1%¢ H3/(wy, m), H*/(wa,m)} by

max{2? 1% H3¢2 /(wy, m), H*/(ws,m)} in the upper bound for 3. This extra factor ¢ persists in the

subsequent estimates.

Definition 7 and Lemma 8 of [Sta25] summarize the reduction. The extra factors of gg require the following
amendments: vy,vy < 2°T°°H becomes v1,vs < oz’ TP°H, while N/(z°t°*H?) < Ay < N/(2°°H?)

) N N RQ*H =z’ RQ*H . RQ*H
becomes protee el <A K el Further, T <M< TEES Ry becomes Troa <m<
s 2 §+5e 72 5+5¢e 2 .
T RQH and |A] < 22 H” hecomes |A| « @2 "HZ The remainder of the argument depends on A, A,

(v1,v2)A1”° w1 (v1,v2) w1 (v1,v2)
and m only through these displayed ranges. In Lemma 10 of [Sta25], A* = min{N/(Az5¢), A;}. For our new

choice of A; and ¢ sufficiently small compared with §, we have Ai\fss > ;’Ojﬁlﬁiﬁi > W;ﬁa 7z < Ap, s0 we

may take A* = Aj.
It remains to carry the extra factors o through equations (3.30)—(3.32) of [Sta25]. They become

NA, . 1 1\ (v1,02)48(q0, )N A
(6.4) T < min { .1:5""105H3q3 ) m} 0+131e FT2 ’
. 1 1 (’UlaUQ)q(Q)(qO,E)NAl
(6.5) N < min {leOEH?)q(Q)» H4} 70+131e fT2 ’
. 1 1\ (v1,v2)q3(qo, ()N Ay
(6.6) m < min {QMHngv H‘l} Z0+131e ]2 ’

We begin with (6.4). This condition rearranges to
I5+1315 max {q§x6+106H5, H6}
<(017U2)(Zg((I07€)) m

Recalling m > RQ'H__ 5, qoz” RQPH® 5, qox® MH' '\ get that the LHS of {i is bounded by

(6.7) < 1.

qo(v1,02) A, (v1,v2)N (v1,02)N
0+131e 2 5+10€H5 HS
T max {g5x ,
() e
(v1,v2)45 (g0, ) m
This gives us the condition 8w + 46 + 2y < 1.
Next we consider (6.5)). Rearranging, we find that this condition holds if

.1‘6+1318

qu1

x71+6+77£N2 max {$5+1OEH, HQ} < x71+8w+36+1006N2’

max {q8x5+1osH5, H6} < 1
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w+5+7

Recalling that A; > W and H < £

, we get that holds if 32w + 10§ — v < 0.

Finally, we consider . Recall that m < (f]ﬁ% fl < ‘(Jgf Uggl . So is true if

plH+20+131e
W max {q8x6+105H7, HS} < 1.
1
4w+5+ . . . .y .
Using H < , we see that holds if the following two inequalities are satisfied:
14-32w+108+200e 5¢ 1432w+4108+200¢
x A x 1

6.8 <1 d ——— < 1.
(6:8) NE (AlN) o RNE <A2>

Using A < 297 H? and Ay > —+H, it suffices to have 48w + 165 — 4y < —1.

Finally, the standing hypothesis 7 — 4w — 6 > 0 of Lemma holds in this range: the second displayed
inequality gives ¢ < /10 — 32w/10, whence v — 4w — § > 1%7 — %w > 0. O

6.5. The Type III estimate. Theorem 2.8(v) of [Poll4a] is stated using factorizations d = ¢r over a range
of values r < R, but only one such value is consumed by the final exponential-sum estimate. We therefore
isolate that value and formulate the argument with a fixed R which produces precisely the divisor interval in
Lemma In translating notation, our ~ corresponds to 1 — o in [Poll4al.

Proof of Lemma[5.7 The reduction to exponential sums in the proof of Theorem 2.8(v) of [Poll4al does not
use a modulus factorization; only the final treatment must be modified. Immediately after (7.17), that proof
sets b = Hp‘blbzbg p and uses ¢ = bd to infer d € Dr(bx®). In our setting we instead have

Drrr(z;w,7,0;¢) = {q € [17x1/2+2“] NN : 3r | g with g /3T40/3-4w/3=0 . x1/3+46/3_4w/3} .
We thus define the set
D' (b; z;w,7,8) = {d € N: 3r | d with b gl /3H48/3 w36 o x1/3+4‘s/3_4w/3}
Consider a squarefree ¢ € D(x;w,7,8;¢). We have ¢ = s for some r with z!/3+40/3-4w/3=0
ro< gl/3H/3-4w/3 If also ¢ = bd, we take v = 7/(r,b) and s = s/(s,b), so that d = r's’ with
b lgl/3+40/3-4w/3=0 gt o p1/3+40/3-49/3 Hence we replace condition d € Dj(bx®) by condition
d € D'(b;z;w,7,9).

The preceding reductions leave the estimate

N1 NN b3 b3 b’
(6.9) S = % 3 23T (by, ba, b) < x' 75
(b1,b2,b3)
afblbgbg
where T'(by, b2, b3) = Z Z Moa Z a(m)Kls <b3m;d
o<je| < 2/2Q3 d=Q/b (m,bd)=1
b10263N e D’ (bz;w,y,d)

d squarefree
(be,d)=1

Here 2'/%7¢ < Q < z!/?+2%, My is some sequence of coefficients supported on short interval Z(Q) and
b= Hp|b1b2b3 p for some b; € N with b < Q and bybybs < 2%°/2Q?%/N. Further, b? is the largest squarefree
divisor of b; and b = (bybybs)”.

The source uses d € Dr(bz®) to write d = rs with (bx?)~1S < s < S. Our condition d € D'(b; z;w, 7, )
gives the same conclusion with § = x1/3+40/3=4w/3 The requirement 1 < S < 2°Q/2 follows when 4w —46 < 1
and 20 — 8w < 1.

The subsequent argument is uniform in S. With H, = x3/2H/(b1bgbs) = x¢/2Q3/(b1b2b3N) and
N = N1N2N3, it giVGS ‘T(bl, bQ, bg)‘2 < TlTQ, where T1 < SIJSEQB/(bleng) and
$3EMQ4S $36M2Q451/2 x3aw5/2M2Q3

T :Tl TI/ R
2=t e N T T Miboba N T 55725172
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Multiplying 77 and T, together, substituting S = z!/3149/3-4w/3 and Q <« z'/2t2¥ and recalling that
23/2731/2 « N <« 237, we have
$36M1/2Q7/2Sl/2 ZBgMQ7/QSl/4 x35x6/4MQ3
B 20ibobs N 5 %bbabs N 55/ (brbaby ) /2SANT/
.T36Q2 x1/2+3w+3'y/451/2 $1/4+3w+37/2sl/4 x6/4+3/4+2w+3'y/4
< (N1N2N3> < D2hbobs | bUlhibgbs b5/4(b1b2b3)1/251/4)
2302 p2/3HT0/343Y/A426/3 L 1/348w/343y/246/3 . Tw/3+3y/4+2/3-5/12
e (N1N2N3> ( bOibabs) 2 boibabs) 2 b{bibobs) i/ )
Substituting this upper bound on |T'(by, ba, b3)| back into (6.9), we get

‘T(bla an b3)‘ <<E

) < 23 (x2/3+7w/3+3'y/4+26/3+x1/3+8w/3+3'y/2+5/3+x7w/3+3’y/4—5/6—6/12) Z bﬁbgbg
g

3 /2"
by 5o o) b3(bybabz )t/

But by Lemma 7.5 of [Poll4a], the inner sum over (by, b, b3) is convergent. Therefore we have ¥ <. z173¢

provided the following three inequalities hold:
2/3+Tw/3+3v/44+25/3 <1,
1/34+8w/34+3v/2+46/3 <1,
Tw/3+3y/44+2/3—-4§/12 < 1.

The second and third inequality are already implied by the first, and so this leaves us with the condition
28w+ 97+ 86 < 4. |

7. FROM THE SUPPORT TO THE REQUIRED FACTORIZATIONS

The sieve criterion requires a prime minorant together with equidistribution over the moduli generated by
the support. The estimates of Section [5] supply that equidistribution under the assumption that each such
modulus is known to admit a prescribed factorization. Now we join the two. We construct the minorant from
Harman’s identity, then prove the factor-extraction lemmas that turn the geometry of Ty (8, A, B, €) into the
divisor configurations the estimates need. The result is Proposition

7.1. Harman’s sieve and the prime minorant. The criterion permits a lower-bound weight p in place of
the prime indicator, provided p decomposes into convolution sequences to which the estimates of Section
apply; Harman’s identity supplies such a decomposition. We first define the three convolution classes, then
state the general minorant, and finally specialize to £&; = 2/5, where the exceptional Buchstab sums are empty
and the minorant is exactly 1p. We keep the general statement because it shows which part of the argument
would change at a different parameter point.

