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Abstract

Let p,, denote the n-th prime. We blueprint the formalization by AxiomProver of the
bounds

lim inf (py41 — prn) < 600, lim inf (pr 1 — pn) < 246
oo n—oo

n—

proved by James Maynard and Polymath8b, respectively. Both results follow from a single
uniform treatment of the Polymath8b generalization of James Maynard’s modification of
the sieve-theoretic work of Goldston, Pintz, and Yildirim. Our formalization assumes the
Bombieri-Vinogradov theorem and no other results.
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1 Introduction

1.1 The main results

The long-standing twin prime conjecture asserts that, if p, is the n-th prime, then
liminf(py41 — pn) = 2.
n—o0

One of many reasons for the difficulty of the conjecture is the fact that it imposes additive
structure on primes, which are defined multiplicatively. The twin prime conjecture is a special
case of a more general conjecture, the Hardy—Littlewood k-tuples conjecture, which we now
state. Suppose that Hj = {h1,...,h;} is an admissible set (Definition [3.15)). The conjecture
then states that there are infinitely many positive integers n such that each of the numbers
n+ hi,...,n + hy is prime. Since {0,2} is an admissible set, the Hardy—Littlewood k-tuples
conjecture implies the twin prime conjecture.

The prime number theorem implies that as n — oo, the average value of ppy+1 — pp is
asymptotic to log p,,. Foundational work of Goldston, Pintz, and Yildirim developed the “GPY
method,” which led to the proof that

lim inf 22 = Pr .
nhes  logpn

Their method crucially relies on the distribution of primes in arithmetic progressions given by
the Bombieri—Vinogradov theorem: If 0 < ¢ < % and A > 0 are fixed, then for all z > 2,

m(z)
max |m(xz;q,a) —
gcd(wz):l‘ (@:9.0) v(q)

T
<4 I
ey S (log x)

The Elliott—Halberstam conjecture asserts that z'/27¢ can be replaced with z!~¢. If there
exists a fixed 6 > 0 such that 1/2 —¢e can be improved to 1/2+ 4, then the GPY method suffices

to establish the infinitude of bounded gaps between primes, namely
liminf(pp41 — pn) < 00.
n—oo

In May 2013, Zhang established deep new results on the distribution of primes in arithmetic
progressions, a variant of the Bombieri—Vinogradov theorem. When combined with a modifi-
cation of the GPY method, it yields for the first time the existence of infinitely many bounded
gaps between primes:

lim gf(pn+1 — pr) < 70000 000.

n—
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The work of Zhang was meticulously refined by the Polymath 8a project, the net result of which
was the bound

lim inf(pp41 — pn) < 4680.

n—oo

In November 2013, the breakthrough work of Maynard[ﬂ established a substantially more
robust version of the GPY method that leads to significant theoretical and numerical improve-
ments over the work of Zhang using only the original Bombieri—-Vinogradov theorem. Writing

H, = liminf (prgn — pn),
n—o0

Maynard proved that H,, < m3e*”, and in particular that H; < 600. Shortly thereafter,
the Polymath8b project theoretically and numerically refined these ideas, obtaining H,, <
me=159)™ and in particular H; < 246.

This blueprint develops both explicit bounds from a single multidimensional sieve. The only

result that is assumed is the Bombieri-Vinogradov theorem.

Theorem (First main result). Assume the Bombieri-Vinogradov theorem. Then Hy < 600;
that is,
lim inf (pp4+1 — pn) < 600.

n—oo

Theorem (Second main result). Assume the Bombieri—Vinogradov theorem. Then H; < 246;
that is,
liminf(pp41 — pn) < 246.

n—oo

1.2 Blueprinting bounded gaps

This blueprint is designed to facilitate a formalisation of the bounds H; < 600 and H; < 246. It
exhibits several key differences from a typical research article, some of which we now outline. For
convenience, we call lemmas, sublemmas, propositions, and theorems provable statements; a
definition or notation is a declaration; and an entity is a provable statement or a declaration.
Given an entity, all other entities that are referenced in the statement (resp. proof) of the entity
are catalogued in a uses-notation (resp. uses-proof) environment. A uses statement is a
uses-notation or uses-proof environment.

1. Each declaration defines exactly one object. Within each declaration environment, only
one declaration is introduced. No declaration environment contains any provable state-
ment. Conversely, a provable statement only contains statements to be proved; no dec-
larations are introduced in any provable statement. When recalling a declaration, only
declarations are referenced, not provable statements.

2. Each provable statement has a minimal set of hypotheses under which exactly one stated
conclusion holds. Multiple conclusions that might be bundled together must be separated
into smaller provable statements.

3. Provable statements are decomposed into smaller, “atomic” provable statements, each of
which will ideally correspond with a single formal declaration.

4. The dependency graph of our proof is directed and absent of any cycles. The edges of
this graph are indicated by our uses statements. An entity may only cite entities that
come before; no “forward-referencing” is permitted. A uses statement associated to a
declaration cannot cite a provable statement.

! Around the same time, Tao arrived at similar, slightly weaker conclusions.



5. Apart from the main target theorems, every entity must be cited by at least one uses
statement.

6. Every reference inside a provable statement or its proof must appear in the uses statement
of said provable statement.

7. Superfluous or duplicated entities are deleted. In particular, there are no remark or
corollary environments.

8. Imported or external results are stated once in a dedicated “external inputs” section and
explicitly cited at least once in a uses statement.

9. The exposition is as “linear” as feasible, which we loosely describe as follows.

(a) Declarations come first.

(b) Lemmas and sublemmas come next; they incorporate the declarations that came
before. Lemmas are not proved before the entities in their uses statements are given
(and proved, if necessary).

(c) Propositions are then proved using the lemmas and declarations. Propositions are
not proved before the entities in their uses statements are given (and proved, if
necessary).

(d) The main theorems are then proved using all pertinent entities that precede them.
A main theorem is not proved before the entities in its uses statement are given (and
proved, if necessary).

2 Overview

We give a blueprint of the proofs of the two bounds of Section[I} in a form meant to be formalized
in Lean. This section outlines the method; the rest of the paper carries it out. Throughout, the
only analytic input is the Bombieri—Vinogradov theorem.

2.1 The GPY method and the sum Sy(\) — pS;(N)

Fix an admissible k-tuple H = {h1,...,h;} (Definition [3.15); we seek infinitely many n for
which at least |p| + 1 of n 4+ hy,...,n + hy are prime. Following Goldston—Pintz—Yildirim,
introduce weights w, > 0 and set

S(N,p) = > (Zk:XP(”+hi)_P>wnv

N<n<2N i=1

with yp the characteristic function of the primes. If S(N, p) > 0 for all large N, then infinitely
many n have at least |p] + 1 of the n + h; prime: some summand is positive, and since w,, > 0
that n satisfies >, xp(n + h;) > p. Writing

SiN =D wa, SN = <ZXIP’(”+ hi)>wn7
N<n<2N N<n<2N i

we have

S(N,p) = S2(A) = pS1(A).
One chooses w,, to make S3(\)/S1(\) large.



2.2 The sieve weights and the W-trick

Maynard’s weights are

wy, = Ny dp)) AN SR
n ( > A, ,k)>7 ;

supported on [[,d; < R, where R is a truncation parameter below the level of distribution
9. The one-dimensional choice A(di,...,dr) = p(d) F(log(R/d)) with d = d ---di recovers
the Selberg weights of Goldston—Pintz—Yildirim; for these the level ¥ < 1/2 does not suffice to
make S2(A) — pS1(A) > 0 for any p > 1, and it is the extra freedom of the k-dimensional A that
removes this obstruction. The A(dy,...,dy) are built from a fixed profile F' on a subset of R¥;
the subset distinguishes the two bounds.

To handle small primes, we restrict w,, to be nonzero only for n in a single residue class vg
(mod W), where W = HpS p, P and Dy = logloglog N. By admissibility of H and the Chinese
remainder theorem there is a vy with vy + h; coprime to W for every i, so no prime p < Dy
divides any n + h;.

2.3 The variational problem and the two cases

Write Ry (s) := {t € ]R]go ity + -+t < s} for the standard simplex scaled to total mass s,
and Ry := Ry(1). Fix € > 0 and take F' supported on Ry(1+ ¢). With W the primorial of the
W-trick, the sieve sums satisfy

k
S0 = (14 0(1)) 2L N (g Y (),

log R (W)
log N Wktl

k
N (log R)* >~ J\™(F),

m=1

Se(A) = (1+0(1))

where [ (F) = ka(Hs) F? and JIETZ) (F) is the L? mass of the mth marginal [ F dt,, over the
slice R—1(1 — €) (Section |5 gives the precise definitions). Since log R = (¢/2 — 0) log N,

Sa(N)
S1(AN)

0, m=
~ ——5)M M = sup =M=l oke
( 2 k,E ]{?,8 Sl}p [k- (F)
Provided ¢ and e satisfy a compatibility condition, S(N,p) is eventually positive when p <
(9/2) My, ¢; two of the n + h; are then prime for infinitely many n, giving a gap at most the
diameter of H, once My > 2/49.
The two bounds are the cases ¢ =0 and € = 1/25.

I. e =0, k = 105. Here Ri(1 +¢) = Ry and M50 > 4. Since Bombieri-Vinogradov
gives every ¥ < 1/2 and 4 > 2/9 for ¥ near 1/2, the criterion holds; with an admissible
105-tuple of diameter 600 this gives H1 < 600.

II. £ =1/25, k = 50. Enlarging the support to Ry (1+¢) raises the supremum to Msg 1 /25 >
4.0043, exhibited by an explicit F' from a finite basis of symmetric polynomials, for which
the ratio is a quotient of rational quadratic forms verified by the certificate of Section
With an admissible 50-tuple of diameter 246 this gives H; < 246.

The first case is unconditional given Bombieri—Vinogradov. The second also requires the
finite numerical inequality Mg 1 /25 > 4.0043 (Section, which we prove by exact computation.



3 Definitions and preliminaries

This section collects the objects and standard facts used throughout: the classical arithmetic
functions, admissible sets, the level of distribution and the two external inputs (Bombieri—
Vinogradov and the prime number theorem), the W-trick, and the truncation parameter R
with the support condition it imposes on the sieve weights.

3.1 Arithmetic functions and standard notation

Notation 3.1 (Standard symbols). We write N = {1,2,3,...} for the positive integers and
P ={2,3,5,...} for the primes. For integers a, b we write (a,b) = gcd(a, b) and [a, b] = lcm(a, b),
and we call a and b coprime when (a,b) = 1. For real x we write |z] and [z] for the floor
and the ceiling. Finally, xyp : N — {0,1} denotes the indicator function of the primes, so that
xe(n) =1if n € P and xp(n) = 0 otherwise.

Lean:
e PrimeGaps.primeIndicator

Uses(notation): (index)

Notation 3.2 (Asymptotic notation). For real-valued functions f,g, the statement f < g
means | f| < Clg| for some constant C, which may depend on the tuple length k& and on A (both
fixed throughout) but never on N. A subscript, as in f <4 g, records an additional permitted
dependence of C. We write f = O(g) for f < g, and f = o(g) when f/g — 0 as N — cc.

Lean:
e Asymptotics.IsLittlel
e |[Asymptotics.IsBig0

Uses(notation): |f < g} |0(g)} lo(g)} (index)

Definition 3.3 (Mé&bius function p). The Mébius function p: N — {—1,0,1} is defined by

1 ifn=1,
p(n) == < (=1)" if n=pips---p, is a product of r distinct primes,
0 if p? | n for some prime p.

Lean:
e ArithmeticFunction.moebius

Uses(notation): (index)
Definition 3.4 (Euler totient ¢). The Euler totient function ¢ : N — N is defined by
o(n) = #{aec{l,2,...,n}: (a,n) =1}.

Lean:
e ArithmeticFunction.totient

Uses(notation): (a,b) (index)

Definition 3.5 (r-fold divisor function 7,). For an integer r > 0, the r-fold divisor function
7 : N = N counts ordered factorisations into r positive-integer factors:

Tr(n) = #{(d1,d2, cee ,dr) eN':didy---d, = n}

We abbreviate 7 := 72, the ordinary divisor-counting function 7(n) = #{d >1:d | n}.


https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/Arithmetic/PrimeIndicator.lean#L26
https://github.com/AxiomMath/PrimeGapsLib/search?q=Asymptotics.IsLittleO&type=code
https://github.com/AxiomMath/PrimeGapsLib/search?q=Asymptotics.IsBigO&type=code
https://github.com/AxiomMath/PrimeGapsLib/search?q=ArithmeticFunction.moebius&type=code
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/Totient.lean#L21

Lean:
e ArithmeticFunction.term7._
o [ArithmeticFunction.tau apply_eq_card_finMulAntidiag

Uses(notation): (index)

Definition 3.6 (The function g). Let g : N — N be the multiplicative function determined on
prime powers by

gp) ==p-2  g(") = p"*(p—1?* (a>2),

for every prime p, together with g(1) = 1.

Lean:
e ArithmeticFunction.detotient

Uses(notation): [g] (index)

Lemma 3.7 (Mobius divisor-sum identity). For every positive integer s,

> o) = 1s=1].

tls

Lean:
e ArithmeticFunction.sum divisors moebius
o ArithmeticFunction.sum divisors_coe_moebius

Uses (statement):
Uses(notation): [ [P]

Proof. If s = 1, the only divisor is t = 1 and u(1) = 1 by Definition so the sum equals 1.
Suppose s > 1 and let py,...,p, (r > 1) be the distinct primes dividing s. By Definition
wu(t) = 0 unless t is squarefree, so only the 2" divisors of p; - - - p, contribute, and such a divisor
t = [,y i contributes (—1)/l. Grouping by |I| gives

r
>ou = () (-1 = (1-1) =0
t]s §=0
by the binomial theorem, since r > 1. O
Lemma 3.8 (Submultiplicativity of 7;.). For every integer r > 0 and all positive integers m,n,
7(mn) < 7.(m) 7 (n),
with equality when (m,n) = 1.

Lean:
e ArithmeticFunction.isMultiplicative_tau
o [ArithmeticFunction.isSubmultiplicative_tau

Uses (statement):
Uses(notation): r,} [(a, b)] (index)


https://github.com/AxiomMath/PrimeGapsLib/search?q=ArithmeticFunction.term%CF%84_&type=code
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/Tau.lean#L107
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/FunctionG.lean#L45
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ForMathlib/NumberTheory/ArithmeticFunction/Moebius.lean#L28
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ForMathlib/NumberTheory/ArithmeticFunction/Moebius.lean#L32
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/Tau.lean#L123
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/Tau.lean#L129

Proof. By Definition [3.5] 7 is the r-fold Dirichlet convolution of the constant function 1 with
itself. Convolution preserves multiplicativity, whence 7,.(mn) = 7,.(m)7.(n) whenever (m,n) =
1; this gives the asserted equality.

For the inequality in general, it suffices to produce an injection from the ordered r-
fold factorisations of mn into the pairs consisting of an ordered r-fold factorisation of m
and one of n. Fix a factorisation mn = dy---d.. For each prime p distribute the
exponent vp(d;) between m and n by the greedy rule: assign to the m-part the first
min(v,(d;), remaining exponent of p in m) of the copies of p occurring in d;, processing i =
1,...,r in order, and assign the rest to the n-part. This produces factorisations m = ay -- - a,
and n = by - - - b, with d; = a;b;, and the original factorisation is recovered from the pair, so the
assignment is injective. Hence 7,.(mn) < 7,.(m)7.(n). O

Lemma 3.9 (Equality 7.(n)? = 7,2(n) on squarefree integers). For every integer r > 0 and
every squarefree positive integer n,

Lean:
e [ArithmeticFunction.tau_sq_eq_tau_sq

Uses (statement):

Uses(notation): (index)

Proof. Both sides are multiplicative in n by Lemma [3.8] so for squarefree n = p; ---ps with
distinct primes p; it suffices to verify the identity at a single prime argument. An ordered
r-fold factorisation of a prime p has exactly one factor equal to p and all others equal to 1, so
7.(p) = r; likewise 7,2(p) = r?. Hence 7.(p)? = r? = 7,2(p), and multiplying over pi,...,ps

gives 7,.(n)? = QTTz (n)2 (The hypothesis that n be squarefree is essential: for n = p? one has
7 (p®)? = (’"31) < (" 2+1) = 7,2(p?) in general.) ]

Uses (proof):

Lemma 3.10 (Dirichlet convolution identity ¢ = g % 1). For every positive integer n,

pn) = > g(u).

uln

Lean:
e Nat.totient_eq sum divisors._g

Uses (statement):
Uses(notation): [ [ (index)

Proof. Both sides are multiplicative functions of n: this is standard for ¢, and the divisor sum
of the multiplicative function g (Definition is again multiplicative. It therefore suffices to
compare the two sides at a prime power n = p* with a > 1.
For a =1,
D gw) = g()+gp) =1+(p-2) =p-1 = ¢(p).

ulp


https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/Tau.lean#L143
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/Arithmetic/Totient/Basic.lean#L145

For a > 2, using g(p/) = p? 2(p—1)2 for 2 < j < a,

a a—1
i P -1 -
Do) =1+ =-29+p-1) V7P =0-D+p-1? —— = (p-1p",
ulp® =2 p
which is ¢(p®). Multiplicativity now gives the identity for every n. O

Lemma 3.11 (Euler product identity for >, u(d)/d). For every positive integer n,

e (]

din p|n p

Lean:
e Nat.totient div_self_eq_prod
e ArithmeticFunction.sum moebius_div_self

Uses (statement):
Uses(notation): (index)

Proof. The function n + 3, (d)/d is the Dirichlet convolution of the multiplicative function
d — p(d)/d with the constant function 1, hence multiplicative. Evaluating at a prime power p®
with @ > 1 and using u(p’) = 0 for j > 2 (Definition ,

p(d) — p()  ulp) 1
> il el s 1=

d|p®

Hence, writing n = Hp|n p® . the divisor sum equals Hp|n(1 — 1/p). On the other hand ¢ is

multiplicative with ¢(p*) = p*(1 — 1/p) (Definition , so ¢(n)/n = [],,(1 —1/p) as well.
The two displayed equalities follow. ]

Lemma 3.12 (Dirichlet expansion of n/p(n)). For every positive integer n,

n p(e)
p(n) zm: p(e)

2

Lean:
o [ArithmeticFunction.sum totient_inv
e ArithmeticFunction.sum_squarefree totient_inv
e ArithmeticFunction.sum moebius_sq.-div_totient

Uses (statement):
Uses(notation): (index)

Proof. Both sides are multiplicative in n; for the right-hand side this is because pu? and 1/¢p
are multiplicative and the divisor sum of a multiplicative function is multiplicative. It therefore
suffices to compare at a prime power n = p® with a > 1. Since u(p’)? =0 for j > 2,

ple)? 1 I 1 p _p
e% o o) e 1er—l S op—1 o)

the last equality because p(p®) = p®~!(p—1). Multiplicativity gives the identity in general. [

10


https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/Estimates.lean#L34
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/Estimates.lean#L128
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/Estimates.lean#L196
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/Estimates.lean#L191
https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/ArithmeticFunction/Estimates.lean#L170

Lemma 3.13 (Lower bound for ¢ in terms of 7). For every positive integer n,

n < 7(n)pn), equivalently o < p(n).

Lean:
e Nat.inv. d totient le
e ArithmeticFunction.le_tau, mul_totient
e ArithmeticFunction.div_taus,_le_totient

Uses (statement):
Uses(notation): (index)

Proof. Write n = [[;_, p{" with distinct primes p;, so r = w(n) and 7(n) = [[;(a; +1) > 2.
For every prime p > 2 we have 1 —1/p > 1/2, hence by Lemma

9051") _ ﬁ(l—l) > 27" > T(ln)

=1 b

Multiplying through by n7(n) gives n < 7(n)p(n). O

Uses (proof):

Lemma 3.14 (Union bound for finite sums). Let X be a finite index set, let {Az}zex be finite
subsets of an ambient set, and write 14 for the indicator function of A. Then, for every point

v,
1y, 4. @) < D 1a,.).

zeX

Proof. If y ¢ |, Ay both sides are 0. If y € |J, Az, then y € A, for at least one o € X, so the
left-hand side equals 1 while the right-hand side is a sum of non-negative terms one of which
equals 1; the inequality follows. ]

Throughout the blueprint, Lemma is applied in the following form. Given a sum
Y =) ,c7c(t) of non-negative terms and a covering 7 = |J,c y 7 by finitely many sub-events,
multiplying the displayed indicator inequality by ¢(¢) > 0 and summing yields

<)) ).

r€X €T,

The phrase “apply the union bound over the choices of 7 denotes this passage.

3.2 Admissible sets

Definition 3.15 (Admissible set). Let £ € N. A finite set H = {h1,...,hx} C Z>¢ of k distinct
non-negative integers is admissible if, for every prime p, there exists an integer a, with

ap # h; (mod p) for every i € {1,...,k}.

Lean:
e Finset.Admissible

Uses(notation): [ (index)
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Lemma 3.16 (Cardinality characterisation of admissibility). A finite set H C Z>¢ is admissible

(Definition[3.15) if and only if
#{hmodp:heH} < p for every prime p.

Lean:
e PrimeGaps.lem_admissible_cardinality_char

Uses (statement):
Uses(notation): (index)

Proof. Fix a prime p and set S, := {hmod p: h € H} C Z/pZ. There exists a, with a, # h;
(mod p) for every ¢ if and only if S, # Z/pZ: given such an ap, its residue class is missing from
Sp; conversely, if S, C Z/pZ, any representative of a class not in S, will do. Since Z/pZ is finite
of cardinality p, the condition S, # Z/pZ is equivalent to #5S, < p. Applying this for every
prime p gives the claim. O

Lemma 3.17 (Admissibility is a finite check). A finite set H C Z>o is admissible (Defini-
tion if and only if, for every prime p < #H, there exists a < p with h #Z a (mod p) for
every h € H.

Lean:
o Finset.admissible iff le_card

Uses (statement):
Uses(notation): (index)

Proof. Admissibility trivially implies the stated condition, since the latter only restricts the
primes p < #H and, as in the proof of Lemma [3.16] one may always replace a missed residue
by its representative in {0,1,...,p — 1}.

Conversely, assume the condition and let p be an arbitrary prime. If p < #H there is
nothing to prove. If p > #%H, then the image of H in Z/pZ has at most #H < p elements, so
it is a proper subset of Z/pZ and some residue class is missed; by Lemma this is exactly
what admissibility requires at p. Hence H is admissible. O

Uses (proof):

Lemma [3.17) reduces admissibility — a condition on all primes — to a finite verification, so
the admissibility of an explicit tuple is decidable.

Definition 3.18 (Diameter of H). Let H = {h1,...,hs} be a finite non-empty set of non-
negative integers. The diameter of H is

diam(H) := 12?)<(k(hi — hj).

Lean:
e Finset.diameter

Uses(notation): |[diam(H)

Lemma 3.19 (Diameter as largest minus smallest). Let H = {hi,...,hx} be a finite non-empty
set of non-negative integers, labelled so that hy < hy < --- < hg. Then

diam(H) = hy — hy.
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Lean:
e IFinset.diameter_eq max_sub_min

Uses (statement):
Uses(notation): |[diam(H) (index)

Proof. The pair (i,j) = (k,1) is admissible in the maximum of Definition and contributes
hi — h1, so diam(#H) > hy — hy. Conversely, for any i,j we have h; < hy, and hj > hy, whence
h; — hj < hy, — hy; taking the maximum over 4, j gives diam(H) < hy — hy. O

3.3 Prime counting and the level of distribution

Notation 3.20 (Prime-counting functions). For real z, a modulus ¢ € N, a residue a modulo
q, and a subset S C N, set

ms(z) == #{p<z:peP,pe S},  ms(x;q,a) == #{p<r:peP,peS, p=a (modq)}.

When S = N we drop it from the notation and write 7(x) and 7(z; ¢, a); these are the classical
prime-counting function and its analogue in an arithmetic progression. A real argument is
always interpreted through its floor, so wg(z) = mg(|z]).

Uses(notation): (index)

Definition 3.21 (Level of distribution). Let S C N, let ¥ € R, and let = € N be an auxiliary
modulus. We say that S has level of distribution 9 relative to = if for every A > 1 there is a
constant ¢ = ¢(A) > 0 such that, for every real z > 3,

mws(z) < _cx

mod ‘WS(x;q’a) ~o(g) | T (oga)d

o @ mod ¢
1<g<z” (a,q)=1
(g,5)=1

The unadorned phrase “the primes have level of distribution ¢’ means that P has level of
distribution ¥ relative to = =

Lean:
e Nat.HaslLevelOfDistribution

Uses (statement):
Uses(notation): [ (index)

By Definition the level of distribution depends on S only through its primes, so the
hypothesis may be stated for a set S that is not itself a set of primes.

Lemma 3.22 (Insensitivity to intersecting with the primes). Let S C N, let ¥ € R and let
=Z € N. Then SNP has level of distribution ¥ relative to = if and only if S does.

Uses (statement):
Uses(notation): (index)
Proof. By Notation both mg and 7mg(-;q,a) count only elements of S that are prime, so

msnp(z) = g(r)  and  wsrp(z;q,a) = ms(x; 9, a)

for all x,q,a. The two instances of the inequality in Definition [3.21] are therefore literally the
same, so each implies the other. O
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Uses (proof):

Theorem 1 (Bombieri-Vinogradov). For every 6 < 1/2, the set N has level of distribution 6
relative to = = 1.

Lean:
e haslLevelOfDistribution Prime
e BombieriVinogradov

Uses (statement):
Uses(notation): (index)

Proof. This is the classical theorem of Bombieri and Vinogradov, taken as an external input; see
Bombieri (1965), Vinogradov (1965), and the textbook treatment in Davenport’s Multiplicative
Number Theory. No proof is given here. O

Lemma 3.23 (Bombieri-Vinogradov for the primes). Assume Bombieri-Vinogradov (Theo-
rem . Then for every 6 < 1/2 the set P of primes has level of distribution 0 relative to

—_
- =1
= = 1.

Uses (statement):
Uses(notation): (index)

Proof. Fix 6 < 1/2. By Theorem (1] the set N has level of distribution 6 relative to 1. Since
P=NNP, Lemma applied with S = N transfers the property from N to P. O

Uses (proof):

3.4 External analytic inputs

Two analytic results are quoted from the literature: Bombieri-Vinogradov (Theorem (1} above)
and the prime number theorem, stated below. Bombieri—Vinogradov is a hypothesis of both
main theorems and is never discharged. The prime number theorem is used once, to count the
primes in the dyadic interval, and is quoted with a secondary term. The size bound for the
primorial W uses Chebyshev-type bounds.

In a proof, “external input” means that the assertion is quoted from the literature and no
proof is given here.

Theorem 2 (Prime number theorem with secondary term). There exist a constant C' > 0 and
an integer Ng such that, for every integer N > Ny,
N CN
N) — < :
‘W( ) log NI — (log N)?

Uses (statement):
Uses(notation): , (index)

Proof. This is the prime number theorem in the form 7(z) = z/logz + O(xz/(log z)?), equiva-

lently ¢ (z) = 2 4+ O(z/log x) after partial summation and the passage from ¢ to 6 to m. It is
taken as an external input; no proof is given here. O
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3.5 Prime counts in a dyadic interval

The sieve runs over the dyadic interval N < n < 2N. The two quantities below count the
primes in this window and record their discrepancy in arithmetic progressions.

Notation 3.24 (Prime-counting in (N, 2N]).

Xy = Y. xe(n) = #{peP: N <p<2N}.
N<n<2N

Lean:
e Nat.primeCountingloc

Uses (statement):
Uses(notation): [xel
Lemma 3.25 (X as a difference of prime-counting functions). For every N > 0,

Xy = 7(2N) — n(N).

Lean:
e PrimeGaps.primeCountingloc_eq_primeCounting diff

Uses (statement):
Uses(notation): (index)

Proof. By Notation m(z) =Y, <, xp(n), the primes < x being counted once each by the
indicator yp. The set of primes < NV is contained in the set of primes < 2NN, so the two counts
differ by exactly the primes in (N,2N]:

T2N) —7m(N) = > xe(n) — D xe(n) = > xe(n) = X,
n<aN n<N N<n<2N

the last equality being Notation O

Theorem 3 (Prime number theorem for (N, 2N]). There exist a constant C' > 0 and an integer
Ny such that, for every integer N > Ng,

‘X _ N ‘< CN
N7 log NI T (logN)?

Lean:
e PNT.primeCountingloc_self two mul

Uses (statement):
Uses(notation): [ Xyl [V} [O(g)} [r(x)| (index)

Proof. By Lemma XN = m(2N) — 7(N). Let Cy and N| be as furnished by Theorem
and take N > max(N{,2). Applying Theorem [2| at 2N and at N, and using log(2N) > log N
to weaken the error term at 2N,

2N ‘ < 200N N CoN

(2N )~ Tog@V)| = Tlog V)2 ‘”(N)_logN = Tog N7
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It remains to compare the main terms. Since log(2N) = log2 + log N,

2N 2N 2N log 2

log(2N) logN ~  (log2+logN)logN’

whose absolute value is at most 2N log2/(log N)? because (log2 + log N)log N > (log N)2.
Combining, and writing

Xy = logN - (“QN) - loz];[N) - (”(N) B lo]gVN> + (1021;71\7 - 1(32;VN)’

the triangle inequality gives the claim with C' = 3Cy + 2log 2. 0

Uses (proof):

Notation 3.26 (Local error E(N,q)). For g € N,

1
E(N,g) == 1+ sup | >  xp(n) — —— Z ’
(a,9)=1" Nop<an wla) <n<2N
n=a (mod q)

the supremum being over the residue classes a modulo ¢ that are coprime to ¢q. The additive 1 is
a convenience: it makes E(N,q) > 1, so that E(N, q) may be used as a multiplicative majorant
without a separate case for a vanishing discrepancy.

Lean:
e Nat.primeCountinglocError

Uses (statement):
Uses(notation): (index)

Lemma 3.27. Assume Bombieri-Vinogradov (Theorem([1)). Let A > 0 and € € (0,1/2) be fized.
Then there is a constant C = C(A,e) > 0 such that, for every N > 1,

CN
1@ E(N,q) < ——.
1;]\[ (log N)A
q<7V172—s

Lean:
o PrimeGaps.lem BV _restated

Uses (statement):
Uses(notation): [N] [} [E(NV, @)} [l [xel [(a, 0)l ¥} Xn] [r ()] [r(z; ¢, a) (index)

Proof. Write Q := {q:1< ¢ < N, g < N'?7¢} for the range of moduli, and put § :=1/2 — ¢,
sothat 0 <# <1/2and Q C {q:1< ¢ < N9}
Step 1: bound E(N,q) by two cumulative discrepancies. Fix q and a residue a coprime to q.

The window count > ., <on. =g X[[D( ) equals m(2N;q,a) —7(N;q,a), and 3y <oy Xp(n) =
Xn =7(2N) —7(N) by Lemma [3.25] Hence the quantity inside the supremum in Notation

equals
(W(QNW’ a) — Wf(é\;)) - (W(N; q,a) — 72(]?[,)))7
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so by the triangle inequality

)
m(z;q,a) o

E(N,q) <1+ D(2N,q) + D(N,q), D(z,q) := max ol

(a,q)=1‘
Step 2: sum over q € Q. Since u(q)? < 1, summing Step 1 over ¢ € @ gives

> wm@E(N,q) < #Q + > D(2N,q) + »_ D(N,q),

q€Q q€Q qe@
and #Q < N'/27¢ by the definition of Q.
Step 3: apply the level-of-distribution bound. Set A’ := max(A,1). Since < 1/2, Lemma
says the primes have level of distribution 6 relative to = = 1, so Definition supplies ¢ =
c(A') > 0 with > .0 D(7,q) < cx(logz)~ for all x > 3. All summands D(z,q) are non-
negative, so restricting to ¢ € Q C {¢ < me} (valid at z = N by the choice of §, and at x = 2N
since N9 < (2N)? for 6 > 0) yields, for N > 3,

3" D(N,q) < 10% and > D(2N,q) < 12(;]]\\;)A,§(120]]VV;A,.
7€Q (log c0 (log og

Moreover log N > 1 for N > 3, so (log N)=*" < (log N)~#

Step 4: absorb the trivial term and the small N. The term #Q < N/27¢ gatisfies N1/27¢ <
KN(log N)~4 for a constant K = K(A,¢) and all N > 2: indeed (log N)4 <4 N'/?* and
N1/2=e . N1/2+¢ — N. Combining Steps 2-4 gives the asserted bound with a suitable constant
for all N beyond an explicit threshold; enlarging the constant to accommodate the finitely many
remaining N > 1 (for which the left-hand side is a finite sum, and is empty when N = 1) gives
the lemma. O

Uses (proof): [3.25] [3.23] [3.21] [3.24]

3.6 The W-trick

The primes are not equidistributed among the residue classes of a small modulus, and a sieve
over N < n < 2N inherits this defect in every local factor. The W-trick removes the obstruction
by restricting n to a single residue class vg modulo the product W of all small primes, chosen so
that each shifted value n+ h; is coprime to W. The cutoff defining “small” is a triple logarithm,
large enough for the local factors to converge and small enough that W is negligible against any
power of V.

Definition 3.28 (The primorial cutoff Dy). For real N, set
Dy := logloglog N.

Lean:
e PrimeGaps.Dg

Uses(notation): (index)

Definition 3.29 (The primorial W). Let Dy be as in Definition Set

II »

p<[Do]
peP

the product of all primes not exceeding | Dy| (an empty product, equal to 1, when Dy < 2).
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Lean:
e Finset.CompatibleWith
e PrimeGaps.sieveModulus

Uses (statement):
Uses(notation): (index)

Lemma 3.30 (Prime divisors of W). For every prime p,

p|W < p< Dy

Uses (statement):
Uses(notation): 1! (index)

Proof. By Definition W is a product of distinct primes, so a prime p divides W if and
only if p is one of the factors, that is, if and only if p < [ Dg]. Since p is an integer, p < | Dy | is
equivalent to p < Dy. ]

Lemma 3.31 (W is squarefree). W is squarefree.

Uses (statement):
Uses(notation): P (index)

Proof. By Definition [3.29], W is a product of distinct primes, each occurring to the first power.
Hence no prime square divides W, i.e. W is squarefree. O

Lemma 3.32 (Size of W). For all sufficiently large N,

W < (loglog N)2.

Lean:
o PrimeGaps.lem W_size

Uses (statement):
Uses(notation):

Proof. We use the elementary Chebyshev-type bound Hpgn p < 4™ valid for every integer n > 0;
2™+ by all primes in (m + 1,2m + 1]

m
together with (Q%H) < 4™. No appeal to the prime number theorem is required.

By Definition [3.29) and this bound,

it is proved by induction on n using the divisibility of (

W = H p§4LD0J §4D0
p<[Do]

whenever Dy > 0. Now Dy = logloglog N by Definition so eP0 =loglog N and hence
4Do _ gDologd _ (eD0)10g4 = (loglog N)'os*.

Finally log4 < 2, so once N is large enough that loglog N > 1 — equivalently N > e®, which also
forces Dy > 0 — we may raise the exponent from log4 to 2 and conclude W < (loglog N)2. [
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Definition 3.33 (Compatible residue class vg). Let H = {h1,...,hi} be a finite set of non-
negative integers and let W be as in Definition An integer vg is compatible with H modulo
W if

(vo+ hi, W) = 1 for every i € {1,...,k}.

Uses (statement):
Uses(notation):

Lemma 3.34 (Existence of vg). Let H be an admissible set (Definition and let N be
arbitrary. Then there exists vy with 0 < vg < W that is compatible with H modulo W (Defini-

tion .

Lean:
e Finset.Admissible.exists_compatibleWith

Uses (statement): 3.15] (3.29] (3.33|
Uses(notation): g} (index)

Proof. By Definition W is a product of distinct primes p < [Dg]. For each such prime
p, admissibility of H (Definition supplies a residue a, with a, # h; (mod p) for every i;
equivalently, setting b, := —a,, we have b, + h; 0 (mod p) for every i.

The primes dividing W are pairwise coprime, so by the Chinese remainder theorem there is
an integer v with v = b, (mod p) for every prime p | W. Put vp := vmod W, s0 0 <wvg < W
and vg = b, (mod p) for each such p.

It remains to check compatibility. Fix i. Since W is squarefree (Lemma|3.31)), (vo+h;, W) =
1 holds if and only if no prime divisor of W divides vg+h;; and by Lemma[3.30|the prime divisors
of W are exactly the primes p < Dy, which are the primes handled above. For such a p we have
vo + hi = by + h; # 0 (mod p) by the choice of b,. Hence (vg + h;, W) =1 for every i, i.e. vy is
compatible with H modulo W. ]

Uses (proof):

Notation 3.35 (Standing notation). We fix throughout: an integer k > 2; an admissible set
H = {hi,...,hi} with hy < --- < hy; the parameters Dy and W of Definitions and
and a residue vy compatible with H modulo W (Definition [3.33)). All constants implicit in O(-),
< and o(+) may depend on k and on H, but never on N.