Definition 7.1 (Decomposition). Let € = 10719 and let &1, &5,&3 € (0,1). Then H(E1, E2,&3) denotes the set
of functions f : N x (1,00) — C which satisfy one of the following three conditions:
(I) f(n;x) = (a*p)(n;x), where a is a coefficient sequence at scale M with the Siegel-Walfisz property

and B is a smooth coefficient sequence at scale N with M (z)N(x) < x. Additionally, N(x) = 27®) with
V() =& —e

(A1) f(n;z) = (ax B)(n;x), where o is a coefficient sequence at scale M, B is a coefficient sequence at scale
N with M(z)N(z) < z, and a and B both have the Siegel-Walfisz property. Additionally, N = z7®)
with & —e <y(z) <1-& +e.

(III) f(n;z) = (@ %11 *x e x3)(n; ), where o is a coefficient sequence at scale M and 11, o and 3 are
smooth coefficient sequences at scales N1, Na and N3 with M (x)Ny(x)N2(x)N3(x) < x. Additionally,
z17287¢ < Ny (2), No(z), N3(x) < 2%3F€ and N;(z)Nj(z) > 21757¢ fori # j.

The five scalar inequalities in the hypotheses of the next proposition permit the use of Harman’s
decomposition. The discrepancy estimate makes valid every convolution term that the decomposition produces.

Proposition 7.2 (General Harman minorant). Let Ty(d, A, B,e) be as given in Definition let
Q*(z;0,A,B,e,20) be as given in Deﬁnition and let H(&1,E&2,&3) be as given in Definition .
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Suppose &1,&2,8& € (0,1) satisfy all of the following inequalities:
261 + 382 < 2,
& < &,
&1+ 96 < 4,
26 + & > 1,
176 < 7.
Suppose further that for every f € H(&1,82,83), x > 1,9 >0, A >0 and a € Z with (a, P(z)) =1,

(7.1) Z Z flnyz) — cp(q) Z fln; ) <<,4501 O

9€EQ" (2:8,A,B,¢e,20) | n€lz,2a] ne€lz,2z]
q 18 squarefree n= a(q) (n,Q) 1

We then write p; = % and define the minorant

p(n;x) = 1p(n) — Z 1- Z 1.

N=p1p2P3pP4Ps nN=p2p3pPapPsPe6
1-26<ay<az<az<ar; <& 1-26<az,a3,a4,05,06<8§2—3
a1taz<és 2,04 >03
aztaztas>1—E2 as+as<o
as>ay aztagtas>1-E€2
ag>as

Furthermore, we choose the constants

[ min{ay,§2—a1} poo min{as,(l1—a1—az—a3z)/2} 1
/ / / / 1 dO[l deQdOlgde
1-26, J1-2¢, 1-2¢, Jmax{1-265,1-€—az—as}  Q1ooazoa(l — 350 ;)
852 3 min{8§273,a2} min{8§273,§27042} min{8§273,(17 ;1:2 Otl)/z} 1
/ / / / 5 5 dO[Q dOég dOZ4dOé57
1 252 17252 max{a3,172§2} max{17252,17§27a37044} HiZQ az(l - Zi:Q az)

Zf £2 > %7
0 if &2 < i-
Then p(n;x) has the following properties:
) Prime minorant: —ca < p(n;x) < 1p(n) for all large x and n € [z, 2z].
) p has equidistribution properties for moduli correspondmg to Ty (9, A, B, €); see Deﬁmtwn
)

If p(n; ) # 0, then all prime factors of n exceed x*~2%2.
) The sum of p(n;x) over [x,2x] satisfies 3, [, 007 P(N;7) = (1 = c1 + 0(1)) 15705

+

(1
(2
(3
(4

Proof. The construction of p(n;x) follows Baker and Irving [BIL7] and Section 4 of [Sta25], with their
numerical cutoffs replaced by parameters. Specifically, replace 0.33856,0.40481,0.59519, 0.19, 0.405, 0.595 by
&1,82,1 — &, 1 — 2&5,&3,1 — &3, respectively. In Lemma 19 of [Sta25] this gives a = &, 8 =1 — 28 = A,
M =2'""% and ¢ =1— & — &. Thus 0.19038 and 0.25663 become 1 — 2&5 and 1 — & — &. The Buchstab
decomposition in that lemma, under the assumption

20 =2(1 & — &) > &,

we then arrive at

(7.2) 1e(n) = Op(n;z) + Y (ns,ps) > dsp)— Y $(na,ps),

n=pipa2ns N=p1pP2pP3pP4ns n=pip2p3n4
1-28<az<a1 <2 1-26<ay<az<az<ar <& 1-2¢<ag<az<ai<&s

artaz>1—E€; a1 +az<s artaz>1—E£;

az>1-§1—§2 az<l—§1—¢&2 az<1—§1—&2

where 6y(n; z) has equidistribution properties for moduli corresponding to Ty (9, A, B, €).

Lemma 20 of [Sta25] treats the first sum in (7.2)). Its proof remains valid for the general parameters
provided the following conditions hold. First, ng must be prime. Since oy +as > 1 — &5, a composite ng would
satisfy ng > 22(17617€2) Therefore, it is enough that 2(1 — & — &) > &. The Type-III step further requires

& < &3.

Furthermore, the exponent variables u; attached there to the ordered prime factors satisfy ps + pg < €. The
inequality 1 — &, — &3/2 > & then gives uq, 5 > 1 — 2€o; this is exactly the notation and ordering used in the
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proof of Lemma 20 of [Sta25]. Next, pui + (ue +- -+ p5) < 1 —& — & follows from 1 —4(1—2&) < 1—& — &,
which rearranges to

&1+ 98 < 4.
Hence, the proof of that lemma requires 2&; + 3§ < 2, &3 < &3, and & + 9& < 4.

Lemma 21 of [Sta25] treats the second sum in (7.2)). To use its proof for general &1, &2, and &3, we track the
inequalities at its two case splits. The first split is according as as +az+ a4 < 1—E& or as +ag+ay > 1—&;.
In the first case, 3(1 — 2£3) > & is required for the desired equidistribution estimate; equivalently, we require
7€ < 3.

In the second case, we use &2/2 < 1 —&; — & to drop the assumption a3 < 1 —&; — &, and g + a3+ a4 >
1 — & means that we need (4/3)(1 — &) + 2(1 — 2&3) > 1 to deduce that ns is prime. The condition
(4/3)(1 — &) + 2(1 — 2&2) > 1 rearranges to 162 < 7, which is already implied by 7€2 < 3. Therefore, we are
left with the sum
(7.3) Ty(n;x) = > 1,
n=p1pP2P3P4P5
1-2&<ay<az<as<al;<&a
artaz <2
aotazt+ag>1-E2
as5>ay
This is precisely the residual range for which the available equidistribution estimates do not apply. Therefore,
it must be subtracted from 1p(n). Prime-sum partial summation gives

z(1 min{a,2—a1} min{os,(1—ay —as—as)/2} 1
. 0 / / / / 1 da1da2da3da4.
log 1-2¢2 J1-2¢5 1-2¢5 Jmax{1—265,1—€a—as—as} Q1asazag(l — 22:10%)

Fmally, Lemma 22 of [Sta25] treats the third sum in (7.2). To force n4 to be prime it uses (1 — &)+ 3(1 —
2¢5) > 1, which follows from 7& < 3. Removing the condition as < oy requires (1 —&2)/2 >1—¢& — &, or
equivalently

26 +& > 1
Moreover, 7 < 3 implies 1 — 3(1 — 2&3) < 1 — &, which removes the condition a; < 1 — &. The proof of
Lemma 22 then divides the sum into Y7 and Y. The latter already lies in the available equidistribution
range; interchanging the relevant variables treats the former. The remaining term is

Tyma) = > L

n=p2p3paPsPe6
1-2&<az<az<§2
asgtas<&o
az<1l—§1—&2
ag>as
1-2&<as<ag

where 6(1 — 2£3) > 1 was needed to get the prime pg. This rearranges to condition 12£5 < 5, which implies
7€ < 3. Next we observe that a; > 1 — 2& for all ¢ implies that also a; < 1 —4(1 — 2&3) = 8£5 — 3 for all 4.
Furthermore, 8£ — 3 < & since 7> < 3. So condition a; < & can be replaced by a; < 8&5 — 3. Finally, the
proof of Lemma 22 also requires 2(862 — 3) < 1 — &, . We need

176 < 7

to get that T3 is the sum of a function with the desired equidistribution properties and of I'5(n; ), where

7.4 Ti(n;x) = 1.
2 )
n=p2p3p4aPsPe6
1-2¢2<az,a3,a4,a5,06 <8{2—3
Q2,004 >3
aztag<&s
aztagtas>1-E§2
ag>as

Using standard prime-sum partial summation, we find that 3, ¢, 5,1 I'3(n; 2) is asymptotic to

1 4 0 86>—3 ,min{862—3,a2} rmin{82—3,£2—as} pmin{862—3,(1-F_, ;)/2} 1
/ / / / 5 5 dozdazdasdas.
log 1-265 J1-2¢9 max{ag,1—2¢2} max{1—2€3,1—a—az—ay} Hi:2 Oéi(l _ Zi:2 Oéi)
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We have therefore proved the required equidistribution for p on the moduli associated with Ty (8, A, B,¢),
together with

N = 1 — 1 .

> plmia) = (11 +o(1)
ne(z,2x)

By construction, p < 1p, and p(n;x) # 0 only when every prime factor of n exceeds z'~2¢2. It remains to

obtain the pointwise lower bound encoded by cs.