Uses (statement): [3.15] (3.28 [3.29} [3.33]

Uses(notation): Ok |f < gblo(g)h (index)

3.7 The truncation parameter R and the sieve support

Definition 3.36 (The auxiliary parameter ). Let ¥ be a level of distribution (Definition [3.21)).
Throughout the blueprint, § denotes a fixed real number in the open interval

§ € (0,9/2),

which may be chosen arbitrarily small. The proofs treat ¢ as a fixed positive constant, and the
dependence of error terms on § is suppressed in the asymptotic notation of Notation
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Uses (statement):
Uses(notation):

Definition 3.37 (The truncation R). Let 0 be as in Definition m The sieve truncation
parameter is
R := NY/?79,

Lean:
e PrimeGaps.sieveTruncation
e PrimeGaps.sieveTruncation.termR

Uses (statement):
Uses(notation): [R]

Lemma 3.38 (R>W lies below N'/2). Let ¢ and & be as in Definitions and let R be
as in Definition 3.3, and let n be a real number with

n < 3—(9—29).

Then, for all sufficiently large N,
R*W < N2,

Lean:
e PrimeGaps.sieve_support_le

Uses (statement): [3.37] (3.29] (3.36} [3.21]
Uses(notation): (index)

Proof. Set v := % —n — (¥ — 29), which is positive by hypothesis. By Definition W,

R2 — Nﬁ7257

so it suffices to show that W < N7 for all large N, since then RZW < NY—20+y = N1/2-n,

By Lemma W < (loglog N)? for all large N, and loglog N < log N for N > e. Hence
W < (log N)? for all large N. Since (logN)? = o(N7) for every v > 0 — powers of the
logarithm are dominated by every positive power of N — we obtain W < N7 for all large N,
as required. O

Uses (proof):

The support condition below is imposed on every sieve weight. It makes the divisor sums
finite, keeps the moduli below the Bombieri—Vinogradov range through Lemma and de-
couples the sieve from the small primes absorbed into W.

Definition 3.39 (Permissible support at a truncation level). Let T' be a positive integer, the
truncation level. A function A : N¥ — R has permissible support at level T if A(dy,...,dy) = 0
whenever one of the following three conditions fails:

(i) Hf:l di < T3
(i) (TT5, di, W) = 15

(iii) Hle d; is squarefree.
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Two levels occur below. The development on the standard simplex takes 7' = |R], and the
development on the enlarged simplex takes T = |R'*¢|; the enlargement buys exactly the
longer divisors that the larger level admits. Where the level is clear from context we say simply
permissible support.

Lean:
e Finset.mem permissibleSupport_iff
e I'inset.permissibleSupport
e Finsupp.HasPermissibleSupport

Uses (statement):
Uses(notation): d| (index)

Lemma 3.40 (Permissibility passes to divisors). Letr = (r1,...,7x) satisfy the three conditions
(i)-(iii) of Definition[3.39, and let d = (dy,...,dy) satisfy d; | r; for every i. Then d satisfies
(i)—(1ii) as well.

Uses (statement):
Uses(notation): [d] (index)

Proof. Since d; | r; for every i, we have [[,d; | [[;r:. Because [[,7; is squarefree it is in
particular non-zero, so [[,d; < [[,7 < R, giving (i). A divisor of an integer coprime to W
is itself coprime to W, giving (ii), and a divisor of a squarefree integer is squarefree, giving
(ii). O

Notation 3.41 (Singular series). For a density v : N — R the associated singular series is

ot = [[1-2-

S L= (@)/p
the product being taken over all primes.

Lean:
e PrimeGaps.singularSeries
e PrimeGaps.termS
e PrimeGaps.singularSeries_primorial

Uses(notation): (index)

4 The sieve datum, the sieve weights, and the auxiliary y-
variables

4.1 The sieve datum

The sieve estimates below — the Mertens-type partial summations, the evaluation of the local
densities, the singular products — depend on the arithmetic function v, only through a short
list of properties: multiplicativity, a uniform gap between y(p) and p, closeness of v(p) to 1
away from a fixed squarefree modulus, and a two-sided Mertens bound on the weighted prime
log-sums. We collect this list as a single object, the sieve datum, consisting of the density ~,
the modulus V, and the four constants Aq, As, A3, L. Every statement below is proved for an
arbitrary sieve datum and applied twice: once to the W-tricked density ~,, and once, through

the same lemmas with a different modulus, in the r;-coordinate analysis of Sém).
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Definition 4.1 (Mertens deviation of a weight). Let f: N — R and let 2 < w < z be real. The
Mertens deviation of f on [w, 2] is

A(f;w,z) = Z fp) logp Ing — log(z/w).

w<p<z
peP

Uses(notation): (index)

Definition 4.2 (Density). A density is a function v : N — R such that

(i) v(n) > 0 for every n;

)

(ii) ~(1) =

(iii) y(mn) = ~y(m)~(n) whenever (m,n) = 1;
)

(iv) v(p) < p for every prime p.

Uses(notation):

Definition 4.3 (Sieve datum). A sieve datum is a tuple S = (v, V, A1, Ag, A3, L) consisting of
a function v : N — R, an integer V' > 1, and real numbers Ay, As, As, L, subject to the following
axioms.

D1) Density. ~ is a density in the sense of Definition

D2) Growth. 0 < A; < 1 and y(p)/p < 1— A; for every prime p.

D4

(D1)

(D2)

(D3) Modulus. V is squarefree, and v(p) = 0 for every prime p | V.

(D4) Unit density off the modulus. As > 0 and |y(p) — 1| < As/p for every prime p1{ V.
(D5)

D5) Mertens. Ay >0, L >0, and —L < A(y;w, z) < Ag for all real 2 < w < z, with A as in
Definition F.11

We call ~ the density, V the modulus, and A1, Aa, A3, L the constants of S.

Uses (statement):
Uses(notation): (index)

Axiom (D1) is stated separately from the sieve datum because the same notion of density
is also imposed level by level on the N-indexed family of W-tricked densities from which the
constants As and L are extracted; the two uses share one definition rather than duplicating four
axioms. Note also that (D2) forces v(p) < (1 — Ay)p uniformly in p, which is strictly stronger
than the pointwise inequality v(p) < p of (D1)(iv); both are recorded because the weaker one
is what the construction of g, needs, and the stronger one is what the analytic estimates need.

Definition 4.4 (The derived multiplicative function g.). Let S = (v,V, 41, A2, A3, L) be a
sieve datum (Definition . The derived function g, : N — R is the totally multiplicative
function determined by its prime values

v(p)

g«(p) = m;

explicitly, g«(n) := [[, g«(p )*»(") where v,(n) is the exponent of p in n, so that g.(1) = 1.
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Lean:
e PrimeGaps.SieveDatum.gStar

Uses (statement):
Uses(notation):

Lemma 4.5 (g, is well defined and non-negative). Let S be a sieve datum and p a prime. Then
p—7(p) >0, and g.(p) > 0.

Lean:
e PrimeGaps.lem_ g star_well defined

Uses (statement):
Uses(notation): (index)

Proof. Axiom (D1)(iv) of Definition gives v(p) < p, i.e. p—y(p) > 0; hence the quotient
defining g.(p) makes sense. (Axiom (D2) sharpens this to p — v(p) > A1p, a bound uniform in
p, which is what the analytic applications use.) Since y(p) > 0 by (D1)(i) and the denominator

is positive, g.(p) = v(p)/(p —v(p)) > 0. O

Because g, is totally multiplicative and non-negative at every prime, g.(n) > 0 for every n,
and on a squarefree n one has g.(n) =[], g«(p). We use both facts freely below.

Definition 4.6 (The convolution summand h). Let S be a sieve datum with derived function
g« (Definition [4.4)). Define h: N — R by

Lean:
e PrimeGaps.SieveDatum.h

Uses (statement):
Uses(notation): (index)

Lemma 4.7 (h is supported on integers coprime to the modulus). Let S = (v,V, Ay, Ag, A3, L)
be a sieve datum. If d > 1 satisfies (d,V') > 1, then h(d) = 0.

Uses (statement):
Uses(notation): (index)

Proof. Since (d,V') > 1, the integer (d, V') has a prime divisor p; then p | d and p | V. By axiom
(D3) of Definition ~v(p) = 0; by Lemma the denominator p — y(p) is strictly positive, so
Definition gives g.(p) = 0/(p —v(p)) = 0. Write d = pc with ¢ > 1. Total multiplicativity
of g, gives g«(d) = g« (p) g«(c) = 0, whence h(d) = u(d)? g.(d) = 0. O

Uses (proof):

Thus h is a non-negative arithmetic function supported on the squarefree integers coprime
to V, and its partial sums are the input to the partial-summation lemma below. The next
function records the deviation of g, from the model density 1/(p—1) at each prime not dividing
the modulus.
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Definition 4.8 (The convolution defect b). Let S = (v, V, A1, Aa, A3, L) be a sieve datum with
derived function g,. Define b: N — R by

1
H(g*(p) - 7), if n is squarefree and (n,V) =1,
b(n) = < pn p—1

0, otherwise,
the product being over the distinct primes dividing n (so b(1) = 1).

Lean:
e PrimeGaps.SieveDatum.bDefect

Uses (statement):
Uses(notation): (index)

By construction b is multiplicative, vanishes off the squarefree integers coprime to V', and
takes the value

_ a1 p( 1)
o) = 9.(p) p—1  p—q) p-1  (—@)p-1)

at a prime p { V; axiom (D4) therefore makes b(p) of size O(1/p?).
We now record the density to which the construction is applied.

Definition 4.9 (The W-tricked density v,4). Let V' > 1. Define vév) : N — R to be the totally

multiplicative function with prime values

0, plV,
(p) =9 »p
E’ ptV,

that is, ’yév) (n) =11, %(]V) (p)?»(™ | with v,(n) the exponent of p in n.

Uses(notation): (index)

Lemma 4.10 (The Maynard sieve datum). Let V' > 1 be squarefree with 2 | V, and suppose
Ay >0 and L > 0 are such that —L < A(’yggv); w, z) < Ay for all real 2 < w < z. Let Sy be the
six-tuple

Sy = (’yév), V, A =1 Ay, A3=2, L).

Then Sy is a sieve datum in the sense of Definition [{.3,

Uses (statement):

Uses(notation): I} (index)
Proof. Write v := fyév). Axiom (D5) is the hypothesis, and the squarefreeness of V' together
with y(p) = 0 for p | V (immediate from Definition is axiom (D3). We check the remaining
axioms.

(D1) Density. Every prime value 7(p) is non-negative — it is either 0 or p/(p —1) > 0 — so the
product over the prime factorisation defining ~(n) is non-negative, and (1) = 1 as an empty

product. Total multiplicativity of v over prime factorisations gives y(mn) = vy(m)~y(n) for all
coprime m, n (indeed for all nonzero m,n). For (iv), if p | V then v(p) =0 < p. If p{ V, then
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p # 2 because 2 |V, so p > 3; and p/(p — 1) < p is equivalent to 1 < p — 1, i.e. to p > 2, which
holds.

(D2) Growth with Ay = 1/2. Certainly 0 < 1/2 < 1. If p | V then vy(p)/p =0<1/2. If ptV
then p > 3 as above, and v(p)/p=1/(p — 1) < 1/2.
(D4) Unit density with Az = 2. Clearly 2 > 0. Let pt V. Then
p 1
1] = | £ — 1’ -
Iv(p) — 1 P p—
and 1/(p—1) < 2/pis equivalent to p < 2(p—1), i.e. to p > 2, which holds for every prime. [

In the application V is the primorial modulus W of the W-trick (Definition [3.29)), which is
squarefree and even as soon as Dy(N) > 2; the constants Ay and L are then supplied, uniformly
in N, by the Mertens estimates for the family ;.

4.2 Tensor sieve coefficients

Notation 4.11 (Boldface k-tuple convention). A boldface symbol such as d denotes the k-tuple
of positive integers (dy,...,dx), and we use the following conventions throughout.

e \(d) denotes the value \(dy,...,d;). The bare symbol A denotes the function N* — R itself

as when it is passed as an argument to w,, S1, S2 or S (m) ; we never write a subscripted
2
form such as \q.

o > 4 denotes the iterated sum  ,; >, >, , each variable ranging over N, and [[; d; the
product dids - - - dy,.

° Zdi\n—&-hi v; abbreviates Zdl\n+h1 Zd2|n+hg T de\n+hk'
e Analogous conventions apply to e, r, u, a, b.

All the sieve coefficient functions occurring below are finitely supported: the set {d : A(d) # 0}
is finite. Every d-sum written without further qualification is therefore a finite sum, and no
convergence question arises.

Uses(notation): @ B B @ B B oA (e

The sieve coefficients are indexed by k-tuples of divisors, one per shift h;, subject to three
conditions: a truncation on the product of the divisors, coprimality to the W-trick modulus,
and squarefreeness of the product. The truncation level is carried as a parameter rather than
fixed to R: Instantiation I runs at level R and Instantiation II at level R'*¢, and every lemma
below is stated once, at an arbitrary level.

Two consequences of (iii) are used constantly and without comment: each individual d;
is squarefree (being a divisor of the squarefree [[, d;), and the d; are pairwise coprime. Both
instantiations take A with permissible support: Instantiation I at level ' = | R|, Instantiation II
at level T = | R'*¢].

4.3 The sieve weights and the sums S;(\), S3(\)

Definition 4.12 (Sieve weight). Let A : N¥ — R be finitely supported and let n > 1 be an
integer. The sieve weight at n is

Wy, = ( 3 A(dl,...,dk))%

di|n+hi Vi

Lean:
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e PrimeGaps.weight
e PrimeGaps.termW

Uses (statement):
Uses(notation): A\(dy, ..., dg)

Lemma 4.13 (Non-negativity of wy,). For every finitely supported X : N¥ — R and every integer
n > 1, we have w, > 0.

Lean:
e PrimeGaps.w_nonneg

Uses (statement):
Uses(notation): \(dq, ..., d) (index)

Proof. By Definition wy, is the square of the real number 3, ;. v; A(d), and squares of
real numbers are non-negative. ]

Non-negativity of w,, is the only property of the weight used in the passage from positivity
of the sieve sums to primes; everything else about w,, enters through the asymptotic evaluation
of Sl and SQ.

Definition 4.14 (The sum S;()\)). Let A : N¥ — R be finitely supported, with sieve weight wy,
as in Definition 121 Set
S1(A) = Z Wy

N<n<2N
n=vg (mod W)

Lean:
e PrimeGaps.S;

Uses (statement): [4.12] (3.29} (3.33|
Uses(notation): \(dy, ..., d) (index)

Definition 4.15 (The sum S3())). Let A : N¥ — R be finitely supported, with sieve weight wy,
as in Definition L.12] Set

So(N) = Z (i xp(n + hi)>wna

N<n<2N  i=1
n=vg (mod W)

so that each n is weighted by the number of indices i for which n + h; is prime.

Lean:
e PrimeGaps.S;

Uses (statement): [4.12] (3.29} (3.33|

Uses(notation): (index)
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Definition 4.16 (The sum S{™()\)). Let m € {1,...,k} and let A : N¥ — R be finitely
supported, with sieve weight w,, as in Definition Set

SiM ) = ST xe(n+ hy)wn.
N<n<2N
n=vg (mod W)

Lean:
e PrimeGaps.Som

Uses (statement): [£.12] [3.29] [3.33]
Uses(notation): (index)

Lemma 4.17 (Decomposition of Sa(\)). For every finitely supported \ : NF — R,

k
$:(0) = 3 Sy,
m=1

Lean:
e PrimeGaps.sum_S;m_eq_S;

Uses (statement):
Uses(notation): (index)

Proof. Fix n in the index set of Definition Distributing the finite inner sum across the
product with w,, gives

k k
(3" xetn+ha) Jwn = 3 xemn + hi) wn.
=1 =1

Substituting this into Definition [4.15] and interchanging the two finite summations — over
n € (N,2N] with n = vy (mod W), and over ¢ € {1,..., k} — yields

k
Sa(A) = Z Z xe(n + h;) wy,.

i=1  N<n<2N
n=vg (mod W)
By Definition the inner sum is exactly Séi) (M\); renaming the index i to m gives the claim. [

Definition 4.18 (The sieve difference S(),p)). Let A : N¥ — R be finitely supported and let
p > 0 be real. Set

S p) = 52(A) — pSi(A).
Uses (statement):

Uses(notation): [SIN)] [SL(A)] [SeOV)} [dh A(dy, - - -, di)l
Unwinding Definitions and the sieve difference is the single sum

k
s = Y (et h) = p)wn,
N<n<2N  i=1
n=vg (mod W)

whose summands are the weights w,, > 0 multiplied by the excess of the prime count over p.
Positivity of S(\, p) therefore cannot come from the weights alone; it forces the excess to be
positive somewhere. This is the GPY reduction, and it is the sole point at which the sieve

produces primes.
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Lemma 4.19. Let A : N¥ — R be finitely supported and let p > 0. If S(\, p) > 0, then there
exists an integer n with N < n < 2N and n = vg (mod W) such that at least |p + 1] of
n+hi,...,n+ hg are prime.

Lean:
e PrimeGaps.lem_S_positive_implies_primes

Uses (statement): [4.18] |4.14} [4.15} [4.12} [3.29] [3.34]
Uses(notation): [SIV)] [S1 (V)] [S2(V)] [4) A(dy,...,d)  |(index)|

Proof. Write c(n) := #{i € {1,...,k} :n+ h; € P} = 2?21 xp(n + h;), so that, as computed
above,

S\, p) = Z (c(n) = p)wn.
N<n<2N
n=vg (mod W)

Suppose, for contradiction, that ¢(n) < p for every n in the index set. By Lemma each
wyp, > 0, so each summand (¢(n) — p)w, is non-positive, and therefore S(A, p) < 0, contradicting

the hypothesis. Hence there is an n in the index set with ¢(n) > p.
It remains to convert ¢(n) > p into ¢(n) > |p + 1]. Since ¢(n) is an integer and c(n) > p,
we have ¢(n) > |p| + 1 when p ¢ Z, and ¢(n) > p+ 1 when p € Z; in either case c¢(n) > [p+1],
because [p+ 1| = |p] + 1. O

Uses (proof):

4.4 The auxiliary y-variables

The coefficients A(d) are natural for the divisor-sum manipulations of S; and S, but ill-suited
as variational unknowns: the divisibility relations couple them, and the diagonal form of the
sieve sums is not visible in them. The change of variables A <+ y below is a linear, involutive
Mébius-type substitution which diagonalises S; and, after a further substitution y ~» y(™, also
Sém) . We give here the definitions and the inversion identities; the asymptotic evaluation of Sy

and Sém) in terms of y and 3™ is carried out later.

Definition 4.20 (The y-transform yy of A). Let A : N¥ — R be finitely supported. Define
yx : N¥ = R by

Ady, ... dy
y)\(’f'l,...,’l"k) = (HM(TZ) Sp(r,)) Z %
i=1 deNk [Tizy di
ri|d; and d; squarefree Vi

The d-sum is finite because A is finitely supported, and y) is again finitely supported. We write
y := y and call its values the y-variables of .