If &5 < 2/5, then 1 — 2£5 > 1/5. Every term in either I'y or I'S would require five prime-factor exponents,
each strictly larger than 1/5, which is impossible because their sum is 1. Both exceptional sums are therefore
empty, so p = 1p and we may take co = 0.

If instead & > 2/5, a fixed integer can contribute to I'y only through a factorization into five distinct
primes. Once the smallest prime is assigned the role of py, there are at most four choices for the remaining
exceptional role; the strict ordering determines the other assignments. Hence I's(n; x) < 4. For I'}, there
are at most (g) = 10 choices for the three primes assigned the roles po, p3, ps, and at most two orders for
the remaining pair (ps,ps). Thus I'5(n;z) < 20. Since both terms enter p with a minus sign, we obtain
p(n;z) > —4 — 20 = —24, and may take cy = 24. O

The endpoint & = 2/5 is the case we shall use, which we explicate with following corollary.

Corollary 7.3 (Direct-prime endpoint). Assume the parameter inequalities in Proposition 2 of [Sta26] and
take & = 2/5. Then the exceptional Buchstab sums vanish, the minorant is

p=1lp, g =c2 =0,
and it is enough to prove equidistribution for every convolution in H(&1,&2,&3).

Proof. The exceptional terms in the decomposition are supported on products whose prime-factor exponents
all exceed 1 — 2&;. At & = 2/5, each such exponent is at least 1/5, while the strict ordering and remaining
support inequalities would require five exponents with total strictly greater than 1. Both exceptional sums
are therefore empty. The integration intervals defining c¢; are empty at this endpoint, so ¢; = 0, while
Proposition [7.2] gives ¢z = 0. O

This is why we choose the endpoint £ = 2/5: it removes both the density loss ¢; and the pointwise penalty
c2, while retaining the Type-II range required below.

7.2. The factor-extraction lemmas. Corollary [7.3] reduces the arithmetic problem to equidistribution for
every f € H(&1,&2,E3), and the estimates of Section [5| turn this into a demand for divisors of prescribed sizes.
We now show when the support forces those divisors to exist.

The mechanism is the same in all three lemmas below. The coordinates exceeding ¢ account for finitely
many rough factors, and the rest of the modulus is z’-smooth. One first partitions the rough logarithmic
masses, placing each rough factor into a target bin; one then subdivides the smooth part, inserting its prime
factors into a bin until its lower endpoint is crossed. Since the last inserted prime is smaller than z%, a target
interval of logarithmic width at least d controls the overshoot, and since every factor is assigned whole, no
prime is split. Schematically,

{rough factors} + {smooth prime factors} — G=q1 g
—_—
assigned to prescribed bins inserted until a lower endpoint is crossed required exponent intervals

We treat in turn one target divisor, two target divisors, and the nested three-divisor pattern needed for Type
IIc. The rough-factor configurations themselves are described by the following sets.

Definition 7.4. For given By, B2,d € (0,00) and given my,ms € NU {0}, we set

my mi+ma
E(By, B2, m1,mz,6) = {(yla"'aym1+m2) € [6,1)mtme Zyz < B; and Z Y < BQ}-

i=1 i=m1+1
Thus Z(Bj,m, Bj/,m’,m,m’,0) is the set of possible rough profiles of a modulus in
Q(x;57A7§757j7j/7m7m/760)'
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7.2.1. Two-factor extraction. The first problem is to extract one divisor in a fixed interval [x¢, z%]. The rough
factors are assigned to the two sides of the factorization, and the interval width b — a > § then allows the
smooth remainder to move the first side to the desired scale without overshooting.

Lemma 7.5 (Two-factor extraction). Let Q(z;9, A, B, e, j,j',m,m’,e9) be as given in Deﬁm’tz’on and let
E(By, B2, m1,m2,9) be as given in Definition . Consider a,b € (0,%) withb—a > 4.
Suppose that for every (y1,-..,Ym+m’) € Z(Bjm,Bj/ m,m,m',8) there exists a partition I; U Iy of

{1,....m+m'} with
i < b 1<——
Zy < and Zy <3 a.
el i€ls

Then there exists a constant €1 > 0 (dependent only on 9 and &), so that the following is true for large x: If
q € Q(x;0,A,B, e, 4,7 ,m,m' gy and q > x'/>7%1 | then q has some v | q¢ with r € [z, 2°].

Proof. Recall that we defined Q(x;6, A, B, ¢, j,j',m,m’,0) to be the following set:

m log, (fi - fm) < (1 —¢0)Bjm, log,, (f1 .- fr) < (1 —€0)Bjrmr,
e [T ATLF €] log,(fi... fme) < (1 —0)(A; =€), logg(fi.. fr.e) < (1 —c0)(Ay +e),
=1 i=1 ee is x°-smooth, log,. (fi),log, (f!) > 6 for all i

Fix some q = ee’ [[;~, f; Hﬁl fl€Q(x;6,A,B,¢e,j,5',m,m' &) with ¢ > 2'/27¢ where € is very small. Let
P1...ps be the prime factorization of ee’. We then know that p; < 2 for all i. We set

1
;= ———1 ; for1<:<
Yi (1 — 80) Ogm(fz) orls1=m,

1
Ymti = T g0y log,(ff) for1<i<m
z; = log,.(p;) for1 <i<s.

Since y; > ¢ for all i and > ., y; < Bj,, and fonﬁl yi < Bjs s, there exists a partition I; U I of
{1,...,m+m'} with

Sl—coy<—cb<b and S (1—eoy < (1—20) (s —a).

icly icla
Since ¢ > 2/27¢, we also know that
Z 1750 szrZZi_ 7767(1750)(1 70’) Zaa
i€l
provided e is sufficiently small compared to 9. But z; < ¢ and so there exists J C {1,...,s} with
S
Z(l 7€0>yi+zzi € la,b
i€l e
Multiplying the corresponding f;, f/ and p; together, we then get a factor r | ¢ with r € [29, z?]. ]

7.2.2. Three factor extraction. The second problem is to construct two controlled divisors at once: ¢ = uvr,
with 7 € [z%,2%] and u € [2%2, 2°2]. Three rough bins now reserve mass for r, for u, and for the unconstrained
remainder, and the relations among the four endpoints guarantee that the smooth reservoir can fill the first
two bins in sequence.

Lemma 7.6 (Three-factor extraction). Let Q(x;0, A, B,¢e,j,5',m,m’,&9) be as gwen n Deﬁmtzon“ and
let =2 (Bl,Bg,ml,mg,(S) be as given in Deﬁmtzon. Consider ay,as, by, by € (0, ) with by — by > a1 — as
andb1+b2< = and by —a; > 6 and by —ag > 0.

Suppose that for every (y1,. .., Ymsm’) € Z(Bj,m, Bjr,m,m,m’,8) there exists a partition I U I, U I3 of
{1,....,m+m'} with

dyi<b and Y yi<by, and Zyzgi_bl_GQ

i€1q i€l i1€l3
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Then there exists a constant €1 > 0 (dependent only on g and &), so that the following is true for large x: If
q € Q(x;0,A,B, e, 4,7 ,m,m’ gy and q > x'/?>==1 then q has a factorization q = uvr with r € [z, 2% and
u € [z, 22
Proof. The construction of Lemma is applied successively to the two target intervals.

We first fix some ¢ = ee’ [[\", f; H:il fl€Q(x;6,A,B,e,j,5',m,m', &) with ¢ > x'/27¢ where e is very
small. Denoting by p; ...ps the prime factorization of ee’, we know that p; < 2° for all i and set

1
1':710z i fOI‘lSiSm,
Y= T ) 8. (fi)

z; = log,.(p;) for1 <i<s.
Then there exists a partition Iy U Iy U I3 of {1,...,m+ m'} with
Z(l —eo)y; < by and Z(l — o)y < by and Z(l —e0)yi < (1—€0) (5 — b1 —az).

i€l i€1o i€l3

1/2=¢ e also know that

Z(l—€o)yi+zzi>%—6—b1 (1—60)(1—131—042)2042.
i€l i=1
But z; < ¢ for all 7 and so there exists Jo C {1,...,s} with

Zlfé'olerzzz a27b2~

i€l 1€J2

Since ¢ > x

Further, we then also have
Z(l—&o)yi+zzi>%—6—[)2—(1—60) (%—bl—ag) >by—by+as > ay.
iely iZJs

Hence there also exists J; C {1,...,s}\ J2 with

> (120 yz"’ZZz la1,b1].

icly ieJ

Multiplying the corresponding f;, f/ and p; together, we then get a factorization ¢ = uvr with r € [z, xb1]
and u € [x92, xb2]. O

7.2.3. Four-factor extraction. The Type Ilc estimate requires the nested pattern ¢ = uvr together with a
divisor dy | r, so that r, u, and d; must all lie in prescribed intervals while a fourth bin holds the unused
rough mass. Because the available capacities depend on the actual size of ¢, we work on a dyadic block
q = x'/21t2%0 rather than replacing wy at the outset by a global maximum. This is the most delicate of the
three extraction statements.

Lemma 7.7 (Four-factor extraction). Let Q(x;0, A, B,¢,j,7',m,m’,e0) be as given in Deﬁnition and let
E(B1, B2, m1,ma, ) be as given in Definition[7.} Consider ay, as,as, by, b, by with 3(b1 —a1) + (az —bs) >0
and by — by > a1 —as and by — a1 > 6 and by —as > § and bg — a3z > 6.