Lean:
e PrimeGaps.l1ToY
e PrimeGaps.l1ToY apply

Uses (statement):
Uses(notation): [yx(ri, ..., 76 [y(ri, ..., 76)b Ad, ..., di)) d
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The squarefreeness restriction on the summation variables is vacuous in every application:
if A has permissible support at some level, then each d; in its support is squarefree by Defi-
nition (iii), and the sum reduces to the unrestricted Zml 4;vi- Carrying the restriction in
the definition lets the inversion identities below hold for arbitrary finitely supported A, with no
support hypothesis; the map A — g, is R-linear.

Lemma 4.21 (The y-variables inherit permissible support). Let T > 1 and let A : N¥ — R
have permissible support at level T (Definition . Then yy has permissible support at level
T.

Lean:
e Finsupp.HasPermissibleSupport.lToY

Uses (statement):
Uses(notation): \(dy, ..., dg) y(ri, .., o)l [Rl

Proof. Suppose yx(r) # 0. Then some summand of the defining sum in Definition is
nonzero, so there is a d with A(d) # 0 and r; | d; for every i. It therefore suffices to show that
the three conditions of Definition [3.39| are inherited from d to any coordinatewise divisor r of
d. That is exactly Lemma [3.40] applied at level T

In detail: since 7; | d; for each i, we have [[,r; | [[, di. As all d; are nonzero, [[;d; > 1 and
hence [[,r; < [[;di < T, which is (i). A divisor of an integer coprime to W is coprime to W,
giving (ii); and a divisor of a squarefree integer is squarefree, giving (iii). O

Uses (proof):

Definition 4.22 (The Mébius transform A, of y). Let y : N¥ — R be finitely supported. Define
Ay : NF = R by

N ). ylre, - me)
o) = ([Taara) 3 e

d;|r; and r; squarefree Vi

The r-sum is finite because y is finitely supported, and )\, is again finitely supported.

Lean:
e PrimeGaps.yToL_apply
e PrimeGaps.yToL

Uses (statement):
Uses(notation): |\, (dy,....dg) [y(r1, ..., %)) d] (index)

The transform y — A, is R-linear, and the argument of Lemma applies verbatim (with
the roles of d and r exchanged) to show that it too preserves permissible support at any level
T. The next two lemmas identify the two transforms as inverses.

Lemma 4.23 (M&bius inversion: A from y). Let A : N¥ — R be finitely supported, and let
y: NF = R satisfy y = yy (Definition . Then for every d € N¥,

M (d d) — Ady,...,dg), if every d; is squarefree,
v O 0, otherwise.
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Lean:
e PrimeGaps.yToL_1ToY

Uses (statement):
Uses(notation): \(dy, ..., di)l Py (di, - di)l y(ro, i) [ [ (R [d] ) [N (index)

Proof. If some d; is not squarefree, then every r contributing to Definition has d; | r; with
r; squarefree, forcing d; squarefree — a contradiction. So the sum is empty and A\,(d) = 0.
Assume henceforth that every d; is squarefree.

Both transforms are R-linear in their argument, and every finitely supported function is a
finite linear combination of point masses; so it suffices to prove the identity when A = ¢ - 140
is a point mass at some d(® with weight c. For such A,

= (H u(n)gp(rﬁ) % if r; | dl(-o) and dl(o) is squarefree for all 4,
i IL; d;

and y(r) = 0 otherwise; in particular y is supported on the coordinatewise divisors of dO. 1t

(0)

some d, " fails to be squarefree, or if d; { dz(-o) for some 4, then no r contributes to A,(d) and
both sides vanish (on the right, A(d) = 0 unless d = d(*), and the excluded cases exclude that).
Otherwise substitute the displayed formula for y into Definition the factors ¢(r;) cancel,

and
k
_ cllimldi) di _ cllimldi) di
Ay(d) = W Z HH ri) = d,(O)H( Z M(ﬁ:))a
Hz i (0) Hz i =1 d-|r-\d(0)
d;|ri|d; Vz s

the sum having factorised across coordinates. For squarefree dz(o) the inner sum is p(d;) 1[d; =
d(o)] by Mébius inversion applied to the divisor chain d; | r; | dz(o) (writing r; = d;s; with s; |
df /d; and using p(d;s;) = p(d;)u(s;), valid since dl(o)
1[t = 1]). Hence the whole expression vanishes unless d = d(), in which case it equals

C i K di di

L iy = e[Tutar® =

1

is squarefree, together with 3, 1u(s) =

because each d; is squarefree. This is A\(d), as required. O

Lemma 4.24 (Mobius inversion: y from \). Let y : N¥ — R be finitely supported and let Ay be
as in Definition . Then for every r € N*,

y(ri,...,rg), if every r; is squarefree,
yn, (11, TE) = .
0, otherwise.

Lean:
e PrimeGaps.l1ToY_yToL

Uses (statement):
Uses(notation): fyx(r1,...,re)b [y(ri, ..., re)l Ay (di, ... d l, ' ' @, l . (index)

Proof. The argument is that of Lemma with the roles of the two transforms exchanged.
If some 7; is not squarefree, every d contributing to Definition at r has r; | d; with d;
squarefree, which is impossible; so yy, (r) = 0. Assume every 7; squarefree. By linearity reduce
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to y = c¢- 1,0) a point mass. Then A, is supported on the coordinatewise divisors of r® and
substituting Definition into Definition the factors d; cancel against 1/[]; d;, leaving

k
clLptaet Ir( s~

)
IL »(r; =14, |T(0)

(0)]

As before each inner sum equals p(r;) 1[r; = 7; '], so the expression vanishes unless r = r®,
and then equals ¢ [, u(r;)? = ¢ = y(r). O

U, (r) =

Uses (proof):

Together, Lemmas and say that the two transforms are mutually inverse R-linear
isomorphisms of the space of finitely supported functions N¥ — R that vanish at every tuple
with some non-squarefree entry. In particular one may specify a sieve either by giving A or by
giving y; the second is the form used in the variational problem.

(m)

The analysis of S, requires a second, closely related transform, in which the m-th coordi-
nate is frozen at 1 and the totient ¢ is replaced by the function g defined next.

On squarefree arguments — the only ones at which g is ever evaluated below, since it always
occurs multiplied by g — one has g(n) = Hp|n(p 2).

Definition 4.25 (The y(™-variables). Let m € {1,...,k} and let A\ : N¥* — R be finitely
supported. Define y(™ : N¥ — R by

M)y ) = r:) alr; M
Yy ( 1, ) k) (21;[1#( z) g( z)) d€N§m21 Hle @(dz’)

ri|d; and d; squarefree Vi

Lean:
e PrimeGaps.ym
e PrimeGaps.ym_apply

Uses (statement):
Uses(notation): ) B B B ) BB B B E

Because p(1) = g(1) = ¢(1) = 1, the factors carrying the index m contribute trivially: the

prefactor may equally be written ][, u(ri)g(r;) and the denominator [],,,, »(d;), which is

the shape in which (™) appears in the evaluation of ng)'

Lemma 4.26 (Support of y(™). Let m € {1,...,k} and X : N¥ — R finitely supported. If
y " (e, ) # 0, then 1y, = 1.

Lean:
e PrimeGaps.eq_one_of_ym ne_zero

Uses (statement):

Uses(notation): [y(™(ry,..., 7%} (index)

Proof. If y(™)(r) # 0 then the defining sum of Definition has a nonzero summand, so there
is a d with d,,, = 1 and r; | d; for every i. Taking ¢ = m gives r,, | 1, hence r,, = 1. O
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Finally we record the coefficient function that the two instantiations use in S; and Ss. It is
specified in the y-variables — a rescaled sample of a fixed function F' on the truncation scale —
and the corresponding A is produced by the Mdbius transform of Definition The analytic
input is F', and A is the derived object.

By construction gy has permissible support at level T', hence is finitely supported, so Defi-
nition applies to it.

Since the Mobius transform preserves permissible support, Ag has permissible support at
level T, so all of Definitions apply to it. Instantiation I takes 7" = |R]| with F
supported in the standard simplex Ry; Instantiation II takes T = | R'*¢| with F' supported in
the enlarged simplex 7. Everything above is common to both.

Definition 4.27 (Maximal modulus of a finitely supported system). Let A be a set and let
f : A — R be finitely supported. Its mazimal modulus is

[fllmax := max |f(a)],

a€supp f

with the convention || f|lmax := 0 when f vanishes identically.

Lean:
e Finsupp.le maxRealAbs
e Finsupp.maxRealAbs
e Finsupp.maxRealAbs_le_iff

Uses(notation): |ymaxl7 |y§n722<L |y(r1, . ,rk)| (index)

Definition 4.28 (The truncated weight sum H(z)). Let S be a sieve datum with associated
weight % (Definition [4.6). For a real z > 0 set

H(z) == Y h(d),

0<d<z

the sum taken over positive integers d strictly below z.

Lean:
e PrimeGaps.SieveDatum.H

Uses (statement):
Uses(notation): |H(z)} |h(d) (index)

Definition 4.29 (The Maynard sieve datum). Let N be a positive integer with 2 < Dy (V).
The Maynard sieve datum at N is the sieve datum (Definition whose density is the W-
tricked density v, of Deﬁnition whose modulus is V' := W, and whose growth and structure
constants are Ay := 1/2 and A3z := 2. Its remaining constants As and L are the deviation bounds
carried by the datum; that they may be taken uniformly in NV is established in Section [6}

Lean:
e PrimeGaps.maynardSieveDatum

Uses (statement):
Uses(notation): (index)
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5 The variational problem

The sieve estimates of the preceding sections reduce the problem to one in the calculus of
variations. A profile F' supported on a simplex determines the sieve coefficients A; the leading
term of S1(A) is the L? mass Ij,(F) of the profile, and the leading term of Sém) (A) is the L? mass
J,S:)(F) of its m-th marginal. The supremum of the ratio (3, ,gn;) (F))/Ix(F) over profiles F
is the constant Mj, .

The construction is carried out for an enlargement parameter € > 0. The profile is supported
on the enlarged simplex 7. of total mass 1 + ¢, while each marginal is taken over the shrunken
slice S of total mass 1 — ¢; at € = 0 both reduce to the standard simplex and its faces, and
every statement below specialises to the classical one. The denominator I(F) = [ F? does not
depend on ¢; the enlargement enters only through the wider class of admissible competitors.

We introduce 7z, F, I, J,gg), Mj, . and ry, record the basic properties of Mj, . (finiteness,
positivity, L?-continuity of the two functionals, density of smooth profiles), and prove the varia-
tional criterion (Lemma, which passes from a lower bound on M, . to the strict inequality
used by the sieve estimates. Both cases invoke Lemma[5.22] one at € = 0, the other at ¢ = 1/25.
The remaining lemmas bound M}, . from below by evaluating the two functionals on explicit
polynomial profiles.

5.1 The simplex and the profile

Notation 5.1 (Power sums). For j € Z>1 we write P; for the j-th power sum in the coordinates
tla s 7tk7

Pj(tl,.. . ,tk) = Ztij’

sothat Py =t +---+1t; and P, = t% +- 4 t%. When one coordinate is distinguished we write
P]f for the corresponding power sum in the remaining £ — 1 coordinates.

Lean:
e PrimeGaps.termP;_
e PrimeGaps.termP,_

Uses(notation): (index)

Definition 5.2 (Scaled standard simplex). Let k € Z>o and s € R. The scaled standard simplex
of dimension k and scale s is

k

Ri(s) = {t:(tl,...,tk)eRk : t; > 0 for every 1, Ztigs}.
=1

Three instances recur, and we abbreviate them. For ¢ > 0:
R = Rk(l), Te = Rk(l + 8), S, = kal(l — E),

called respectively the standard simplex, the e-enlarged simpler and the e-shrunken slice. Thus
To = Ry and Sy = Ry_1; we also write R,(Cm) for the copy of Ri_1 obtained by deleting the
m-th coordinate of R¥, so that Sy = R;m) under that identification.

Lean:
e PrimeGaps.termR_
e [Affine.stdAffineSimplex.closedInterior_eq
e EuclideanSpace.mem_scaledStdSimplex_iff
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e Affine.stdAffineSimplex
Uses(notation): (index)

Definition 5.3 (Maynard’s combinatorial polynomial G ;). For b, j,x € Z> set

= (i dy)!
Grix) =0 Y ] ( d»') 7
(di,oonds)€ZE, =1 "
di+-+dy=b

the sum being over all z-tuples of non-negative integers with total b. Each quotient (jd;)!/d;!
is an integer, so Gy j(v) € Z>o. Discarding the zero entries of a tuple and recording only the r
positive ones — each reduced tuple being counted (‘;’f) times, since the weight takes the value 1
at d; = 0 — gives the equivalent form

b r .

T (jdi)!

Gh,j(x) = b!Z <T> Z H A
r=1 dl+~-_-J>r¢11r:bz':1 !

1

(b>1),

in which 2 occurs only inside the binomial coefficients; this exhibits G ; as a polynomial in x
of degree b.

Lean:
e PrimeGaps.maynardG
e PrimeGaps.<termG[_,_]>

Uses(notation): (index)

Definition 5.4 (Extension by zero from the simplex). Let £ € N and let P : R* — R. The
profile attached to P is

Fp = P-1gp,, that is, Fp(t) =

P(t), te€ Ry,
0, t ¢ Ry.

Lean:
e PrimeGaps.F_P

Uses (statement):
Uses(notation): (index)
Definition 5.5 (The monomial index set By). For d € Z>( set

By = {(bc)€Z% : b+2c<d}.

A pair (b, c) € By indexes the symmetric polynomial (1— P;)? Pf in t1,.. ., 1;; these polynomials
span the space of profiles used to bound M}, ¢ from below.

Lean:
e PrimeGaps.basisB

Uses (statement):

Uses(notation): (index)
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5.2 The functionals I}, Jk(:an) and the constant M, .

Definition 5.6 (The functional I,). For k € N and F € L?(RF),
I(F) = / F(ty,... tp)%dty - - - dty.
Rk

If F vanishes outside a measurable set S then I(F) = [( F? = ||F||%2(S); in particular It (F') =

|F13 4 (72 for a profile supported in 7. The functional carries no dependence on e.

Uses (statement):
Uses(notation): (index)

Definition 5.7 (The marginal functional J,ETZ)). Let k > 1,let € > 0,1let m € {1,...,k}, and
let F: R¥ — R vanish outside 7z. Write T}, for the m-th marginal operator

P

(TmF)(tl,...,tm,...,tk) = / F(tl,...,tk)dtm,
0
defined for almost every (t;)ixzm € RF=1 and set
IOE) = [ @ ]t = [T s,
€ i#m

We abbreviate J,gm) = J,Sg), the marginal functional of the standard problem, whose outer

domain &g is R,(Cm).

Lean:
e PrimeGaps.JBilinCLM
e PrimeGaps.J

Uses (statement):

Uses(notation): [JI™ (F)] [ () R A1) (index)

Definition 5.8 (The variational constant My, ). For k > 1 and € > 0,

S ()

My, . = sup

The supremum is taken over the whole of L?(7Z), each competitor being extended by zero
outside 7z: no smoothness, no symmetry and no sign condition is imposed on F'. We abbreviate
Mk = Mk70.

Lean:
e PrimeGaps.M

Uses (statement):
Uses(notation): Q- (F) Ik (F) J,im)(F

A [ 2 B 1120 (indes)

~——
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Definition 5.9 (The prime count 7(19)). For ¢ € (0,1) and k > 1,

9 M
’I"k(19) = ’7 B k—‘ GZZO?
where M}, = Mj, 0. This is the number of primes the sieve delivers among n + hy,...,n+ hy, at
level of distribution .
Lean:
e PrimeGaps.r
Uses (statement):
Uses(notation):

5.3 From a profile to the sieve coefficients

Definition 5.10 (The y-variables attached to a profile). Let k € N, let R > 1 and W € N, and
let F:R* — R. Define yo : N* — R by

I log log .
logR’" " "logR
0, otherwise,

> , (ri,...,m) admissible for (R, W),
yo(ri, ..., rg) ==

where a tuple is admissible for (R,W) in the sense of Definition te. [, < R,
ged(I]; 7, W) =1 and [, r; is squarefree.

Lean:
e PrimeGaps.yo
e PrimeGaps.yp-apply

Uses (statement):
Uses(uotation):

Definition 5.11 (The sieve coefficients attached to a profile). With k, R, W and F as in
Definition the coefficients Ao : N¥ — R attached to F' are the image of 3o under the y — A
correspondence of Definition

k
Aolds ...y dy) = (Hﬂ(di)dz‘) Z M
i1

(r1,...,m;) admissible for (R,W) Hi:l C,D(’l“z)
di|r; for every @

Taking F supported in 7¢ and truncation level R'™¢ produces the enlarged weight; taking F'
supported in Ry and level R produces the standard one.

Lean:
e PrimeGaps.lp_apply

Uses (statement): [5.10} [4.22} (3.39}

s(;as(notation): Ao(dy, ... dg)l Ay (dr, .. di)l (e, .., el @ @, El
-ln ex
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5.4 Basic properties of I, J,Efz) and M.

Lemma 5.12 (Each marginal is dominated by the L? mass). Letk > 1, lete > 0, let F' € L*(Tz)
and let m € {1,...,k}. Then

J(F) < (1+¢) Iu(F).

Uses (statement):

Uses(notation): |I;(F) Jlgm) (F

~

[} (A ] s B 1100 (index)

Proof. Fix (t;)izm € Se and consider the fibre

E :={s>0:(t1, -, tm—1,5tmt1,---,tx) € Tz }.

Since every t; > 0, the fibre is the interval [0, 1 +¢ — >, “m t;] (empty if the right endpoint is
negative), whose length is at most 1+¢. Since F' vanishes off 7, the Cauchy—Schwarz inequality
on F gives

|(TmF)((ti)i¢m)\2 = ‘/EFds’z < yEy/EFst < (1—1—6)/EF2ds.

Integrating over (t;)i+m € S and applying Tonelli’s theorem to the right-hand side, the iterated
integral is bounded by the integral of F? over all of R¥, which is I;(F). Hence J,gz)(F ) <
(1 +e)Ik(F).

Equivalently: T}, is a bounded linear operator L?(7z) — L?(S.) whose norm is at most the
square root of the essential supremum of the fibre lengths, and that essential supremum is at
most 1+ €. O

Lemma 5.13 (Iterated form of the standard marginal functional). Letk > 1, letm € {1,...,k},
and let F € L*(Ry,) vanish outside Ry. Then

1= im ti 2
Jlgm)(F) = / - (/0 F(t1, - ytm—1,8, tmt1y - -5 tk) ds) H dt;.