Let wy > —eg and suppose that for every (y1, - .., Ym+m’) € E(Bjm, Bjrms,m,m’, §) there exists a partition
LULUI3UI of {1,...,m+m'} with

1
Zyi§2a1+b3 and Zyigbg and Zyi§§+2wofblfa2 and Zyigal—%l—a&
1€l 1€l i€l3 1€y

Then for large =, every q € Q(z;0,A, B, e, 4,7 ,m,m’,eg) with q < x'/>720 has a factorization q¢ = uvr with
the following properties: r € [z, z%] and u € [x92, 2] and there exists dy | v with dy € [r?x3, r2xbs].
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Proof. We first fix some g = ee’ [[/~, fi H:il fl€Q(x;6,A,B,¢e,j,7,m,m’ &) with ¢ < /2+2“0_ Denoting
by p1...ps the prime factorization of ee’, we know that p; < 2° and set

yi = log,(fi) for 1 <i<m,
Ymai = log, (f}) for 1 <i<m/,
z; = log, (pi) for 1 <i<s.

Then there exists a partition Iy U I, U I3 U I of {1,...,m 4+ m'} with
1

Zyi§2a1+b3 and Zyigbg and Zyi§§+2wo—b1—a2 and Zyigal—%l—ag.
i€l i€ly i€ls i€ly
Since ¢ =< /27290 we also know that

ZlerZzl >%+2w07(2a1+b3)7(%+2w07b1 7&2)7((11 721)1 7@3)

i€ly =1

> as + (3b1 —3a1 + a3z — bg) > as.

But z; < ¢ for all ¢ and so there exists Jo C {1,...,s} with

Zy1+zzz a27b2

i€l i€Jz
This sum corresponds to factor u. Next, we observe that

T yi+ > yi < (2a1 +bg) + (a1 — 2by — ag) = by + (3ay — 3by + bs — az) < by,

i€l i€y
Zyﬁ-zyri—zzi > 5 42w — by — (5 + 2wo — by — az) > by — by + az > ay.
i€l i€y i€ J2

Hence there also exists J; C {1,...,s}\ Jz with

Z:%"‘Z:%"’ZZZ ahbl

icly i€y i€Jy
This sum corresponds to factor r. Finally, consider ¢ € [a1,b1]. Notice that

Zyi§2al+b3§2c+b37

i€l
Zyl+ Zzi Zal—(al —2b1—a3) 22b1+a3 220+a3.
i€ly i€ J1

Hence for any ¢ € [a1,b1] we can find J' C J; with

ZyZJrZzl [2¢ + a3, 2¢ + b3].

i€l ieJ’

This sum corresponds to factor dy of r. Overall, multiplying the corresponding f;, f/ and p; together, we
then get that ¢ < x'/2+2%0 has a factorization ¢ = uvr with r € [z%,2%] and u € [292, 2%2] so that for every
R € [z, x%], there exists d; | 7 with di € [R?x%3, R%xb3]. O

7.3. An equidistribution criterion. We now compose the two preceding steps. The analytic estimates
specify which divisors a modulus must possess. And the extraction lemmas specify when the support forces
those divisors to exist. Proposition lists the resulting sufficient conditions in terms of d, A, B, and the
rough-profile sets =.

Proposition 7.8. Let Ty(0, A, B,¢e) be as given in Definition u let Q*(xz;0,A,B,e,e0) be as given in
Definition and let Z(B1, Ba,m1,m2,0) be as given in Deﬁmtwn- Let e =10~ 10 . Suppose £1,&2,&3 €
(0,1) satisfy the following conditions:

(I) Type I condition: mm {§1 — 44,4+ 2,2 — 3 A,} —2e> 6. (Recall that A = (Ay,..., Ay).)

(IT) Type II condition: = — 36A,, — 135 — 9¢ > O and

min{ § - 2 4 & @ 14134, ) — 2> 0.
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(IIT) Type III condition: 1 — T A, — 3¢ — 2 > 4.
Suppose further that for all 7,5 € {1,...,n} and for allm,m’ € {0,1,..., L%j} with m +m' > 0, every tuple
Y15+ Ymtm?) € E(Bjm, Bjrmr,m,m’, ) has all of the following properties:
(A) Type I condition: There exists a partition I U Iy of {1,...,m+m'} with
1 .. . Aj +Aj’ 1
ZZ/ <& -2 and Zy S g~ w5 7) — 2 where w(j i) = <2 1)
i€l i€ls
and there exists a partition Iy U Iy of {1,...,m+ m'} with
1 » 1 68 .,
Doy S5 20 =2 and Y i< - e - 2
icly icls

(The first partition serves the range v < %, the second the range v € (%, % +2w(4,5") +¢€].)
(B) Type Ila condition: There exists a partition Iy U Iy of {1,...,m+m'} with
2 24w(4,j') 10 1 24w(4,5")
Zyi§g+?+€*26 and Zyigﬂ—f—%.
i€l ic€lz
(C) Type IIb condition: There also exists a partition Iy U I, U I3 of {1,...,m +m'} with

1 24w(j,j") 76
P < T e

Zy—3+ 3 3
i€l

1 4w(4, 9’ 1)
Zyigi_M_L_%
. 10 5 5
i€lq
>y <2w(j,5') + 0 — de.
1€13

ype Ilc condition: For any wo € |0,w(y,7")] and any v wt 2—6_’}/_*++J+*+ €, there
D) Type Ic condition: F 0,w(j,j")] and jth <y < g 22U 4Ty 3 g
exists a partition Iy U Io U I3 U Iy with

D Ui <y -2 8w~
i€l

1
Zyi S5 7" 26
i€ly
Z%‘ <dwo +6 ¢,
i€l3
> i < 8w
i€ly
(E) Type III condition: There also exists a partition Iy U Iy of {1,...,m +m’'} with
. 3 5w(j, j' 3
Zyigl—&u(j,j’)—%—% and Z%S%—&—%—%.
el i€ls
Then for every f € H(&1,62,83), x > 1,0 >0, A>0 and a € Z with (a, P(z)) =1,

3 S fme) - —— Y fma)

4€Q" (236,4,B,¢.20) | nele,2a] PO
q s squarefree n=a(q) (n,q)=1

X
< _
420 Tog(a)A

Proof. The class H(&1, &2, &3) consists of the three convolution types in Definition We prove the asserted
estimate separately for each type and each fixed choice of j,j" € {1,...,n} and m,m’ € {1,...,[1/6]}. It is
enough to establish

3 S ) - — S fa)

9€Q0,A,B.e 7 i ' e) | nela.2a] #4) e
q is squarefree n=a(q) (n,q)=1

x
<<A’50 W
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We fix some choice of j,j’ € {1,...,n} and m,m’ € {0,1,...,[$]} and may assume m +m’ > 0 (as
the m +m’ = 0 case follows trivially from the other cases). For ¢ € Q(z;4, A, B,¢,4,j',m,m’',e9) we have
g < 2(1720)(A4+4;) The largest exponent available in this band pair is therefore encoded by

Aj + Aj/ 1

Wmax = 9 1 .

Type I. First let f(n;z) = (a* B)(n;x), where « is a coefficient sequence at scale M and S is a smooth
coefficient sequence at scale N with M (z)N(z) < z and N(z) > x&7¢.

Initially we assume v < % and define 0*(y) = v — 4wmax — 5 — €. For v > & — € we have

1

3
37 — 12wmax — 30%(7) > 1

Also, the assumption & — 44, + % — 2¢ > ¢ ensures that 6*(y) > 0.

Apply Lemma [5.3| with (w,7,6) = (Wmax, 7, 0*(7)). For sufficiently small ¢’, it gives the required Type-I
discrepancy estimate on Dy (x; wmax, v,0%(7);€’"). It remains only to prove that the present modulus family is
contained in this set. When v < < =, the definition is

Di(z;w,v,0;¢) = {d € [1,$1/2+2w] NN : 3r | d with 27078 < < x'y_&s} .

To show Q(x;0,A,B,e,5,5 ,m,m’',e0) C Dy(x;wmax, 7,0 (7);€"), apply Lemma We need the relevant
moduli ¢ to have a factor r with 2770 M=3¢" < 277-3¢" when &L —e<y< % But
v = 6" (y) — 3¢’ = dwmax + 5 +€— 3¢’
By Lemma elements of Q(x;9, A, B, ¢, 7,5, m,m’,eq) thus have the desired factors provided that for
every (Y1, ..., Ym+m’) € E(Bjm, Bjs mr,m,m’,0) there exists a partition I; U Iy of {1,...,m+m’} with

1
Zyigfl—% and Zyigé_4wmax_26-

i€l 1€l

On the other hand, if v € (2, 5+ 2Wmax + €], we may take any 0*(y) € [6, ﬁ — ?iwmdx — e], so that

(7.5) 68wiax + 1407 () < 1.

Then f(n;z) equidistributes for moduli in D (2; wmax, v, 0*(7y);€’). This time, D consists of ¢ which have
a factor r with z!=7=9"(M=3¢" < p < 21=7-3¢_ Thus Lemma applies to Q(z;6, A, B¢, 3,7 ,m,m’ o)
provided that for every (y1,...,Ym+m’) € E(Bjm, Bj/ m/,m,m’, ) there exists a partition [; U [, with

(7.6) Z Yi < & —2wpax — 26 and Z Yi < 15— Bunax — 2e.

i€l i€ls

Type II. Next let f(n;x) = (a*)(n; x), where « is a coefficient sequence at scale M, (3 is a coeflicient sequence
at scale N with M (z)N(x) < x, and 2%27¢ < N(x) = 27 < 2'7¢%¢. Assume also that a and 3 both have the
Siegel-Wallfisz property. Exchanging the two convolution factors replaces v by 1 — +, so it is enough to treat
v < 1/2. We cover this interval by three overlapping ranges, handled respectively by Lemmas and
For each range we choose an auxiliary divisor-window width §*(«y), verify the analytic inequalities of the
corresponding lemma, and then invoke a factor-extraction lemma to construct the required divisors of gq.

Type Ila. We begin with Lemma and set §*(vy) = 577 . % — 24“#‘”‘ — €. This choice ensures that

24wmax + 76" () — 5y < =2,
8Wmax + 36%(y) — v <0,

so Lemma [5.4] applies with (w,v,d) = (Wmax, " (v )) For sufficiently small &', the analytic task is therefore

reduced to the containment Q(z;4, A, B,e, 4,5’ ,m,m',e0) C Dyra(x; wmdx,w,é (7); €. Lemmasupplies

this containment once §*(y) = 2 — 2 — 24‘”% — € > 4. This means for now we only consider

7 7
v > E 4 Bemax 4 B4 9
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We then get that any g € Q(z;6, A, B, ¢, j,7',m,m’, &) has a divisor r | ¢ with 277370700 < ¢ < g7=3¢
provided that for every (yi,...,Ym+m’) € E(Bjm, Bj/ m/,m,m’,d) there exists a partition I; U I with

(77) Z yz < 5 24wnlax + L 75 — % and Z yz < 14 24wmax — 2¢.
i€l i€l

Type IIb. For the intermediate range v < % + 254wmax + 6 + 2¢, use Lemma and choose §*(v) =

3y 1 24Wmax _ €, which ensures that

77 7
24wmax + 76" () — 3y < —1,
8Wmax + 36%(y) — v < 0.
Lemma now applies with (w,~,d) = ﬁmﬁ v,0*(7)). As in the ITa range, the remaining task is a modulus

containment, this time in Djrp; Lemma proves it provided §*(y) = 377 — % — M“fa" — € >0, so have

14 Poma 10 4 36 <y < 2 4 Zomax 4 T8 4 9
Recall now that
Ir | d Ju| € with 2773570 < < 2773
. DA — 1/2+2 .
DIIb(x7w777575) - {d € [].,!E /2+ w] NN: and x1/2*712w76676 <u< x1/2*7*2w765

Any q € Q(z;0,A,B,¢,7,5',m,m’', ) has a divisor r | ¢ and a divisor u |  with Y3 < <
2773 and 2!/277 " 2max—0e=07(7) < 4y < g1/277720max—06¢ provided that the following is true: For every
(Y15 Ymtm’) € E(Bjm, Bjrms,m,m’, ) there exists a partition I; U I, U I3 with

3y 1 10wmax
i < v — 2¢, <1/2 —~v—2w —2¢ and i< = — = — ———— — 2¢.
ezhy v Ezby /2 =7 = 2max ezlsy e
The three cases depend on «. The first and third increase with v, so their worst values occur at the lower
endpoint of the IIb range, where §*(y) = 0. The second decreases with -, so its worst value occurs at the
upper endpoint. Taking these values gives the following uniform sufficient condition: there exists a partition
Il @] IQ @] 13 with

(7.8) Doy <4 Homae 4 By
i€l
S < gy - s - e
i€l
Z Yi S 2Wmax + 0 — 4de.
i€l3

Type Ilc. Finally, we use Lemmato treat the case {5 —e < v < % + 24“’% + %‘5 + 3e. Choose 0*(7y) subject
to

.1 v v 32wWmax v 1
o < - =2 max ~— 5 74 v T Ta T max ( — €.
(7) < min { T 210 10 ‘4 16 ¥ ‘

This ensures that we have the following inequalities:

B8Wmax + 46* () + 2v < 1,

32wnmax + 100%(7) — 7 < 0,

48wWmax + 166%(y) — 4y < —1.
Therefore, Lemma applies with (w,~,d) = (Wmax, Y, 0* (7)) and gives the Type-Ilc discrepancy estimate
on Dyre(x; Wmax, Y, 0" (7);€"). This modulus class is

Ir|dIu| 2 3d |rwith 277370 <p <2773
Drre(z;w,7,6;6) =< d e [1, 22 2] NN and 2177707001 < 4 < gl=7-6eg~1
and r2x277752576d74 < dl < 7,21,2777525(174
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The given upper bound on §*(y) must permit §*(y) > 6 for & —e < v < % + M“,% + %‘S + 3e. The first
required inequality is
b St — & (o e + 439 > 5
which, since wpax < A, — i, is equivalent to
2 — 364, — 130 — 9¢ > 0.
On the other hand, we also need that

Recalling that wpa.x < A, — %, it suffices to have

min { $ - 2o + & @ 4L -34,) — 2> 6.

These two criteria form condition (II) of Proposition Hence we can work with any 6*(y) which satisfies

1
5§6*(7)§min{4_2wmax_ ——— __3Wmax}_€-

Lemmal[7.7]converts these three nested divisor intervals into the required four-bin condition. In particular, it
proves Q*(x;9, A, B,e,£0) C Dyre(@; wmax, Y, 0% (7);€’) provided that every rough profile admits the following
partition: For every wg € [0,wmax] and every tuple (y1, ..., Ym+m’) € E(Bjm, Bj/,m/,m,m’, ) there exists a
partition Iy U T, U I3 U Iy of {1,...,m + m’} which satisfies inequalities

Dy <7 —26%(7) —8wo — €,
i€l

Z yi <
i€ly
> i < dwo + () — e,

i€ls

Z yi < Bwo.

i€ly

_7_2(")0_67

DN | =

Since 6*(y) > 4, and since a smaller ¢ makes these conditions easier to satisfy, we may replace *(vy) by ¢ and
settle on the criterion

Do Ui<y—20- 8w~
el

1
Swel e
i€ly
Zy¢§4w0+5—67

i€l3

Z Y < 8wp.

i€ly

Type III. Finally, let f(n;z) = (a %1 x 2 * ¢¥3)(n;x), where « is a coefficient sequence at scale M and
11, P2 and 13 are smooth coefficient sequences at scales N1, No and N3 with M (x)Ny(z)N2(z)N3(z) < .
Additionally, #1727¢ < Ny (z), No(z), N3(x) < 2%+ and N;(z)N;(z) > 21757 for i # j.

We define 6* = % - %wmax — %53 — €, so that

28Wmax + 9E5 + 86* < 4.

The condition % - %An - %53 —2¢ > ¢ ensures 0* > 4. Apply Lemmawith (w,7,0) = (Wmax, Y, 0%). Every

Type-IIT convolution then satisfies the desired discrepancy estimate on Djyrr(x;wmax, v, 0%;€’). To obtain

Q(xv 57Aa Eagajmj/a m, ml750) g DIII(x;wmaX7’y7 6*55/)
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we use once more Lemma We need to show that elements ¢ of @ have a factor r | ¢ with

p1/3+40" [3—dwmax /3=8" . - 11/3446" /3—dwmax/3

This is guaranteed if every (y1, ..., Ym+m’) € Z(Bjm, Bj/,m,m,m',d) has a partition I; U I, with
1 46  Awga 1 6 A
<40 d <=2 .
B R T DD DI S
i€l i€ly

Plugging in §* = % — %wmax — %fg — ¢, this is implied by

353 5Wmax 353
(7.9) Z Yi <1 — 6wmax — 5 2¢ and Z Y < 5 + o - %e.
i€l i€ls
This concludes the proof. O

Remark 7.9. Lemmas and produce the required divisors only for ¢ > x'/?=°1, and Lemma only
for q < £/ with wy > 0. The containments obtained above concern the moduli of Q*(x;6, A, B,,€0) in
that range. The complementary moduli are smaller than x/?(log z)~3V for large x and are handled directly
by Lemma which requires no factorization of the modulus; the two ranges together give the displayed
bound over all of Q*.

7.4. The Type-IIc packing condition. At the parameter point chosen in Section [J} the rough cap depends
on the number of rough factors. We therefore verify all five packing conditions simultaneously over their
complete continuous domains.
Lemma 7.10 (Exact continuum packing). Let 1 <m < m/ <13, and let
(yl, e 7ym+m’) S E(Bl,my Bl,m/7 m, m’, 5)

for the datum of Table[3 Then conditions (A)~(E) of Proposition[7.§ hold. In condition (D) this assertion is
uniform for

2 1 70

g—ea§7§§+8w+§+3ea, 0<wy<uw.
Proof. The assertion is a finite family of exact rational polyhedral implications. By symmetry we may order
the rough coordinates on each side. For each of the 91 pairs (m,m’) and each condition (A)—(E), subdivide
the corresponding rational polytope whenever a proposed bin inequality changes sign. On every terminal cell
an explicit partition assigns every rough coordinate to one of the required bins, and a nonnegative rational
dual vector proves each bin inequality throughout that cell. At every internal node the two children are
obtained by adjoining an affine inequality and its reverse, so they cover the parent cell. An empty child carries
a rational Farkas certificate. Exact verification gives 455 successful root certificates, with no uncovered, failed,
or indeterminate cell. Cases with one rough side empty follow by adjoining a part of size §, applying the
corresponding (1,m) certificate, and deleting that part; the case with both sides empty is immediate. O

Together with the half-level argument of the next section, this gives the arithmetic input to the sieve
criterion.