Uses (statement):
Uses(notation): (index)

Proof. At € = 0 the outer domain Sy is R,(ﬂm), so only the inner integral has to be identified.
Fix (t;)izm € R,(Cm). Then every ¢t; > 0 and ), 2mtbi <1, and the fibre of R, over this point
is exactly [0,1—>", £m t;]. For s beyond that endpoint the inserted point lies outside Ry, so

F vanishes there by hypothesis; hence the integral fOOOthm defining 7,,F agrees with the

1-> . t; . . . . .
truncated integral [, izt F'ds. Squaring and integrating over ’R,(cm) gives the claim.

The hypothesis that F' vanish pointwise outside Ry, and not merely almost everywhere on
Ry, is essential: T, samples F' along the whole half-line, so a modification of F' on a set that
is null in Ry, but not in R*¥ would change the left-hand side. O

Uses (proof):

Lemma 5.14 (L?-continuity of I}). For every e > 0 the functional I, : L*>(Tz) — R is contin-
uous.
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Lean:
e continuous_norm

Uses (statement):
Uses(notation): (index)

Proof. On L?*(TZ) we have I(F) = ||FH2L2(7_5) by Definition so Ij, is the square of the

norm, and the norm on a normed space is continuous. Quantitatively, for F,G € L*(T;) the
factorisation F? — G? = (F — G)(F + G) together with Cauchy—Schwarz and the triangle
inequality gives

1e(F) = I(G)| < |F=GIIF+G|l < (IF]+GI) IIF -Gl
all norms being those of L?(7¢). O

Lemma 5.15 (L?-continuity of J,g:g)). For every k > 1, every e > 0 and every m € {1,...,k},
the functional J,gn;) : L3(T2) — R is continuous.

Lean:
e PrimeGaps.continuous_JEps
e PrimeGaps.continuous_J

Uses (statement):
[l [ 7 s B [ (i)

Proof. The marginal operator T}, is linear, and by the proof of Lemma [5.12]it is bounded from
L*(T2) to L*(S.), with norm at most (14¢)'/?; hence it is continuous. The map H HH||%2(3€)

Uses(notation): J,gm) (F

~

is continuous, being the square of a norm. By Definition , J,g";) is the composite of these two

continuous maps. Quantitatively, the argument of Lemma applied in L?(S.) together with
the operator bound gives

|J1§ZL)(F) _ Jé?)(G)‘ < (1 +€)(HFH + HGH) IF =G|

with the norms of L2(TZ). O

Uses (proof):

Lemma 5.16 (Upper bound for My ). For every k > 1 and every ¢ > 0 the supremum defining
My, . is finite, and
Mk,s < (1 + 5) k.

In particular My < k.

Uses (statement):
Uses(notation): |Ik(F)|7 |J,§m) (F)|7 (index)

Proof. Let F € L*(T:) with I(F) # 0. Summing the bound of Lemma over the k values
of m gives Zfil:l J,grg)(F) < (14 ¢e)k Ix(F), so the Rayleigh quotient at F' is at most (1 + ¢)k.
The family of quotients is therefore bounded above, its supremum exists in R, and it is at most
(I+e)k. O
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Uses (proof):

Lemma 5.17 (Positivity of My, ). For every k > 1 and every € € [0,1) we have My, . > 0.

Uses (statement):

Uses(notation): M, |Ik |J m) )|7 (index)

Proof. Take F' := 1g,, which vanishes outside R;, C 7 and so is an element of L?(TZ). The
simplex Ry, contains the non-empty open set {t : ¢; > 0 Vi, > .t; < 1}, hence has positive
volume, and I (F') = vol(Ry) > 0; so F' is an admissible competitor.

Fix m. For (t;);%m with t; > 0 and Z t; < 1the ﬁbre of R}, over that point is the interval
[0, 1 =37, ti], so, exactly as in the proof of Lemma (T F)((ti)igm) = 1 =32 4 ti- The
shrunken slice S; is contained in Rj_; because € > 0, and it contains the non-empty open set
Vi={t:t; >0Vi, 3 ;t; < (1—¢)/2} because ¢ < 1; on V the integrand (1-3_,,,, 1 i)? exceeds
1/4. Hence

J(F) > Lvol(v) > o.

Therefore ) J,ETZ) (F) > 0, the Rayleigh quotient at F is strictly positive, and M ., being at
least that quotient, is strictly positive. ]

Uses (proof):

5.5 Smooth profiles and the variational criterion
(m)

The sieve asymptotics for S1 and Sy~ require a smooth profile supported in 7¢, whereas M, . is
a supremum over all of L?(7Z). Smooth functions supported in the simplex are L?-dense there,

hence (by the continuity of I and J (m )) they realise the supremum to within any prescribed
error, and the resulting near- maximiser satisfies the strict inequality required by the sieve esti-
mates. The density statement is proved on the standard simplex and transported to 7; by the
dilation t — (1 4 &)~ !¢, which carries Tz onto Ry.

Lemma 5.18 (Smooth cut-off to an inset of Ry). Let k > 2 and let n satisfy 0 < n < 1/(2k).
There exists a smooth function x : RF — [0, 1] such that

1. x(t) =1 for every t € Ry, satisfying t; > n for alli and ), t; <1 —n;
2. x(t) =0 for every t ¢ Ry;

3. for every measurable G : R* — R and every M > 0 with |G| < M on Ry,

/ (G—Gx)2 < MQVOI({tERk:t¢<nforsomei or Zti>1—n}) < M? - 2kn.
R

%

Lean:
e PrimeGaps.exists_smooth_simplex_cutoff

Uses (statement):

Uses(notation): [R .,|7€(8 I,|C’°° |V01 )| (index)
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Proof. Fix a smooth non-decreasing 1 : R — [0, 1] with ¢(u) = 0 for v < 0 and ¥ (u) = 1 for
u > 1, and put ¥y (u) = P(u/n). Set

i) = (TTte0) (1~ 3000

This is a finite product of smooth functions, hence smooth, with values in [0, 1].

(i) Ift e R,(cn) then t; > n for each i and ), t; <1 —1), so every factor equals 1

(i) If t ¢ Ry then either t; < 0 for some i, or ) . t; > 1; in the first case 1, (¢;) = 0 and in
the second 9,(1 =) . t;) =

(iii) On Ré " we have G—GX = 0 by (i), while on all of Ry, we have |G—Gx| = |G| |1—x| < M.
Hence

/ (G —Gy)? = / (G~ Gy)? < M2 vol (R, \ R).
Ry, Ri\Ry"

For the second inequality, Ry \ R,(Cn) is covered by the k slabs {t € Ry : t; < n} together with
the slab {t € Ry, : >, t; > 1 —n}. Each of the first k slabs has volume at most n/(k —1)!, since
its cross-section at fixed t; lies in a (k — 1)-dimensional simplex of volume 1/(k — 1)!; the last
slab, being the difference of two simplices, has volume (1— (1 —n)*)/k! < n/(k—1)!. Summing

gives vol(Ry \ R\) < (k + 1)n/(k — 1)! < 2kn for k > 2. 0

Lemma 5.19 (L?-density of smooth functions supported in Ry). Let k > 2, let Fy € L%(Ry,)
and let § > 0. Then there exists a smooth Fy : RF — R whose closed support is contained in Ry,
and which satisfies

HFO — F1HL2(Rk) < 0.

Lean:
e PrimeGaps.smooth_L2_approx_on_simplex

Uses (statement):

Uses(notation): £l 2 b (O (X} [O2° (X)) (index)

Proof. Extend Fyy by zero to R¥; the extension lies in L?(R*) with the same norm. By the density
of smooth compactly supported functions in L?(RF) there is a smooth compactly supported F
with [[Fo — F'[|p2rey < §/3; restricting the integration to Ry only decreases the left-hand side.

Being continuous with compact support, F is bounded on Rpi; let M > 0 be a bound for |I3 |
there.

Choose n € (0,1/(2k)) so small that M+/2kn < 6/3, and let x be the cut-off supplied by
Lemma - for this n. Put Fy := F. x. Then F} is smooth, and 1ts closed support is contained
in that of x, hence in the closed set Ry. By part (iii) of Lemma applied with G = F,

IF — Fi|l 12,y < M\/2kn < 6/3,

and the triangle inequality gives ||[Fo — F1l|p2(r,) < 26/3 < 4. O

Uses (proof):

Lemma 5.20 (Smooth approximation of the variational quotient). Let k > 2, let f € L*(Ry)
with I,(f) > 0, and let 1 > 0. Then there is F € C>(RF) with supp F' C Ry, I(F) > 0 and

’z JJ”( ) T B0 .

I (f)
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Lean:
e PrimeGaps.exists_smooth_ratio_close

Uses (statement):
Uses(notation): L (P T L1l ook o (0) (index)

Proof. Write Q(g) == (3, J,gm) (9))/Ix(g) for the variational quotient, defined on the set where

I, # 0. Its numerator is a finite sum of the functionals J,im), continuous by Lemma and
its denominator I is continuous by Lemma and is non-zero at f; hence Q is continuous at
f.

Choose 01 > 0 such that [|g — f||z2(r,) < 01 implies |Q(g) — Q(f)| < n, and, using continuity
of I at f together with Ix(f) > 0, choose d2 > 0 such that ||g — fl|2(g,) < d2 implies
Ix(g) > 0. Apply Lemma with § := min(d1,02) to obtain a smooth F' supported on Ry
with [|f — F[[z2(g,) < d. Both conclusions hold for this F. O

Uses (proof): [5.14] [5.15] |5.19|

5.6 The main inequality on S

Lemma 5.21 (Smooth near-maximisers for My ). Let k > 2, lete € [0,1) and let § > 0. Then
there exists a smooth F : R¥ — R whose closed support is contained in Tz, with Ij,(F) > 0 and

k
(Mye = 0) In(F) < > J™(F).
m=1

Lean:
e PrimeGaps.M_pos_and_le_and_exists_smooth_lt_sum_J

Uses (statement):
Uses(notation): |Ik(F)L |J,gm)(F)|7 (index)

Proof. Step 1: smooth functions supported in T, are L?-dense there. Let o :=1+¢ > 0 and let
A be the dilation

(AG)(t) == o *2G(c™M0).

Since 01T, = Ry, the map A, carries functions supported in Ry, to functions supported in
Tz, preserves smoothness, and is an isometry of L?(Ry) onto L?(7z) by the change of variables
t = ou. Composing Lemma with A, shows: for every Hy € L?(TZ) and every &' > 0 there
is a smooth H; with closed support in 7z and ||[Ho — H1l|p2(7) < &'

Step 2: transfer along the Rayleigh quotient. By Lemma [5.17] we have My . > 0, and by
Lemma |5.16| the supremum is finite. Write Q(G) = (3_,, Jé?)(G))/Ik(G). Since My, . is the
supremum of @, there is Gy € L?(TZ) with

max(Mk,E—g, %) < Q(Go),

and in particular I;,(Gg) > 0, since a competitor must have non-zero mass. Both ) J,SZ) and
I}, are continuous on L?(77) (Lemmas and , so @) is continuous at Gy and I stays
positive near Go: there is ¢’ > 0 such that every H with |Gy — H|| < ¢’ satisfies I(H) > 0 and
QUH) — Q(Go)l < 6/2.

By Step 1 choose such an H = F' smooth with closed support in 7z. Then I} (F) > 0 and
Q(F) > Q(Go) — /2 > My, . — ¢; multiplying by I (F) > 0 gives the asserted inequality. O
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Uses (proof): |5.17] |5.16} |5.14} [5.15| [5.19] [5.20)|

The following lemma is used by both cases of the argument. It converts a lower bound on
M, . into the strict inequality

k
i) < (2-3) -

m=1

for a smooth profile ' — exactly the hypothesis under which the S; and Sém) asymptotics force
Sa2(Ao) — pS1(Ao) > 0 for all large N. Taking € = 0 gives the standard criterion; taking ¢ > 0
gives the enlarged one.

Lemma 5.22 (The variational criterion). Let k > 2, let € € [0,1), let 9 € (0,1) and let p > 0.
Suppose that

2p
5
Then there exist a smooth F : R¥ — R whose closed support is contained in T and which
satisfies I,(F) > 0, and a real 6 € (0,9/2), such that

M]@E >

k
pIu(F) < (g - 5) S J(E).
m=1

Lean:
e PrimeGaps.maynard_smooth witness_ineq

Uses (statement):
Uses(notation): |Q5(F)|, |Ik(F)|, |J,§m)(F)|, (index)

Proof. Write M := My, ., so that 2p/9 < M by hypothesis, and set

9 2p IM

Apply Lemma with tolerance &g := min(n/ﬁ, M/ 2) > 0: it produces a smooth F with
closed support in 7z, I (F) > 0, and

D0
Q — W > M_éo.

Since dp < M/2 we get Q > M/2 > 0.
Put 0 := n/(2Q), which is positive. From Q > M — §y > M — n/9 we get 9(M — Q) < n,

hence M 90 1 9 " 9
T <53 (3mg)e = (0)e

Multiplying by I(F) > 0 and using Q I(F) = 3, J'™ (F) gives
9 k
pIu(F) < (5 - 5) S Jm(E).
m=1
Finally 6 < ¢/2: the displayed inequality has strictly positive left-hand side (as p > 0 and
I(F) > 0), and )", J,gg”) (F) > 0 since each term is an integral of a square, so the factor

9¥/2 — 0 must be strictly positive. O
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Uses (proof):

Because M, . is defined as a supremum, the hypothesis of Lemma is equivalent to the
existence of a single competitor Fy € L*(Tz) with Ix(Fp) #0and Y, ‘]ki? (Fo) > (2p/9) Ii.(Fo).
Both cases use it: one supplies a polynomial competitor on Ry at k = 105, p = 2, the other a
certified competitor on 7; 95 at k = 50, p = 1.

5.7 Lower bounds for M .: polynomial profiles

A lower bound M}, . > cis obtained by exhibiting a single competitor. On the standard simplex
the competitors used are the profiles Fp of Definition attached to symmetric polynomials

d
P = Zai (1 — Pl)biPQCi, (bi,ci) S Bd/, a; € R,
=1

in the monomial family of Definition . For such profiles both Ij(Fp) and ) J,gm)(Fp)
are quadratic forms in the coefficient vector with explicit rational entries; the ratio is then a
generalised Rayleigh quotient, whose supremum over the coefficients is the largest generalised
eigenvalue. Verifying My, > ¢ therefore reduces to a finite rational computation.

Lemma 5.23 (Dirichlet’s integral over the simplex). For all k € N and all a,a1,...,a; € Z>o,

R T
1-— ti> t. 0 dty - -dty = = .
Ri i=1 il (k+a+ Zf:l a;)!

Lean:
e EuclideanSpace.dirichlet_integral

Uses (statement):
Uses(notation): B(a,b) (index)

Proof. One proves the scaled form: for every real s > 0,

B \a a; _ ktatY, 4 a!Hiai!
/73k(8)(8 Ztl) Hti we (k+a+2ia¢)!’

%

by induction on k; the statement of the lemma is the case s = 1. (The scaled form is also what
is needed to integrate over 7; and S..)

For k = 0 both sides equal s*a!/a! = s®. For the inductive step, the integrand is continuous
on the compact set Riy1(s), hence integrable, and Fubini’s theorem lets us peel off the first
coordinate:

e = t{zl (/ (S—tl)— ti ¢ tiai dt2--~dtk+1>dt1.
/Rk+1(5) /0 Rk(s—t1)< 2222 ) ZZHQ

By the inductive hypothesis applied with scale s — ¢;, the inner integral equals (s —
ty) Fratiizaai g [[i>0ai!/(k+a+3 ;5 a:)!. The remaining one-dimensional integral is a Beta
integral: for A,e € Z>g and s > 0,

/S(St)AtGdt — SA+€+1 L’
0 (A+e+1)!

which follows from B(A+1,e+1) = Ale!/(A+e+1)! after the substitution ¢ = su. Combining
the two factorial expressions and simplifying gives the scaled formula in dimension k£ + 1. [
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Lemma 5.24 (Power-sum moments over the simplex). For all k € N and all a,b € Z>0,

CL! vag(k?)
(k+a+2b)

where P1 and Py are the power sums of Notation[5.1] and Gy ; is the polynomial of Definition[5.3.

/ (1— PPty ---dty, =
R

Lean:
e PrimeGaps.lem_integration_formula

Uses (statement):
Uses(notation): (index)

Proof. Expand Py = (3, t?)b by the multinomial theorem:
k k
b b!
t?) = 2,
) - T

= k
i=1 UEZzo
v+ +vp=b

Integrating term by term over Rj and applying Lemma with exponents a; = 2v; (so
> ai = 2b) gives

k
a! b!
(1-P)epP = ——— (20;)!.
. o 2l
E:iv;ib
By Definition Gp2(k) = bl ZZ' vi=b L [;(2vi)!/v;!, which is literally the displayed sum, since
b! cv;! times [ [ (2v;)! equals D! [ [.(2v;)!/v;!. O
{2 1 (2

Uses (proof):

Lemma 5.25 (The L? mass of a polynomial profile). Let k € N, let d € N, let ay,...,aq € R
and let (by,c1), ..., (bg,cq) € ZQZO, and let P satisfy P = Zglzl ai(1 — P)%PS". Let Fp be the
profile of Definition|5.4. Then

d d
(bi +bj)! Gy 2(k)
I.(Fp) = ;0 L .
(F) ;; " (k4 bi+ by + 2¢ + 2¢5)!

Lean:
e PrimeGaps.lem_Tk quadratic_I

Uses (statement):
Uses(notation): (index)

Proof. Since Fp vanishes off Ry and agrees with P on it, Ix(Fp) = ka P?. Expanding the
square,
P? = 3% aia; (1 - P)" P,
(]

using (1—Pp)b%(1—P)% = (1— Py)%*% and likewise for P». The integrand is continuous on the
compact set Ry, so the finite sum may be integrated term by term, and each term is evaluated
by Lemma [5.24 with a = b; 4+ b; and b = ¢; + ¢;. O
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Uses (proof):

Lemma 5.26 (The marginal mass of a polynomial profile). Let k,d > 1, let a1,...,aq €
R, let (b1,c1),...,(bg,cq) € ZQZO, let P = Z;‘i:1 ai(1 — P1)% Py, and let Fp be the profile of
Definition . Then, for every m € {1,...,k},

d d ¢ G /]
(m) (& Cj 7(bz'7ijcivcj7c yC ) GC’JrC”,Z(k — 1)
J Fp) = 0 ,
k ( P) ZZCLQJZZ<C/><C//> (k+bi+bj+2q+2cj+1)!

i=1 j=1 ¢/=0¢"=0

where v is the function given by

bi! bl (2¢; — 2¢)! (2¢; — 2¢")! (b + bj + 2¢; + 2¢; — 2 — 2¢" 4 2)!
’Y(b’b7b]7c7/7c‘77c/7 C//) = . J ( - ) ( j ) ( - J - j ) °
(bz‘ + 2¢; — 2¢ + 1)! (bj + 26]' — 2" + 1)!