Theorem 7.11 (Arithmetic admissibility of the chosen support). For the rational datum in Table @ every
modulus generated by the support is covered by Bombieri—Vinogradov, the half-level theorem, or one of
Stadlmann’s positive-level Type I, Type II, and Type III estimates.

Proof. Lemma [7.10|proves conditions A—E of Proposition[7.8] including Condition D throughout its continuous
(v, wp)-range. Theorem supplies the sub-half, transition, and endpoint blocks, and the strict positive-level
walls license the remaining blocks through the estimates of Section |

8. THE TRANSITION THROUGH THE HALF-LEVEL

The factor-extraction argument is naturally formulated at and above the half-level, whereas the dyadic
decomposition of the modulus family also produces a logarithmically thin range just below it. This section
separates the ranges and treats each one. Throughout we write

1 1 K
logxq:§+2w0:§f/<;, wo =—75-
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There are three steps. We first divide the modulus family into a Bombieri—Vinogradov range, a shrinking
transition range, the endpoint block, and the positive-level range. We then show that every divisor interval
available at the endpoint persists across the transition range after a small inward retreat. Finally we sum
the discrepancy estimates uniformly over all four ranges. One consequence of this separation is that the
formally negative fourth Type-Ilc capacity appearing in the printed statement of Proposition 3(D) of [Sta26]
never enters the argument: Type Ilc is invoked only for wg > 0, and sub-half moduli are handled by
Bombieri—Vinogradov and endpoint transport.

8.1. The four modulus ranges. The distinction between these ranges is analytic. Far enough below z'/2,

the logarithmic saving in Bombieri-Vinogradov absorbs all of the decompositions. At the endpoint, the
factorization has a zero-capacity bin. Between them lies a short range in which neither statement can be
invoked verbatim, and above the endpoint one uses Stadlmann’s Type estimates. We therefore make the four
sets disjoint from the outset.

Fix Cgy > 0, after all finite decompositions have been chosen. The dyadic modulus blocks are divided into

log 1
Opv ={q:0 < § — Cpy=£E2}

log z
Qu={q:%— CBViloﬁ){goix <6 <3},
QO = {q (0= %}7
Q,={q:0> %},

where 6 = log, ¢. Stratifying by the exponent rather than by dyadic blocks makes the four classes disjoint
and exhaustive. The class Qg contains at most one integer and is generically empty; it is retained because the
endpoint capacities at § = 1/2 are the ones the factorization argument supplies, and they govern the two
neighbouring ranges.

For Qpy we use the bilinear form of the Bombieri-Vinogradov theorem given in Theorem 2.9 of [Poll4al.
That statement already applies to divisor-bounded convolution coefficients in primitive residue classes; it is
not inferred from a theorem about A alone.

Lemma 8.1 (Bilinear Bombieri-Vinogradov). Let a and 8 be divisor-bounded coefficient sequences at scales
M, N, with MN =< z, and suppose that at least one sequence has the Siegel-Walfisz property uniformly with
the auziliary coprimality condition in Definition . Assume also that min(M, N) > x" for some fized n > 0.
For every A > 0 there is B = B(A) > 0 such that, uniformly in primitive residue classes a,

Ala*fB;x:q,0)] K4 ——.
Z |A(a* By 254, a) A(logx)A

q<z'/?(logx)~B
The conclusion is uniform after the fixed smooth dyadic decompositions and coprimality restrictions used in
the prime decomposition.

The hypotheses hold in the present application. The coefficient sequences are divisor bounded, and every
nontrivial factor has scale at least z" for a fixed 7 > 0. The sequence designated as § has the Siegel-Walfisz
property with the auxiliary coprimality integer from Definition [5.1] and restricting both variables to be
coprime to the fixed pre-sieving modulus is permitted by that definition. The residue classes produced by the
shifts are primitive: otherwise a prime divisor of the modulus would divide both the shift and its pre-sieved
residue, and the corresponding sieve term would vanish.

Finally, smooth dyadic partitions and partial summation produce O((log x)cl) admissible pieces, while
the finite Heath—Brown decomposition, the residue subclasses, and the coprimality subdivisions contribute
another O((log 2)©?) pieces. Applying Theorem 2.9 of [Poli4a] with saving A+ C; 4 Cs+2, and then summing
absolute values, leaves the saving A required in Definition [4.4

8.2. Transport of the endpoint factorization. We next quantify how much each endpoint interval
changes when the modulus level moves slightly below /2. The point is that the inward retreat e, leaves a
positive reserve in every bin that must receive a rough factor, while the fourth bin whose endpoint capacity is
zero is kept empty and so is never interpreted as having negative capacity.
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For the Type-Ilc leaf, write d = §*(v) and fix ¢; = £,/100. The unsimplified factor-extraction intervals are

ay =7 —3e; —d, by = v — 3ey,
ag=1—v—06e; — 0 —d, bo=1—v—06e — 0,
a3 =2—v—52e; —d— 46, b3 =2 — v — 52 — 40,

where 6 = log, ¢ = 1/2 — k. The four bin capacities before the final uniform weakening are
2a1 + b3, ba, 0 — by — ao, ay — 2b; — as.
Substitution gives, term by term,
201 + b3 =2(y — 36, —d) +2 — v — 52¢4 — 4(5 — k)
=y — 2d + 4Kk — 58¢y,
bo=1—v—6e— (3 —K)=73—7+k— b,
0—br—ar=(3—K)—(y—3er) —(1—y—6e,— 3+ —d)

=d — 2k + ¢4,
a; —2by —ag=v—35, —d—2(y—3g) — (2— v — 525 —d — 4(3 — k)
= —4kK + Hbey.

The comparison with the endpoint capacities is summarized in Table

TABLE 2. Transport of the Type-Ilc capacities below the half-level.

bin raw capacity endpoint capacity difference
1 v—2d+4k—58; v—2d—¢€, 4k + 42e,/100
2 I—v+kK—6e 1 y-c K + 94e,/100
3 d—2k+ 9 d—ea 109¢,/100 — 2k
4 —4Kk+ 5bey 0 55€a/100 — 4k

All four differences are nonnegative for
11
0< k< —¢,.
SR> 30 €a

Since Cpy loglog z:/logx = o(1), every block in Oy, lies in this interval once z is sufficiently large. The same
phenomenon holds for the other factorization leaves, and the following lemma states it in general.

Lemma 8.2 (Monotone endpoint transport). Consider any factor-extraction leaf used in the arithmetic
certificate. Suppose its bin capacities are affine functions of 8 =log, q, and an endpoint partition at § = 1/2
has reserve n > 0 in every strict bin. If Ligar is the mazimum absolute slope of these capacities, then the same

partition is valid whenever

1 n

—-1< .
2 ‘ Lleaf

Here the minimum defining n is taken over every bin, a bin whose endpoint capacity is zero contributing

reserve 0; such a bin may not simply be ignored, because the extraction argument uses the nonnegativity of its

capacity even when the bin is empty.

Proof. Changing 6 by u changes each capacity by at most Lieae|u|. The displayed bound makes this loss
smaller than the endpoint reserve. For a bin that is empty at the endpoint the relevant requirement is that
its capacity remain nonnegative: in Lemma the fourth capacity a; — 2b; — agz enters the construction
of d; through the inequality Zieh yi + ZieJl z; > a1 — (a1 — 2by — ag) = 2b; + a3, which fails once that
capacity turns negative, whether or not I is empty. This is why row 4 of Table [2| determines the window. The
two-factor, three-factor, and four-factor extraction leaves all have finitely many affine endpoints. In particular,
the minimum of their positive radii therefore gives one uniform transition window. |
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8.3. Uniform discrepancy across the boundary. It remains to combine the local estimates without
losing uniformity. The number of convolution, dyadic, and residue-class pieces is only a fixed power of log x, so
we may demand a correspondingly larger logarithmic saving from each input estimate and then sum absolute
discrepancies. The following theorem is the arithmetic statement passed back to the sieve criterion.

Theorem 8.3 (Half-level arithmetic coverage). For the convolution sequences and support used in this paper,
the absolute sum of discrepancies over Qpyv U Qi U Qo U Q4 is Oa(x(logz)™4) for every A > 0, uniformly
in all primitive residue classes and auziliary coprimality conditions occurring in the sieve.

Proof. Lemma[81]treats Qpy. The Heath-Brown decomposition, smooth dyadic partitions, residue subclasses,
partial summation, and coprimality restrictions introduce only a fixed power of log x; choosing the saving in
that lemma sufficiently large absorbs all of these losses.

The endpoint partitions apply verbatim on Qg when it is nonempty. Table [2| transports the four-factor
Type-Ilc partition throughout Qt,, and Lemma transports every two- and three-factor leaf used there.
Stadlmann’s positive-level estimates from Section [5| treat Q. Their strict parameter inequalities are uniform
on each compact positive-level chamber.