In particular J,gm) (Fp) does not depend on m.

Lean:
e PrimeGaps.lem_quad_forms

Uses (statement):

p Rl(cm G, () (index)

~
~—

Uses(notation): J,gm)(F

Proof. By Lemma [5.13

1-P]
JM (Fp) = /R(m)(/o 1P(...,s,...)ds)2Hdti,
k

where P{ =3, 2m i and s occupies the m-th slot. Since P is symmetric, the value of the inner

)

integral is independent of which slot is singled out, and the outer domain R,gm
Ri—1; this gives the asserted independence of m, and we may take m = 1.

The inner integral. Writing P, =37, t7, the i-th monomial of P evaluated at (s, (t;)izn) is
ai(1—P] —s)% (524 P})%. Binomially expanding (s%+ Pj)% = o<, (5) (Py)¢ s%¢%=2¢" and evalu-

ating each one-dimensional integral by the Beta formula fOL (L—s)Pstds = LPYEFIBIEl/(B+
E+1)! with L =1 — P] gives

1-Py d “ e / , bi! (2¢; — 2¢)!
Pds = a i) (P (] — plybit2ei—2d+1 il (2¢; L
/O zz; ZCZ::O <C/>( 2) ( 1) (bi+26¢—20/—|—1)!

/

is a copy of

Squaring. Multiplying this finite sum by itself produces the fourfold sum over
(i,4,¢,¢"), with the (P})-powers combining to (P3)€*+¢", the (1 — P/)-powers combining
to (1 — Py)bitbi+2eit2e,=2¢=2"42 3 the factorial prefactors combining to 7(b;, bj, ¢i, ¢;, ¢, ")
divided by (bi +b; +2¢; + 2¢; — 2 — 2" + 2)!.

The outer integral. Integrating term by term over R,(Cm) =~ R;_1 and applying Lemma
in dimension k — 1 with a = b; + b; + 2¢; + 2¢; — 2 — 2¢” +2 and b = ¢/ + ¢” replaces each term
by

(bz‘ +bj + 2¢; + 2¢; — 2¢ — 2" + 2)! Gc/+c//72(k — 1)
(k+bi+bj+20i+20j+1)!

9

the denominator being (k — 1) 4+ a+ 2b factorial. The factorial in the numerator cancels the one
introduced in the squaring step, leaving exactly the stated expression. ]
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Uses (proof):

Lemma 5.27 (Positive definiteness of the Gram matrices). Let (X, u) be a measure space,
let f1,...,fq : X — R be measurable with fi2 integrable, and suppose the family is linearly
independent modulo null sets: whenever oo € R? satisfies > aifi = 0 p-almost everywhere, then
a=0. Let ¢ > 0, and let A be the symmetric matriz satisfying

A = (Aiy)i<ij<ds Ayj = C/ fifjdp.
X
Then A is positive definite.

Lean:
o MeasureTheory.lem_Al_posdef

~—
—

index)

Uses(notation): ||| f|l z2(x)} R,(Cm), I (F), Jlgm)(F

[} e e

Proof. Symmetry is clear. For o € R?, expanding the square and using integrability of each
product fifj (a consequence of Cauchy—Schwarz and the integrability of the f?),

a' Ao = c/)((lzj;aifi)Qdu > 0.

If o' Ao = 0 then, as ¢ > 0 and the integrand is non-negative, >, a;ifi = 0 almost everywhere,
whence o = 0 by hypothesis. So the form is strictly positive on R\ {0}.

This is applied twice. Taking X = Rj with Lebesgue measure and f; the monomials
(1 — )% Py shows that the matrix A; whose quadratic form is Iy(Fp) (Lemma is pos-
itive definite. Taking X = R,(Cm) and f; the marginals T, f; for one fixed m shows that the
matrix with entries [(T,f;)(Tonf;) is positive definite; the remaining k& — 1 matrices in the sum
A=, f(Tmfi)(Tmfj))ij, whose quadratic form is ) J,gm)(Fp) (Lemma [5.26|), are pos-
itive semidefinite by the same computation, so A is positive definite. Only the independence
of the marginals for a single m is needed. O

Uses (proof):

Lemma 5.28 (The generalised Rayleigh quotient). Let d > 1 and let Ay, Ay be real symmetric
positive definite d x d matrices. Then there exists X € R with all of the following properties
stmultaneously:

1. o Ay < Xal Ao for every o € R?, with equality for some ag # 0;
2. X =sup{(a' Ara)/(a' A1a) : a # 0};
8. Asa = AAja for some a # 0, and v < A whenever Asa = vAia for some o # 0;

4. X is the largest element of the spectrum of AIIAQ.

Lean:
o PrimeGaps.lem rayleigh

Uses(notation): (index)
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Proof. Since A is positive definite it factors as A; = LL' with L invertible. Put B :=
L7'A(L™HT; then B is symmetric, and it is positive definite because 3" Bf = a' Asa for
o := (L H'B, and B — « is a linear bijection. Substituting 8 := L'« turns the generalised
quotient into an ordinary one:

a' Arsa B'Bp

e 55 a#0 < B#0.

By the spectral theorem B has an orthonormal eigenbasis with real eigenvalues; let A be the
largest of them and By a corresponding unit eigenvector. Expanding (8 in the eigenbasis gives
BT BB < ABTB for all B, with equality at fo; this is (i), and (ii) follows since the quotient is
bounded above by A and attains it.

For (iii), B = v with 3 # 0 is equivalent, under 8 = L" o, to Ay = vAja with a # 0; so
the generalised eigenvalues of the pair (Aj, Ag) are exactly the eigenvalues of B, and A is the
largest. For (iv), Agar = vAja is equivalent to (A7 As)a = va because A; is invertible, and
for a square real matrix the spectrum consists precisely of its eigenvalues; so the spectrum of
AflAg is the set of generalised eigenvalues, whose largest element is A. O

The three preceding lemmas combine into the criterion by which every lower bound for
My, = My, o is certified.

Proposition 5.29 (Polynomial certificates for lower bounds on My). Let k > 1 and d > 1, let
(bi,c1)y. .., (ba,ca) € ZQZO be pairwise distinct, and let o = (a1, . .. ,aq) € R? be non-zero. Write
A(a) and B(«) for the two quadratic forms of Lemmas and[5.26, that is,

Z b +b')' Gcz—l-c], (k)
YN+ by + by + 20 + 2¢;)1

=
J, —~ = 4 (k:+bz+bj+2q+20j+1)!

with ~ the explicit rational constant of Lemma [5.26. If ¢ € R satisfies ¢ A(a) < k B(c), then
My, > c.

Uses (statement):
Uses(notation): [ . |Ik |Jk )|, (index)

Proof. Let P :=Y,a;(1 — P1)% P, and let Fp be the associated profile, which vanishes out-
side Ry = To. The monomials (1 — Pl)biPZCi, for pairwise distinct index pairs, are linearly
independent as functions on Rj modulo null sets; hence by Lemma the Gram matrix A
whose quadratic form is A(«) is positive definite, and therefore A(«) > 0 because a # 0. By
Lemma [5.25] Ix(Fp) = A(a) > 0, so Fp is an admissible competitor in Definition [5.8 at £ = 0.
By Lemma [5.26| each of the k£ marginal masses equals B(«), so an:l ka) (Fp) = kB(«).
Definition [5.§| therefore gives

k B(«)
A(a)

the last step being the hypothesis divided by A(«) > 0.

The hypothesis is an inequality between two rational numbers whenever « is rational, so
it can be certified by an exact finite computation. The optimal constant obtainable this way
from a fixed monomial family is, by Lemma applied to the pair (A7, Ay) — both positive
definite by Lemma — equal to k times the largest element of the spectrum of Al_lA 7. g

M > > ¢,
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Uses (proof):

The two explicit instances of this computation are carried out in the two later sections: on
the standard simplex at k& = 105, with the 42 monomials indexed by Bi; and ¢ = 4, giving
Mjios > 4; and on the e-enlarged simplex at k& = 50, ¢ = 1/25, with a larger basis, giving
Ms0,1/25 > 4. In each case the bound is used in Lemma

Lemma 5.30 (The Beta integral). Let a,b > 1 be integers. Then

v 1, (a=1)(b—1)!
/Ot -0 tdt = TR

Lean:
e Nat.betalntegral eq factorial mul div
e Real.lem beta_eval

Uses(notation): |B(a, )| (index)

Proof. The integral is the Euler Beta function B(a,b) evaluated at positive integer arguments.
For integers it satisfies B(a,b) = I'(a)T'(b)/T'(a + b), and I'(n) = (n — 1)! for n > 1; substituting
gives the stated quotient of factorials. O

6 Auxiliary arithmetic estimates

This section collects the arithmetic estimates used in the sieve analysis: the elementary totient
and Mobius identities, the Mertens-type sums over integers coprime to a modulus, the evaluation
of the truncated Mertens sum -, _p (, w)=1 w(uw)?/p(u), the verification of the sieve-datum
hypotheses for the two densities, the asymptotic for the summatory function H(z) of the sieve
weight, and the partial-summation lemma that converts H into a G-weighted sum.
Throughout, W, V, m and M denote generic moduli; W and R are the primorial and the
truncation of Deﬁnitions and and e = exp(1) denotes the base of the natural logarithm

(never a summation variable).

6.1 Elementary totient and Mobius identities

Lemma 6.1 (Multiplicativity formula for ¢ on a least common multiple). Let d and e be
squarefree positive integers (each squarefree; the product de need not be). Then

o([d,e]) o((d.e)) = ¢(d) p(e).

Lean:
e PrimeGaps.lem phi_lcm_product

Uses (statement):
Uses(notation): (4] (a,b)| [a, b] (index)

Proof. Since d and e are squarefree, so are [d,e] and (d,e), and

pn) = [[e—1)

p|n
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for every squarefree n. The prime divisors of [d, ] are exactly those of d together with those of
e, while the prime divisors of (d, e) are exactly those dividing both. Hence, counting each prime
with the multiplicity with which it occurs on either side,

[Te-v J]e-1v =][e-1 J]Je-1.

plld,e] pl(d.e) pld ple

which is the assertion. O

Uses (proof):

Lemma 6.2 (Reciprocal LCM splitting for ). Let d and e be squarefree positive integers. Then

1 1
@)~ wdee & I

with g as in Definition[3.6

Lean:
e PrimeGaps.lem_lcm phi_split

Uses (statement):

Uses(notation): [ [} [(a, )] [a, b] (index)
Proof. By Lemma o([d, e]) = o(d)p(e)/e((d, e)), all the factors being positive. The integer

(d, e) is squarefree, so Lemma applies to it and gives ¢((d, €)) = >_,j(q.¢) 9(uw). Substituting
and inverting yields the claim. O

Uses (proof):

Lemma 6.3 (Reciprocal LCM splitting). For all positive integers d,e (no squarefreeness re-

quired),
1 1

Lean:
e PrimeGaps.lem_lcm split

Uses (statement):
Uses(notation): |4 [(a, b)} [[a, b} (index)

Proof. The classical identity Zum o(u) = n, valid for every positive integer n, applied at n =
(d,e) turns the right-hand side into (d,e)/(de). The claim is then the identity [d,e] (d,e) =
de. O

Sublemma 6.4 (Divisor-sum form of 1/¢). For every squarefree integer u > 1,

L Ihpd”
)~ ude ol

Lean:
e PrimeGaps.one_div_totient_eq_one_div_mul _sum moebius_sq div_totient
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Uses (statement):
Uses(notation): (index)

Proof. For squarefree u,

u P 1 1 wu(d)
EDial | P g(”p_l) = delgp_l =2 @y

The third equality expands the product over p | u as a sum over the subsets of the prime divisors
of u, i.e. over the divisors d | u; the fourth uses [, ;1/(p — 1) = wu(d)?/¢(d) on squarefree d.
Dividing by u gives the claim. O

Sublemma 6.5 (Per-coordinate lem-decomposition bijection). Let m be a squarefree positive
integer, and let D, and C,, be the sets

D ={(d,e) : d,e > 1 squarefree, [d,e] = m}, Cm = {(c,a,b) : c,a,b > 1 pairwise coprime, cab = m}.
Then (d,e) — ((d,e), d/(d,e), e/(d,e)) maps Dp, into Cp, and is a bijection, with inverse
(¢,a,b) — (ca, cb).
Lean:
e PrimeGaps.phi_psi_id

Uses(notation): |(a, b) |[a, ] (index)
Proof. Let (d,e) € Dy, and put ¢ := (d,e), a :==d/c, b:=e/c. Then cab = (d,e)[d,e]/(d,e)---;
more directly, ca = d, ¢cb = e and cab = db = de/(d,e) = [d,e] = m. The integers a and b are
coprime because any common prime divisor would divide both d/c and e/c and hence, m being
squarefree, already lie in ¢; the same squarefreeness of m = cab forces ¢ to be coprime to both
a and b. So the map lands in Cp,.

Conversely let (c,a,b) € C,, and put d := ca, e := ¢b. Both are divisors of the squarefree
m, hence squarefree, and (d,e) = ¢ and [d,e] = cab = m by pairwise coprimality; so (d,e) €
Dy, The two constructions are mutually inverse: starting from (d,e) one recovers ((d,e)) -
(d/(d,e)) = d and likewise for e; starting from (c, a,b) one recovers (ca, cb) — (c,a,b) because
(ca,cb) = ¢ when (a,b) = 1. O
6.2 Divisor sums, Mertens-type bounds and convergent series
Definition 6.6 (The von Mangoldt function A). Define A : N — R>q by

logp, n = p® for some prime p and some a > 1,
A(n) =

0, otherwise.

Uses(notation): (index)

Lemma 6.7 (Mertens’ first theorem, von Mangoldt form). For every integer N > 1,

A(d
’22) — log N| < log4+5.
d<N

Uses (statement):
Uses(notation): (index)
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Proof. Step 1: a Chebyshev upper bound. For every N > 0,

> A(d) < (log4+4)N.
d<N

This is the classical elementary bound obtained from the central binomial coefficient:
HN<pS2Np divides (2]6]) < 4N s0 ZN<p§2N logp < Nlog 4, and summing the resulting dyadic

estimate together with the O(v/Nlog N) contribution of the proper prime powers gives the
stated linear bound with the explicit constant log4 + 4.
Step 2: the factorial identity. Since every n > 1 satisfies logn = Zd|n A(d), grouping by d

gives
Z logn = Z A(d) {%J

n<N d<N

Replacing [ N/d] by N/d costs at most >_ ;- A(d), which by Step 1 is at most (log4 + 4)N.

Hence Ald
)Zlogn - NZ;)‘ < (log4 +4)N.
n<N d<N

Step 3: Stirling-free evaluation of ZnSNlogn. Comparing the sum with le logtdt =
Nlog N — N + 1 by monotonicity of log gives ‘anN logn — N log N‘ < N. Combining with
Step 2 and dividing by N yields

A(d
’Zil)—logN‘ < log4d + 5. O
d<N

Uses (proof):

Lemma 6.8 (Mertens-type estimate for > pu(u)?7x(u)/o(u)). For every integer k > 1 there is
a constant C = C(k) > 0 such that, for every real z > 2,

Z W < C(log 2)*.

u<z

Lean:
e ArithmeticFunction.sum moebius_sqmul_tau_div_totient_le
e WeightedDivisorSum.weightedSum_le

Uses (statement):
Uses(notation): 5! (index)

Proof. Rankin majorisation. For any non-negative a : N — R>o, any real Z > 1 and any
k > 0 one has (Z/u)® > 1 for u < Z, 50 ), . a(u) < 2%, ~;a(u)u™". Apply this with
a(u) = p(u)?mx(u)/o(u) and & := 1/log(ez) € (0,1).

Euler factorisation. The majorant u — u(u)?7(u)/(p(u
and supported on squarefree integers; since 7;(p) = k a
terms with exponent > 2 vanish,

)u') is non-negative, multiplicative
©(p) = p— 1, and all prime-power
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Logarithmic bound. Using log(1 + x) < x and splitting 1/(p—1) =1/p+1/(p(p — 1)),
k 1 1
lo T ————) < k> —— + kY —,
gl;K (p—l)p”) it ~p(p—1)

and the second sum converges absolutely. For the first, start from Lemma discarding
the proper prime powers (whose total contribution to » ., A(d)/d is O(1), being bounded by

> p 2 a>a(logp)/p? < Zp(logp)/p2) gives the one-sided prime form > _,(logp)/p < logt +
O(1) for t > 2. Abel summation of this against the weight 1/logt yields the elementary

one-sided Mertens second bound qu 1/p < loglogt + B with B absolute. A second Abel
summation, now against the weight ¢=", gives p 1% =log(1/k)+0O(1). With x = 1/log(ez)
this is loglog(ez) + O(1) < loglogz + O(1) for z > 3 (the range 2 < z < 3 being trivial). Only
upper bounds on prime sums are used, so no Tauberian or Dirichlet-series input enters.
Conclusion. Exponentiating gives [[ (1 + k(p — D" < O1(k)(log 2)*, while 2% =
Z1/10g(e2) < o Combining with the Rankin majorisation proves the lemma. ]

Uses (proof):

Lemma 6.9 (Truncated coprime divisor sum). For every integer k > 1 there is a constant
C = C(k) > 0 such that, for every positive integer D and every real Z > 2,

2
Z M < C(log 2)*.
= el
(r,D)=1
The constant is independent of D.

Lean:
e PrimeGaps.lem truncated_divisor_sum

Uses (statement):
Uses(notation): (index)

Proof. The summand is non-negative, so discarding the coprimality condition only increases
the sum; the claim is then Lemma (The point of the statement is the uniformity in D: the
same constant serves for every modulus, which is what the downstream applications, where D
varies with the sieve variables, require.) O

Uses (proof):

Lemma 6.10 (k-fold restricted reciprocal-totient sum). For every integer k > 1 there is a
constant C' = C(k) > 0 with the following property. For every real R > 2, every modulus W > 1
and every d = (dy,...,dg) € ng

<Hdi) 3 f[go(lm < C(logR)".

=1 T1yeeeyTp>1 =1
di|ri Vi
Hi ri <R, “(Hz 7‘7;)2:1, (Hl T‘i,W):l

Uses (statement):
Uses(notation): d| (index)
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Proof. Write r; = d;s; and s := [, s;. Because [[, r; is squarefree, the d; are pairwise coprime
and coprime to §', and [[, ¢(r;) = ¢([[; di)e(s’) by multiplicativity of ¢ on coprime factors.
Hence the left-hand side is at most

[I;di 7 (s)
@(Hz di) Z

since a squarefree s’ arises from at most 75(s") tuples (s1,...,s;) with [[,;s; = s’. For the
prefactor, the Dirichlet expansion of Lemma gives [ [, di/o(I]; di) = ZDII_L- 4, M(D)?/o(D),
which is bounded by ZDII_L- 4, M(D)?*7(D)/o(D); and every prime dividing []; d; is at most R.
The remaining s’-sum is a truncated coprime divisor sum at modulus (W IL d,i), so Lemma
bounds it by C(k)(log R)* with a constant that does not depend on that modulus — the
uniformity there is exactly what is needed, since the modulus varies with d. Both factors are
thus dominated by the truncated sum ), p p(w)?7i(u)/p(u) of Lemma [6.8] — more precisely,
the whole expression is bounded by the Euler product [],« r(1+k/(p—1)), and the argument
of Lemma bounds this by C(k)(log R)* for R > 2. O

Uses (proof):

1u(s)?

o(s)?