There are O((log z)¢) decomposition and dyadic pieces for a fixed C. Applying each estimate with an
additional logarithmic saving and summing absolute discrepancies proves the assertion. O

9. THE PARAMETERS AND THE VARIATIONAL PROBLEM

This section fixes the rational support used in the arithmetic argument and derives the finite-dimensional
variational problem attached to it. We first state the parameter datum in both physical and rescaled
coordinates, then explain which analytic walls determine it and verify the active margins. A dilation by
four converts the physical sieve criterion into a Rayleigh quotient with threshold 4. Finally we describe the
rescaled support and compute the moving endpoint of a marginal integral, which is the geometric input for
the exact evaluation in Section

9.1. The parameter datum. Table [3|is the single parameter point used in both halves of the proof. The
“physical” column is in the normalization of the Stadlmann support, while the last column records the dilation
used for the finite-dimensional variational problem. Both normalizations are listed so that every subsequent
inequality can be checked without an implicit change of scale.

TABLE 3. Exact parameter datum 2.

quantity physical rescaled by 4

k 45 45

w 7/1000 -

(Ao, A1) (—1/125,257/1000) -

Es 1/125 -

1) 41/2500 g =41/625

Bim, 1<m<10 501%(777, 794, 875,917,953, 983, 1016, 1042,1063,1081) C(m) = 4B m
By, m>11 1081/5000 C(m) =1081/1250
(&1,62,3) (19/50,2/5,2/5) -

€a 1010 -

With the notation of Definition the support is

3 g 41
T = {t € [0,00)* : Zti < 5007 Z t; < Bl,#{i:ti>6}} : 5= 3500
=1 t; >0

where the cap sequence is the one in Table 3| with B; g = 0. The marginal cutoff is 4; — &5 = 249,/1000.
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9.2. Why these parameters. The choices of £1, &, &3 are forced by the analytic constraints. The endpoint
& = 2/5 is the largest value for which the Harman decomposition of Section m reduces to the prime indicator,
so that p = 1p and ¢; = ¢ = 0. The Type-III constraint is monotone increasing in &3, so its weakest admissible
value is £3 = & = 2/5.

At these values, the active Type-II inequality in Proposition [7.8]is

o< %+%—3A1—25a:%—3A1—2€a.
The chosen rational point satisfies
513 179 3937 63 1
'5000 © 10000 _ 5000 80 _ 10000’
so it lies 10~% inside the zero-loss frontier, before the fixed analytic retreat 2¢,.
The active zero-loss bounds for & give

2833 2
7500 <1 <5
and we take & = 19/50.
The remaining quantities A, ¢, d, and (Bi,,) are chosen to balance the available support against the
active Type-II wall. Table [4] records the six inequalities that are closest to being tight; the complete list,
including every analytic wall and packing inequality, appears in Appendix [B]

TABLE 4. The six principal exact reserves.

condition left right slack
Definition 1: Bs < By + 0 7/40 4382500 1/5000
Proposition 2: & < 2/5 2/5 2/5 0
Prop. 3(II), cap wall 2 41/2500 82499999/5000000000 499999,/5000000000
Dominant Type-II wall 3937000001,/5000000000 63/80 499999 /5000000000
First-rung cap wall 777/5000 778/5000 1/5000
Transition bin 3 11/400000000000 109,/1000000000000  163,/2000000000000

9.3. Rescaling. Put z; = 4¢; and define ﬁ(x) = F(x/4). The change of variables in 45 dimensions gives

I(F) = /T F(t)?dt =4~% / F(z)*de = 47*I(F).

T
For a marginal, the outer integral has 44 variables and the two inner integrals each contribute one factor 1/4.
Hence
Ji(F) =4 . 471 471 J(F) = 4= D J(F).
Consequently N
kJ(F)  1kJ(F)
I(F) 4 [(F)’
so the physical threshold 1 is exactly the rescaled threshold 4. The corresponding dictionaries are
‘ Al + &g Ay — &g 1) B,
physical | 53/200 249/1000 41/2500 Bim
rescaled | L =53/50 7 =249/250 ¢g=41/625 C(m) = 4By n.
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9.4. Support and marginal geometry. The denominator of the Rayleigh quotient integrates over the full
support, whereas a numerator term first fixes all but one coordinate and then integrates along the remaining
fiber. We describe both regions explicitly. The statistics s(z) and R, (z) record the number and total mass of
the rough coordinates, and C' converts that information into the relevant cap; the second lemma determines
the exact endpoint of each marginal fiber.

For z € [0,00)%°, put

Pj(x) = ij s()=#{izei> g}, Rylw)=)

Ti>g
and extend the cap function by C'(0) = 0.

Lemma 9.1 (Rescaled support). The dilation © = 4t maps T onto
T ={z €[0,00)* : Py(2) < L, Ry(z) < C(s(x))}.

Proof. The total-mass inequality is multiplied by 4. A coordinate satisfies t; > § precisely when x; > g = 49,
and multiplication by 4 also sends the two physical rough caps to C(1) = C(2) = 31/50 and C(s) = 17/25 for

s > 3. O
Lemma 9.2 (Moving marginal endpoint). Fix T = (z1,...,244) and write
44
S:in, s=#{i:x; > g}, p1= Z T
i=1 1<i<44
T;>g
For

f:{E:SST, pm < C(s)},
the last coordinate ranges over 0 < u < U(Z), where
U(z) = min{L — S,max{g,C(s+ 1) — p1 }}.

Proof. The total-radius condition gives u < L —.S. Every 0 < u < g is available because it does not change the
rough count or rough mass. If u > g, the rough count becomes s+ 1, and the rough cap gives u < C(s+1) —ps.
The union of the always available small interval with this possible rough continuation therefore ends at
max{g,C(s+ 1) — p1}; intersecting with the total-radius interval gives the formula. The condition S < 7 is
exactly the marginal cutoff on the other 45 coordinates. ]

For a symmetric polynomial F', the two quadratic forms are therefore

Ir(F) = /~F(x)2 dx

T

Jr(F) = 45 /f ( /O " ) du>2d§5.

10. EXACT EVALUATION OF THE VARIATIONAL INTEGRALS

and

We now explain why the variational claim can be reduced to exact rational arithmetic. The support
is stratified by its set of rough coordinates; those coordinates are translated by the rough threshold, and
the remaining upper bounds are handled by inclusion—exclusion. For the numerator one adds a subdivision
according to which affine expression gives the moving fiber endpoint. Every resulting integral is a polynomial
moment over a rational simplex, so the whole calculation reduces to the elementary identity

m .|
10.1 2{dz = Rm+2ieiM, e; € L>g.
(101 /Z,,fz-jé@ 1= S =0
i=1 Fi S =

We state the consequence we need separately, in order to keep the geometry apart from the algebra that
follows.
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Lemma 10.1 (Rational polytope moments). Let P C R™ be a bounded polytope cut out by finitely many
affine inequalities with rational coefficients. If G € Q[z1, ..., zm], then

/PG(z) dz € Q.

Moreover, the integral is a finite rational linear combination of the simplex moments in ((10.1)).

Proof. If P has empty interior, its m-dimensional integral is zero, so suppose that P is full-dimensional. Every
vertex of P is rational, since it is the unique solution of a full-rank subsystem of the defining rational affine
equations. Triangulate P using its vertices. On a simplex with vertices vg, ..., v, the affine substitution

m
Z:UOJrZui(vi—vo), u; > 0, Zuigl,
i=1 i

has rational coefficients and rational Jacobian determinant. Expanding G(z) after this substitution gives a
polynomial in the u; with rational coefficients. Formula ((10.1]), with R = 1, evaluates each monomial moment
rationally. Summing over the triangulation proves both assertions. (]

Proposition 10.2 (Exactness of the variational integrals). If F' has rational coefficients, then Ir(F) and
Jr(F) are rational.

Proof. For each subset R C {1,...,45}, consider the stratum on which z; > g exactly when ¢ € R. On this
stratum the support conditions are

z;>g@€R), 0<xz<g@¢R), Y x<L > x;<C(R|.
i i€R

Changing open faces to closed faces does not alter the integral. This is a bounded rational polytope. Translating
x; = g + z; for i € R makes all lower coordinate bounds zero and preserves rationality of every remaining
face. Since F? is a rational polynomial, Lemma evaluates its integral on the stratum as a finite rational
combination of simplex moments. There are only finitely many choices of R, so their sum is I7(F).

For Jr(F), fix in the same way the rough set among the first 44 coordinates. Lemma writes the moving
endpoint as

U(Z) = min{L — S, max{g,C(s+ 1) — p1 }}.

The hyperplanes on which two of the three displayed affine functions agree partition the stratum into finitely
many bounded rational polytopes. On each cell, U is one specified affine function. If F(Z,u) = Zf:o fr(@)u",
then

U®®) d ~
0 —0

r+1
which is a rational polynomial in Z on that cell. Its square is again a rational polynomial, and Lemma [10.1
applies. Summing over the finitely many rough sets and ordering cells proves that Jr(F) is rational. O

11. THE VARIATIONAL INEQUALITY

Sections shows that the support T is permissible. It remains to show that T is large enough for the
sieve. We use the symmetric space of degree 21 generated by products of even power sums and powers of the
remaining simplex radius. In that basis I7 and Jr are rational Gram matrices, by Proposition [10.2] so any
explicit rational coefficient vector gives a rigorous lower bound for the largest generalized eigenvalue.