Lemma 6.11 (Convergent sum bound for ¢). Z < 00.
s>1

Lean:
e PrimeGaps.lem _convergent_sum phi

Uses (statement):
Uses(notation): (index)

Proof. The summand is non-negative, so it suffices to majorise it by a convergent series. The
inequality s < ¢(s)7(s) established in the proof of Lemma gives 1/p(s) < 7(s)/s, whence

p(s)? < T(s)? _ 1(s) 7(s) _ 27(s)

o(s5)2 2 /s Tg3/2 = g3z

the last step by the elementary bound 7(s) < 2/s (divisors pair up as u <> s/u about y/s). The
Dirichlet series 3o, 7(s)s™3/% = (Yoot 5_3/2)2 converges since 3/2 > 1, so the partial sums
of the original series are uniformly bounded, and a series of non-negative terms with bounded
partial sums converges. O

Uses (proof):

Lemma 6.12 (Convergent sum bound for g). With g the multiplicative function of Defini-

tion[3.6 (9(p) = p — 2), (5)?
(s
2 g2 =

s>1
(s,2)=1

the summand being read as 0 whenever u(s)? = 0; the sum is thus supported on odd squarefree
s, for which g(s) = [[,s(p —2) > 0.

Lean:
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e PrimeGaps.convergent_sum. g
Uses (statement):
Uses(notation): [ [ ! (index)

Proof. The summand is non-negative and multiplicative, supported on odd squarefree integers.
Its local factor at an odd prime p is 1+ (p —2)72, and at p = 2 it is 1. Since (p — 2)72 < 9p~2
for every odd prime p (indeed p —2 > p/3 for p > 3), the series Zp(p — 2)~2 converges, so
Hp Odd(l +(p— 2)*2) < oo. Every partial sum over a finite set of integers is bounded by this

Euler product, whence convergence. O

6.3 The constants A(M) and B(M)
Sublemma 6.13 (Euler product for ((2)). With ((2) =3_, 5, n=2,

«@ =TI0- )
p

p
both the series and the product being convergent.

Lean:
e PrimeGaps.eulerProduct_zetaTwo
e PrimeGaps.summable_zetaTwo
e PrimeGaps.multipliable_eulerProduct_zetaTwo

Uses(notation): [((2)] (index)

Proof. By unique factorisation, every n > 1 has a unique representation n = Hp p® with a, >0
and only finitely many a, non-zero, so n2= Hp p~2% . The series dYon n~2 converges absolutely
(it is bounded by 1 + floo t=2dt = 2), which licenses reorganising it as a product over primes of
the geometric series )~ p~2¢ = (1 —p~2)~L; the rearrangement is justified by letting P — oo
in the partial product over p < P, whose expansion exhausts all n > 1 in the limit. O

Definition 6.14 (The auxiliary Dirichlet sum A(M)). For every positive integer M, set

Lean:
e PrimeGaps.A

Uses (statement):

Uses(notation): [A(M)] [4 [(a, )] [P]

Sublemma 6.15 (Absolute convergence and the bound |A(M)| < ((2)). For every positive
integer M the series of Definition converges absolutely, and |[A(M)| < ((2).

Lean:
e PrimeGaps.A_abs_le_zetaTwo
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Uses (statement):
Uses(notation): [A(M)] [4 [((2)] [(a, b)]

Proof. Each summand satisfies |u(e)/e?| < 1/e?, so

> E <2 h - <
e>1 e>1
(e,M)=1 B

This is absolute convergence, and the triangle inequality applied to the (absolutely convergent)
sum gives |[A(M)| < ((2). O

Sublemma 6.16 (Closed form for A(M) in terms of {(2)). For every positive integer M (square-
freeness is not required),

1/¢(2)
[T (1= 1/p?)

A(M) =

Lean:
e PrimeGaps.A_closed_form

Uses (statement): [6.14] [6.13] [6.15|

Uses(notation): |[A(M)] |u} [C(2)} [(a, D)} (index)

Proof. By Sublemma the defining series converges absolutely, so it may be expanded as an
Euler product. Its local factor at a prime p | M is 1 (only e = 1 contributes at that prime), and
at a prime p{ M it is Y, u(p®)p=2* =1 —p=2, since u(p®) = 0 for a > 2. Hence

1
A(M) = H(1 - 7).
p
ptM
Splitting the product over all primes as [], =[] - 1y, and invoking JT,(1 —p~ ) =1/¢(2)

(Sublemma [6.13)) gives the stated closed form. Note that only the set of prime divisors of M
enters, which is why no squarefreeness hypothesis is needed. O

Uses (proof):

Definition 6.17 (The auxiliary Dirichlet sum B(M)). For every positive integer M, set

u(e)loge
B(M) = g ()62.
e>1
(e,M)=1

The series converges absolutely, since |u(e)loge/e?| < (loge)/e? and > e>1(log e)/e? < oco.

Lean:
e PrimeGaps.B

Uses (statement):
Uses(notation): [B(M)], [1d [(a, b)] (index)
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6.4 Coprime harmonic and coprime-density sums

Definition 6.18 (The prime-cost quantity ¢,,). For a positive integer m, set

by = Z Ing,

p—1
plm

the sum running over the distinct prime divisors of m.

Lean:
e PrimeGaps.ellV
Uses(notation): (index)

Sublemma 6.19 (Coprime harmonic sum). There is an absolute constant C > 0 such that, for
every squarefree integer m > 1 and every real Z > 1,

’ g 1_ SD(m)(logZ+’yO+€m)‘ < CT(m),
<z n m A
(n,m)=1

where vg is the Fuler—Mascheroni constant.

Lean:
e PrimeGaps.coprime_reciprocal_sum_asymptotic

Uses (statement):
Uses(notation): hol (index)

Proof. Detect the coprimality condition by 1[(n,m) = 1] = >4, ) #(d) and swap the two

finite sums: ) .
> o =YY Z” >

n<Z djm n<z W<Z/d
(n,m)=1 din

The classical harmonic estimate 3,y 1/n" =1logV + 79 + O(1/Y) gives

> 5 Goszew ZEF - SEERES o7

n<Z dlm dlm
(n,m)=1

the error using »_,,, [u(d)| = 7(m) for squarefree m. Now >_,. . u(d)/d = [],,,(1 = 1/p) =
¢(m)/m, and differentiating the identity >, u(d)d™* =][,,,(1 —p~") at s =1 gives

__E:/dd)bgd _ Il(l“l) ptlogp _ ¢(m),
d m

P 1—pt m

djm plm plm

Combining the three displays proves the claim, with an absolute implied constant. ]
Lemma 6.20 (Mertens sum ) 1/n restricted to (n,W) = 1). There is an absolute constant

C > 0 with the following property. Let VW > 1 be a squarefree integer and let x be a real number
with

Wr(W)
Tz > ——2.
p(W)
Then 1 o) W)
2 2
— — —21 < — (1 +logl .
‘ n§<x - o los| < C W (1 + loglog(eW))
(n,W)=1
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Lean:
e PrimeGaps.mertens_reciprocal_general

Uses (statement):
Uses(uotation): [ [ £ (@01} I F )

Proof. Sublemma [6.19] applied with m = W and Z = x gives

Z % = (’D%\})(logm—kvo—kﬁw) + O(T(L/\}))

n<x
(n,W)=1

The hypothesis on z is exactly 7(W)/xz < ¢o(W)/W, so the error term is O(p(W)/W); the
same bound covers the constant v ¢(W)/W. It remains to bound by = >_ ), (logp)/(p — 1).
Split the prime divisors of W at 1 + logW. For p > 1+ logWV, use Zplwlogp = logW
(valid since W is squarefree) and p — 1 > log W to bound that part by 1; more crudely, the
contribution is O(1). For p < 1+ logW, use (logp)/(p — 1) < 2(logp)/p and the elementary
Mertens bound >, (logp)/p < logt + O(1) of Lemma with ¢ = 1 4 logW, which gives
O(log(1+1logW)) = O(1 +loglog(eW)). Hence fyy < 1+ loglog(eW), and collecting all error
contributions proves the lemma. The normalisation 1 + loglog(eW) rather than loglog W is
used so that the error term is defined and non-negative for every W > 1; for large W the two
agree up to an additive constant. O

Uses (proof):

Definition 6.21 (The coprime density partial sum A,,(z)). For a positive integer m and a real
number z, set

u(f)?
Ap(z) = ) :
= e
(fm)=1
the sum running over the positive integers f < x coprime to m; thus A,,(z) =0 for = < 1.

Lean:
e PrimeGaps.MaynardOffDiagonal.sumA

Uses (statement):
Uses(notation): (index)

Sublemma 6.22 (Coprime density sum). There is an absolute constant C' > 0 such that, for
every squarefree integer m > 1 and every real x > 2,

[Am(@) - ‘Pg‘)(logxwm)) < 0(905;”) 1 Tm) 1355(2””””)).

Lean:
e PrimeGaps.exists_abs_sumA_sub_le

Uses (statement): [6.21] [6.18] [6.19|

Uses(notation): (index)
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Proof. Step 1: a Dirichlet cofactor. Let k be the multiplicative function defined by the Dirichlet
convolution identity p?/p = & * (1/id), i.e.

p(f)? 1
= k(d) —.
o(f) d;f

Comparing local Euler factors shows (1) = 1, k(p) = 1/(p(p — 1)), x(p*) = —1/(p(p — 1))
and k(p’) = 0 for j > 3; in particular x is supported on cube-free integers, its local factor
1+ s(p) + k(p?) equals 1 at every prime, and

Z\Fc )| Vd < oo, Z‘/ﬂ )|1log(2d) < oc.

d>1 d>1

Both convergence statements follow from the Euler-product bound Zj20|/€(p7)|p7/ 2 <
exp(Zp*:S/Q), together with the elementary partial-summation bound } ;. [k(d)|d <

VX log(2X), which in turn comes from writing a cube-free d uniquely as b%a with a squarefree,
(a,b) =1, and using >, < 1/p(b) < 1+ log X. Consequently, for every Y > 1,

log(2Y) log(21)
;|K(d)’ < \/}7 , C;/“i |]og d/Y) < \/}7

(a dyadic decomposition of the range d > Y).
Step 2: the hyperbola identity. Summing pu?/¢ = k% (1/id) over f < x with (f,m) = 1 and
noting that (f,m) = 1 is equivalent to (d,m) = (e,m) = 1 for f = de,

1

Am(z) = D wd) Y -
d<z e<z/d

(d,m)zl (e/rn):l

Step 3: insert the harmonic asymptotic. Apply Sublemma to the inner sum for each
d, obtaining the main term @(bg(x/d) 4+ 70 + ¢m) and an error O(7(m)d/x); the errors
sum, against Y, . [k(d)|d < /zlog(2z), to O(7(m)log(2z)/y/z). For the main term, com-
plete the d-sum to all d > 1 coprime to m; by Step 1 the discarded tail d > z contributes
O(7(m)log(2ma)/\/x) (using £, < logm to absorb the m into the logarithm). Since s has
local mass 1 at every prime, Z( dm)=1 k(d) = 1, and the completed main term is

p(m) (logz 4+ 70 + lm) — plm) E k(d)logd.
m mo
(d;m)=1

The last sum is O(1) by the second convergence statement of Step 1, and ~yyp(m)/m =
O(¢(m)/m). Collecting all contributions gives the stated bound, with an absolute constant. [

Uses (proof):|6.19] [6.18] [6.21]

6.5 The sum 7,; and the Mertens sum over integers coprime to W

Definition 6.23 (The auxiliary sum Ty). Let R > 1 be real and let W > 1 and d > 1 be
integers. Set
p(v)

T, =

v<R/d
(v,dW)=1

The sum is empty, and hence Ty = 0, once d > R.

o8



Lean:
e PrimeGaps.TInner

Uses (statement):
Uses(uotation):

Sublemma 6.24 (Outer-sum decomposition for > u?/p). For every integer R > 1 and every
integer W > 1,

2 2
> A= Y R
= e i deld)
(u,W)=1 (d,W)=1

with Ty as in Definition [6.25.

Lean:
e PrimeGaps.sum moebius_sq.-div_totient_eq_sum mul _TInner

Uses (statement):
Uses(notation): Rl (index)

Proof. Substitute the identity 1/¢(u) = (1/u) 3y, w(d)?/¢(d) of Sublemma 6.4 — legitimate
because p(u)? # 0 restricts the outer sum to squarefree v — and swap the two finite summations:

Z pu(u)? _ Z p(d)? Z M(U)Q‘
u<R QO(U) d<R (P(d> u<R, dlu u
(u,W):l (d,W)=1 (u,W)=1

Fix a squarefree d with (d,W) = 1 and write u = dv with v < R/d. On the support of (u)?
the integer u is squarefree, which for u = dv is equivalent to v squarefree with (v,d) = 1; and
(u, W) = 1 together with (d, W) = 1 is equivalent to (v, W) = 1. So the conditions on u become
“v squarefree and (v,dW) = 17. Since p(u)?/u = u(v)?/(dv) on that support, the inner sum
equals T;/d, which is the claim. O

Uses (proof):

Sublemma 6.25 (Mobius squarefree-inversion step for T,). For every real R > 1, every integer
W > 1 and every integer d > 1 (no squarefreeness or coprimality is required),

p(e) 3 1

Td - Z 62 E
e<\/R/d w<R/(de?)
(e, dW)=1 (w,dW)=1

Lean:
e PrimeGaps.T_decomposition

Uses (statement):
Uses(notation): (index)
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Proof. Start from the squarefree-detection identity u(v)? = 2o w(e), valid for every positive
integer v: both sides are multiplicative, and at a prime power p® the right-hand side is 1 for a €
{0,1} and 1+ p(p) = 0 for a > 2, matching pu(p®)?. Insert it into Ty = D w<R/d, (0,dW)=1 w(v)?/v
and swap the two finite sums. Writing v = e?w turns the constraint e? | v into a free w-sum
with w < R/(de?), and the constraint (v,dW) = 1 into (e,dW) = (w,dW) = 1; the e-range
is e < y/R/d because ¢? < v < R/d. Since 1/v = (1/e?)(1/w), the displayed identity follows.
(When (e,dW) > 1 the inner sum is empty, so restricting the e-sum to (e,dW) = 1 changes
nothing.) O

Sublemma 6.26 (Inner w-sum via Mertens for e < Rl/g). There is a constant C > 0 such
that, for all sufficiently large N, the following holds for every squarefree d with (d,W) =1 and
d < RY? and every integer e with 1 < e < RY® and (e,dW) =1. Let W=dW. Then

1 w w
‘ Z . Sog/\} ) (logR— logd — 210ge)‘ < Cg/\))(l +loglog(eW)).
w<R/(de?)
(w,W)=1

Lean:
e PrimeGaps.slem_T_d_inner_w_sum

Uses (statement): [3.37 [3.29] [6.20] [3.32]
Uses(notation): (a,b) (index)

Proof. Since d is squarefree, W is squarefree (Definition and (d,W) = 1, the modulus
W = dW is a positive squarefree integer. We apply Lemma with this modulus and with
x = R/(de?), and must verify z > Wr(W)/o(W).

Lower bound on x. From d < RY/2 and e < RY/8 we get de? < RY/2. R1/4 = R3/4, hence
r = R/(de?) > RY4.

Upper bound on Wt (W)/e(W). For squarefree n the quantity nr(n)/¢(n) factors over the
primes dividing n, each contributing 2p/(p — 1) < 4; hence Wr(W)/p(W) < 4“0V) . Next, for
any fixed integer B > 2, splitting the prime divisors of n at B gives w(n) < 7(B) +logn/log B,
hence 4" < 47(B) plogd/log B Choose B := 4% = 65536, so that log4/log B = 1/8 and, with
K = 47B) an absolute constant,

< KWYS,

By Lemma we have W < (loglog N)?, and d < R'/?, so W = dW < R'/?(loglog N)? and
therefore

Wt (W)

(W)
Since R = NY/279 is a fixed positive power of N, the right-hand side is < RY* < z for all
sufficiently large N, the factor (loglog N)/* being of lower order than R3/6. This verifies the

hypothesis.
With the hypothesis verified, Lemma [6.20] gives

< K RY1% (loglog N)'/4.

L oW), R (W)
I S <X
’ Z ” vy log de2‘ <C W (1 + loglog(eW)),
w<R/(de?)
(w,W)=1
and log(R/(deQ)) =log R —logd — 2loge. O
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Uses (proof):

Sublemma 6.27 (Evaluation of Ty). There is a constant C' > 0 such that, for all sufficiently
large N and every squarefree d with (d, W) =1 and d < RY2. Let W = dW. Then

‘Td - SDE/VVV) [AW)log(R/d) — 2B(W)] ‘ < C (’08\/)\}) (log(2d) + loglog W) + C lj;gl;/g.
Lean:

e PrimeGaps.slem T d eval
Uses (statement): [6.23] [3.37] [3.29] [6.14] [6.17]
Uses(notation): (AT, B0, I3, [ (e D),

Proof. Sublemma rewrites Ty as an e-sum weighted by p(e)/e? times an inner w-sum. Split
the e-range at e = R'/8.

Range e < RY8. Sublemma evaluates the inner sum for each such e, with error
O(%(l + loglog(eW))). Summing the main term against u(e)/e? over e < RY® coprime to

W produces
e(W) p(e) p(e)loge
o Los(R/d) 30 For -2 3 FEE]
€§R1/8 6§R1/8
(e, W)=1 (e, W)=1

Completing both e-sums to infinity replaces them by A(W) and B(W) of Definitions
and by the tail bounds |A(M) —Y._,.| < 1/m and |B(M) - ,_,| < (logm + 1)/m
(each a comparison with ", e™2 and Y., (loge)e? respectively), applied at m = |RY/8],
the cost is O(log R- R~'/8). The accumulated error terms contribute O(%(l +loglog(eW)))
after summation against Y, e 2 < 2.