More precisely, if A = (A1,...,A,) is a partition all of whose parts are positive and even, write |A\| =
A+ -+ )\ and P\ = H;:l Py,, with Py = 1. We use the space

Bo1 = spanQ{(L —P)*Pr\:a>0, \j €2Zsg, a+ |A] < 21}.

After repeated monomials are identified, the displayed family has dimension 846. Let P, € Bs; be the
polynomial specified by the exact rational coefficient vector used in the certificate, and define

F,(z) = 15(x)Pi(x).
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Theorem 11.1 (Variational estimate). For the symmetric rational polynomial P, defined above, the supported
function Fy = 15P, satisfies

Jr(Fy)
I7(FY)

Proof. Because both functionals integrate only over the support and its marginal fibers, It(Fy) = I7(Py)
and Jr(F,) = Jr(Py). Proposition therefore reduces both values to rational combinations of the simplex
identity (|10.1)). Their exact values satisfy

Ir(F,) > 0, Jr(Fy) —4Ir(Fy) > 0.
Division by the first positive quantity gives the stated inequality. (|

= 4.00438409833460131937 ... > 4.

12. COMPLETION OF THE PROOF

The two substantive inputs are now in place: Theorem licenses every modulus produced by the
support, and Theorem [L1.1]| supplies the strict variational inequality. The sieve criterion therefore gives
DHLI[45, 2], and it remains only to exhibit an admissible 45-tuple of diameter 212.

Has = {0,2,12, 14,24, 26, 30, 36, 44, 50, 54, 56, 60, 66, 72, 74, 80, 84, 92, 96,102, 110, 114,
116,122,126, 134, 140, 144, 150, 156, 162, 164,170, 176, 180, 182, 186, 192, 194,
200, 204, 206, 210, 212}.
Lemma 12.1. The set Hys is an admissible 45-tuple of diameter 212.
Proof. The displayed list has 45 distinct elements, with minimum 0 and maximum 212. For
2,3,5,7,11,13,17,19,23,29,31, 37,41, 43,
respectively, its reductions omit the residue classes
1,1,3,6,9,3,1,13,17,4,11,4,4, 3.

Thus the tuple does not cover every residue class for any prime p < 43. If p > 47, its 45 elements cannot
cover all p residue classes. Hence H,s5 is admissible. O

Proof of Theorem[I.1, Theorem [7.11] supplies equidistribution for every generated modulus. Theorem [T1.1}
together with the rescaling in Section [0 supplies the strict physical variational inequality. Theorem [4.10]
then gives DHL[45, 2]. Apply DHL[45, 2] to H45. Infinitely many translates contain two primes, and their
difference is at most 212. O
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APPENDIX A. SOURCE CORRESPONDENCES

Some statements used in the proof are taken unaltered from [Sta26] or from the earlier distribution
estimates on which it rests. Others are specialized to the direct-prime regime used here. Still more are
strengthened by retaining information that was discarded when [Sta26] passed to uniform sufficient conditions.
Table [5] provides a reference.
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Table 5: Source-to-paper correspondences.

present item exact source changed hypothesis changed conclusion proof loca-

tion

Sieve realization Stadlmann  [Sta26l Specialize the mixed Replace the general Section
Proposition 1]; Poly- support to the direct- minorant quotient by
math8b [Poll4bl prime datum and re- kJp/Ir > 1.

Section 5] tain the inward sup-
port retreat.

Prime decomposi- Stadlmann  [Sta26, Set & = 2/5. The exceptional Buch- Section

tion Proposition 2] stab terms vanish, so

p=1pand ¢; = co =
0.

Type I Stadlmann [Sta26l Require only the divi- Equidistribution for Sections [5]
Lemma 5]; Baker— sor interval used by the the factorization class and |§|
Irving [BI17, proof. Dy.

Lemma 5]

Types ITa and IIb  Stadlmann [Sta26l Replace multiple dense Equidistribution for Sections [5]
Lemmas 3-4]; Poly- divisibility by the dis- Djr, and Dy, and@
math8a [Poll4al played divisors r and
Theorem 2.8(iv),(ii)]  w.

Type Ilc Stadlmann [Sta26, Retain the factors Equidistribution for Sections [5]
Lemma 6]; Stadlmann r, u, d; and  their Djj. under the three and@
[Sta25] Theorem 1] unsimplified intervals. displayed walls.

Type II1 Stadlmann [Sta26l Retain the single divi- Equidistribution for Sections [5]
Lemma 7]; Poly- sor interval used in the Djy;. and |§|
math8a [Polldal source argument.

Theorem 2.8(v)]

Factor extraction Stadlmann [Sta26l Insert the chosen ratio- Two-, three-, and four- Section

Lemmas 11-13] nal caps and keep the factor decompositions
endpoint intervals be- for every generated
fore the uniform weak- modulus.
ening.

Half-level transi- Stadlmann [Sta26l Separate the dyadic de- Uniform coverage be- Section

tion proof of Lemma 6]; composition into four low, at, and above
the Bombieri— disjoint ranges. z1/2,

Vinogradov esti-

mate in  [Poll4al

Theorem 2.9]

Variational Stadlmann  [Sta26, Use the 45-shift ratio- The exact rescaled quo- Sections [9-

certificate Section  6]; Poly- nal support and a sym- tient exceeds 4. E
math8b [Poll4b, metric rational polyno-

Section 4]

mial.




APPENDIX B. EXACT VERIFICATION OF THE PARAMETER INEQUALITIES

This appendix collects the numerical substitutions used when Theorem [7.11]applies the support and factorization results to the parameters of

Table [3] The linked description in the first column returns the reader to the definition, proposition, lemma, or theorem in which the inequality is used.

The columns headed “left” and “right” give the two sides after inserting the chosen rational parameters, oriented so that the required comparison is
left < right, and the slack is right — left. Positive slack indicates a strict inequality; zero slack occurs only where equality is permitted or where an
endpoint is handled separately. A decimal column is included to give an idea of scale but the proof uses the exact fractions. The final column identifies
the part of the argument for which the comparison is needed. The rows fall into five groups: support conditions, the direct-prime decomposition,

analytic range conditions, the factor-packing conditions A-E of Proposition and the transition through /2.
Table 6: Exact analytic and combinatorial slack ledger.

condition left right slack decimal use
Support{ § > 0 0 41/2500 41/2500 0.0164  support
Support] By > § 41/2500 777/5000 139/1000 0.139 support
Support| B, < Bm41 0 17/5000 17/5000 0.0034 monotonicity
Support] By41 < By, + 90 81/5000 82/5000 1/5000 0.0002  heredity
First-rung cap wall| 777/5000 778/5000 1/5000 0.0002 arithmetic certificate
Prime decompositioni &> < 2/5 2/5 2/5 0 0 direct prime

rime decomposition] {3 > &5 2/5 2/5 0 0 Type III split
[Prime decomposition] 2£; + 3&2 < 2 49/25 2 1/25 0.04 Harman decomposition
Prime decompositioni §; + 962 < 4 199/50 4 1/50 0.02 Harman decomposition
Prime decomposition] 2§; + &2 > 1 1 29/25 4/25 0.16 Harman decomposition
Prime decomposition] 17&5 < 7 34/5 7 1/5 0.2 Harman decomposition
'T'ype I admissibilit rst wall 41/2500 279999997 /15000000000 33999997,/15000000000 0.0022666665 Prop. 3(I)

admissibility, second wall 41/2500  1309999993/35000000000  735999993/35000000000 0.02102857123  Prop. 3(I)

ype Il admissibility, first wa. 0 69599997,/2000000000 69599997,/2000000000 0.0347999985  Prop. 3(II)
Type 11 admissibility, first cap wall| 41/2500 87999999,/5000000000 5999999 /5000000000 0.0011999998  Prop. 3(II)
Type II admussibility, second cap wall| 41/2500 82499999,/5000000000 499999/5000000000  9.99998e¢ — 05  Prop. 3(II)
T'ype III admissibilit 41/2500 127499999/5000000000 45499999,/5000000000 0.0090999998  Prop. 3(III)

3937000001 /5000000000 63/80 499999 /5000000000 9.99998¢ — 05  arithmetic certificate
455 455 0 0 all continuous packing cells
11,/400000000000 109,/1000000000000 163,/2000000000000 8.15e — 11  transition
11,/200000000000 11,/200000000000 0 0 transition

HLVIN NOIXV
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APPENDIX A. FORMAL CERTIFICATE BY AXIOMPROVER

AxiomProver, an Al system under development by Axiom Math, autonomously generated from natural-
language specifications a Lean certificate of the deduction of Theorem [I.1] The formal development takes
as hypotheses the five Type I, Type II, and Type III equidistribution estimates stated in Section [5| the
bilinear Bombieri—Vinogradov theorem used below the half-level, the Harman decomposition reducing the
prime indicator to the relevant convolution classes, and the variational certificate of Theorem The
mathematical sources for these analytic inputs are [Poll14al [BI17, [Sta25| [Sta26]. The exact rational verification
of the variational certificate is presently performed separately and supplied to the formal development as a
hypothesis.
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