Range e > RY®. Here use the trivial bounds |u(e)/e?] < 1/e? and Y w<k/(de2) H/w <
1+ log R, so this part is

1 log R

Normalising the error. Finally loglog(eW) = loglog(edWV) < log(2d)+loglog W for W > e,
which converts the middle error into the stated shape. Adding the three contributions gives the
sublemma. 0

Uses (proof): [6.25] |6.26] |6.14} 6.17|

Sublemma 6.28 (Tail bound for d > R'Y/2). There is a constant C > 0 such that, for all
sufficiently large N,

pu(d)? (log R)?
X naM=cTE

d>VR, d squarefree
(d,W)=1

Lean:
e PrimeGaps.tailSum_11

Uses (statement): [6.23] [3.37] [3.29
Uses(notation): Rl (a,b) (index)
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Proof. From p(v)?/v < 1/v and > v<r/al/v < 1+log R we get 0 <Ty <1+logR < log R for
R > 2, uniformly in d and W. By Lemma 1/(dp(d)) < 7(d)/d?. Lemma |6.8] with k& = 2
gives > oy 1(d)*7(d)/p(d) < (log X)?, hence also Y,y u(d)?r(d)/d < (log X)?; partial
summation converts this into the tail estimate

p(d)?7(d) (logY)2 +1
E _—— L
d? '

Y
a>y

Applying it with Y = v/R bounds Y dsVE w(d)?/(de(d)) < (log R)?/vR, and multiplying by
the uniform bound 7Tj; < log R gives the claim. O

Uses (proof):

Sublemma 6.29 (Leading-coefficient telescoping identity). For every integer W > 1,

p(d)?
S S AWW) = 1.
a>1
(d,W)=1

Lean:
e PrimeGaps.main_thm

Uses (statement): [6.14] (6.16} 6.13] [6.15|
Uses(notation): |u} [A(M)} IC(2)L P [(a, )| (index)

Proof. Write f(d) := u(d)>A(dW)/d?. By Sublemma A@dW) = (1/¢(2)/ Tlpaw(1—p72),

so for squarefree d coprime to W

1/p?

fld) = A(W)Hl—il/p?'

pld

In particular f(1) = A(W), and f is multiplicative up to the normalising constant A(W): for
coprime squarefree dj,dy both coprime to W one has f(did2)A(W) = f(d1)f(dz); and at a
prime pt W, f(p) = p~2A(W)/(1 — p=2). Since the values of f at distinct primes multiply in
this normalised sense, and u(d)? restricts the sum to squarefree d, each prime p { W contributes
independently either 1 or p~2(1 — p~2)~1, giving

p1(d)? B 1 1
; - AldW) = A(W)plr_v[v(upz-l_l/pz).
(d,W)=1

(The rearrangement is licensed by absolute convergence: |A(dW)| < ((2) by Sublemma

and Y ,d % < oc.) The elementary identity 1+ z/(1 —z) = 1/(1 — z) with = p~2 turns
the local factor into (1 — p~2)~!, so the product equals prw(l — p~2)~L. Combining with
AW) = (1/¢2)/ TLyw (1 —p72),
p(d)? 1/¢(2) 1/¢(2)
A(dW) = = = 1,
; d? [Liw@=p ) Lwd-p2  ILA-p?)
(d,W)=1
the last equality by Sublemma [6.13 ]
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Uses (proof):|6.16} [6.15} |6.13]

Lemma 6.30 (Mertens sum over u coprime to W). Let R and W be as in Definitions
and[3.29. There is a constant C > 0 such that, for all sufficiently large N,

pu)®>  p(W) p(W)
— < .
) u§<Rj i) = log R| < C 5 loglog W

(u,W)=1

Lean:
e PrimeGaps.lem mertens_W

Uses (statement):
Uses(notation): (index)

Proof. By Sublemma the left-hand sum equals >, u(d)?Ty/(dp(d)). Sublemma
bounds the contribution of d > vR by O((log R)?’/\/E), which is o(@(W)/W) for large N
since p(W)/W > 1/loglog N by Lemma Restrict to d < V/R.

Insert the expansion of Sublemma and use @(dW)/(dW) = (¢(d)/d)(p(W)/W), valid
because (d, W) = 1. This gives

u)2
q;?, A:O((u)) B gpgj/) [(log R) S — S — 253} + O(cp%V/V) log log W),
(u,W)=1

where, with all sums over squarefree d coprime to W,

d)?A(dW lod dw d)?B(dW
Sl_zd:md; ) Zu EDAW) 5, 5 HABEW),

and the error term also absorbs the log(2d) contributions of Sublemma (which sum, against
w(d)?p(d)/(d%>o(d)) < d2, to O(1)) and the O(log R/R'/®) terms. By Sublemmam S1=1
once the d-sum is completed, and completing it costs O(Rfl/ 2) by Sublemma m The sums
Sy and 83 are O(1) in absolute value: each is bounded by ((2) >_ 5, (1 + log d)/d?> < 1, again
using |A(M)|,|B(M)| < 1 from Sublemma [6.15] and the corresponding trivial bound for B.
Assembling and absorbing the O(1) and O(R~'/?log R) contributions into o(5 eUv) log log W)
— legitimate since loglogW > 1 for N large — gives the lemma. O

Uses (proof):[6.24] [6.28] [6.27, [6.29] [6.15} [3.32] [6.14] [6.17]

6.6 The two sieve densities

Throughout this subsection (v, V) denotes a sieve datum in the sense of Definition with
parameters A1, As, A3, L, and g, is the derived totally multiplicative function of Definition
We write

Alv;w, z) = Z v(p)logp — log(z/w) 2<w<2)

w<p<z

for the Mertens deviation of a density 7.
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Sublemma 6.31 (g, for the Maynard datum). For the Maynard sieve datum (Deﬁm’tion
and every squarefree r > 1,

pu(r)? B
) = 4 g PWI=1L
0, (r,WW)>1

with g the multiplicative function of Definition [3.6,

Lean:
e PrimeGaps.maynardSieveDatum_gStar_squarefree_coprime
e PrimeGaps.maynardSieveDatum_gStar not_coprime

Uses (statement):
Uses(notation): lg} (index)

Proof. Both sides are totally multiplicative in r, so it suffices to compare them at primes. If
p | W then v4(p) = 0, so g«(p) = 0; total multiplicativity then forces g.(r) = 0 whenever some
prime divisor of r divides W, i.e. whenever (r, W) > 1. If p{ W then ~4(p) = p/(p — 1) and

W) p/p-1 11
PO T /-1 po2 g

For squarefree r coprime to W we have u(r)? = 1, and multiplying the prime-level identities
over the (distinct) primes dividing r gives g.(r) = 1/g(r). O

Uses (proof):

A family of densities (yn)n>1 is called W-tricked if each ~y is multiplicative and non-
negative with vn (1) = 1, if vy (p) = 0 for every prime p | W, and if there is a single constant
¢ > 0, independent of N, with |yn(p) — 1] < ¢/p for every prime p { W. Both 7, and ()
are W-tricked, with ¢ absolute. The next two sublemmas supply the two Mertens-deviation
constants that a sieve datum (Definition requires.

Sublemma 6.32 (Uniform upper Mertens deviation Agz). Let (yn)n>1 be a W-tricked family
with constant ¢. Then there is As > 0, depending only on ¢ and in particular independent of
N, such that for every N with Dy > 2 and all reals 2 < w < z,

A(yv;w, z) < As.

Uses (statement):
Uses(notation): (index)

Proof. Step 1: compare yn with the constant density. For a prime p{ W write vy (p)(logp)/p =
(logp)/p + (vn(p) — 1)(log p)/p; the second term is at most c(logp)/p? in absolute value, and
Ep(log p)/p? converges. For p | W the term vanishes altogether, and p | W holds exactly when
p < Dy. Hence there is £ = E(c) with

’ 3 w(pl))logp - 5 logp‘ < E

w<p<z max(w, Do)<p<z p

for all 2 <w < z.
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Step 2: Mertens’ first theorem. By Lemma [6.7] discarding the proper prime powers as in
the proof of Lemma @ there is an absolute M with }Zpgt(logp)/p —logt| < M for t > 2;
hence .. (logp)/p < log(z/a) +2M for all 2 < a < z.

Step 8. Apply Step 2 with a := max(w, Dy) > w. Since a > w we have log(z/a) < log(z/w),
SO

A(yv;w,z) < E+log(z/a)+2M —log(z/w) < E+2M.

Thus A := E(c) + 2M works, and it does not depend on N, w or z. (The gain over the
two-sided estimate below is that truncating the prime range upward to max(w, Dgy) can only
decrease the sum, so the log Dy discrepancy appears with a favourable sign.) ]

Uses (proof):

Sublemma 6.33 (Lower Mertens deviation L < log Dy). Let (yv)n>1 be a W-tricked family
with constant c. Then there is C' > 0, depending only on ¢, such that for every N with Dy > 2
there exists a real L with

0 < L < ClogDyg and —L < A(yn;w,z) forall2 <w < z.

Uses (statement): [3.29] [3.28] 6.32|
Uses(notation): g (index)

Proof. Retain the notation of the previous proof. Steps 1 and 2 there give, for a = max(w, Dy),
A(ynv;w,z) > —FE +log(z/a) —2M —log(z/w) = —E —2M — logg.
w

Now w < a = max(w, Dy) < wDy (using w > 2 and Dy > 2), so 0 < log(a/w) < log Dy.
Hence A(yn;w,z) > —(logDo + E + 2M). Since Dy > 2 we have log Dy > log2 > 0, so
L :=logDy+ E+2M < Clog Dy with C := 1+ (E 4 2M)/log 2, which depends only on c.
Non-negativity of L is clear. O

Uses (proof):

Sublemma 6.34 (Singular product for v4). There are constants C > 0 and Ny such that, for
every N > Ny with Dg > 2,

p(W) pW) 1
Stu) - S| < ¢S

with & as in Notation M Equivalently, &(vy) = “Dg;,v) (1+0(1/Dy)).

Lean:
e PrimeGaps.singularSeries_maynardSieveDatum_y_asymptotic

Uses (statement): 3.41] [4.29} (3.29} [3.28]

Uses(notation): (index)
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Proof. Split the defining product &(v,) = [],(1 - Y4(p)/p)"1(1 = 1/p) over p | W and p t W.
For p | W one has v4(p) = 0 and the local factor is 1 — 1/p; the product of these over p | W is
©(W)/W. For pt{ W one has v4(p) =p/(p — 1), so

- 470-2) - (-2 -

p p p—1 p plp—2) plp—2)

IN

Every such p exceeds Dy, so the tail product satisfies 1 < Hp>D0(1 + zﬁ)

exp(zp>DO m) < exp(2/Dy), using Y., n" % < 2/t and p(p — 2) > p*/3 for p > 3.
Since e2/Po — 1 < 4/Dqy for Dy > 4, the tail product is 1 4+ O(1/Dy), and multiplying by
w(W)/W gives the claim.

(I

6.7 The convolution defect and the asymptotic for H

Sublemma 6.35 (Size of the convolution defect). Let b be the convolution defect of Defini-
tion . For every prime ptV,

Lean:
e PrimeGaps.SieveDatum.bDefect_bound

Uses (statement):
Uses(notation): (index)

Proof. Fix a prime p 1 V. The structural hypothesis of Definition gives |y(p) — 1| < As/p,
and Lemma gives p — v(p) > A1p. Then

so, using p — 1 > p/2,

Uses (proof):

Definition 6.36 (The normalised defect b). With b as in Definition set

Be) = o) 2 (>

Like b, the function b is multiplicative and supported on squarefree integers coprime to V', and
|b(e)| < |b(e)| because ¢(e)/e € [0,1].

Uses (statement):
Uses(notation): (index)

Sublemma 6.37 (Uniform summability of the defect). There is a function K = K (A, Az) > 0,
depending only on A1 and As, such that for every sieve datum with those parameters

Z b(e)| T(e) Ve < K(A, A3).

e>1
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Uses (statement):
Uses(notation): I}

Proof. The function e — |b(e)|7(e)+/e is non-negative, multiplicative, supported on squarefree
e, and takes the value 1 at e = 1. Hence its sum over all e equals the Euler product H(l +
|b(p)|T(p) \/15), the primes dividing V' contributing the factor 1. For p{ V, Sublemma and

7(p) = 2 give
145 1
1b(P)| 7(p)v/p < e

Since pr*?’/Q converges, log [[(1+-) < > [b(p)|T(p)\/p < (443/41) pr*?’/Q, and expo-
nentiating gives a bound depending only on A; and As. (In particular the sum is finite, so the
Euler factorisation used above is legitimate.) O

Uses (proof):

Sublemma 6.38 (Convolution identity for k). Let h be as in Definition[{.6, and let a : N — R
satisfy a(n) = u(n)?/o(n) for every n. For every squarefree d > 1 with (d,V) = 1,

= > ble)a(d/e).

eld

Lean:
e PrimeGaps.SieveDatum.h _eq_sum_bDefect mul_a

Uses (statement):
Uses(notation): [a(d)} [a(d)} [b(p)] (index)

Proof. For squarefree d, each divisor e | d is squarefree and coprime to d/e, so the right-hand
side is the value at d of the Dirichlet convolution of two multiplicative functions restricted to
squarefree arguments; it therefore factors as Hp| d(b(p) —|—a(p)), each prime going wholly into e or
into d/e. Since (d,V) =1, every p | d satisfies p{ V', so a(p) = 1/(p—1) and b(p) + a(p) = g«(p)
by Deﬁnition Hence the product equals [ ], 9+(p) = g:(d) = w(d)%g.(d) = h(d), using total

multiplicativity of g, and u(d)? = 1. O

Sublemma 6.39 (Convolution form of H). Let H be as in Definition . For every real z,

Hez) = 3 e ZMf)

e>1 0<f<z/e
(fVe)=

the e-sum having only finitely many non-zero terms (those with e < z).

Uses (statement):
Uses(notation): [H(z)} [2(d)] [p(p)} [a(d)} [Am ()] |4 [4 [(a, 0)] [V] (index)
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Proof. First, h is supported on integers coprime to V: this is Lemma [£.7, whose proof is that
for p | V' the structural hypothesis gives v(p) = 0, hence g.(p) = 0, and total multiplicativity of
g« forces h(d) = p(d)?g«(d) = 0 whenever (d,V) > 1. Therefore H(z) = > 0<d<z, (dv)=1 M(d),
and only squarefree d contribute.

Now insert Sublemma [6.38] and exchange the order of the two finite sums, grouping by the

divisor e:
H(z) = > > ble)a(d/e) = > ble) > alf),

0<d<z eld e>1 0<f<z/e
(d,V)=1, d squarefree (f;Ve)=1

where f = d/e: the constraints “d < z, e | d” become “f < z/e”, while “d squarefree, (d,V) = 17
becomes “e squarefree coprime to V" (already enforced by the support of b) together with “f
squarefree, (f,Ve) = 17 (the condition (f,e) = 1 being enforced by u(f)? inside a(f) when
combined with the squarefreeness of d = ef). Terms with e > z have empty inner sum. O

Uses (proof):

Sublemma 6.40 (Euler-product identification of &()). For every sieve datum,

s0) = A S o),

e>1

the series converging absolutely. In particular &(y) > 0.

Uses (statement): [3.41] [6.36] 6.37
Uses(notation): Iy (index)

Proof. Absolute convergence follows from b(e)| < |b(e)] < |b(e)|7(e)y/e and Sublemma m
Since b is multiplicative, supported on squarefree integers coprime to V, the sum factors as

2621 B(e) = prv(1 + l;(p)). For ptV,

1+b(p) = 1+T(9*(p)—1) - }?;1(14—9*(]9)) N (1_119)0_729))_1’

using 1+ g«(p) = 1 +~(p)/(p — v(p)) = (1 — v(p)/p) . These are exactly the local factors of
S(v) (Notation at the primes p { V. At the primes p | V one has y(p) = 0, so the local
factor of &(v) is 1—1/p, and [[,;,(1—1/p) = ¢(V)/V. Multiplying the two contributions gives
the identity. Positivity holds because each local factor is positive and the product converges. [

Uses (proof):

Sublemma 6.41 (Asymptotic for H). There are functions C1 = Cy(A1,As) > 0 and Cy =
Cy(A1, Ag) > 0 such that, for every sieve datum with parameters Ay, Aa, As, L and every real
z>2,

|H(2) — &(v)logz| < C16(v) (L+Ly) + Cor(V)z"/8log(2V2).

Both constants depend on Ay and As only; neither depends on Ao, L, v, V or z.

Lean:
e PrimeGaps.slem_H error_assembly

Uses (statement): [£.28] [3.41], [6.18] [6.39} [6.22], [6.37], [6.40] [6.36]
Uses(notation): b(p)) la(d)), [Am ()l |(a, b)| (index)
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Proof. Throughout, all implied constants depend on Aj, A3 only. Write A(z;m) :=
D 0<f<z, (fm)=1 w(f)?/o(f) for the strict truncation appearing in Sublemma it differs
from A,,(z) of Definition by at most one term u(f)?/¢(f) < z~Y/2, so Sublemma

applies to A with the same error shape.
Preliminaries on b. From [b(e)| < |b(e)| and Sublemmam7

Yol e =001), Y lb(e)et =0(1), Y Ib(e)|(1+]loge) = O(1),

the second and third following from the first by e!/* < 7(e)e!/? and 1 + loge < 37(e)el/2.

Step 1: main range e < \/z. For such e we have z/e > /2 > 2, so Sublemma applies
with m = Ve. Using (e,V) = 1, so that ¢(Ve)/(Ve) = (o(V)/V)(¢(e)/e) and by, = by + Lo,
and b(e)p(e) e = bie),

3 ble) A(z/e; Ve) Z b(e 1ogz—1oge+ev+ze)+0(@§/v)>+R(z),
e<yz e<yz
(E,V)Z]. (67‘/):]_

where the O(¢(V')/V') collects the O(¢(Ve)/(Ve)) errors against >, lb(e)| = O(1), and

3 b(e)O( Ve)lo \/7(2‘/62)) - O(T(V) z_1/2log(2Vz)Z|b(e)\7’(e)el/2),
e<+/z e

(e,V)=1

which is O(T(V)Z_1/2 log(2Vz)) by Sublemma (using 7(Ve) = 7(V)7(e) for (e,V) =1).
Step 2: complete the e-sum. Extend the sum to all e coprime to V. The discarded range
e > y/z is controlled by |log z—log e+{y +£c| < log(22)+ly +log e together with 3 .~ [b(e)| <

2783 |b(e)|e!/* = O(2~'/8) and the same estimate with an extra loge; this gives an error
O(@zflw(log 2z + ly)). Similarly the tail e > /z of the true sum of Sublemma is
O(@z‘l/s log 22), since A(z/e; Ve) < % log(2z) trivially. )

For the completed sum, split log z —log e+ ¢y +£.. By Sublemma |6.40], @ Z(e V)=1 b(e) =
S(7), so the logz and fy parts produce &(y)(log z 4+ ¢y). The remaining part is

) Z b E —loge ’ < 7211) |(1+4loge) = O(ga(VV)>7

(e,V)=1

using 0 < ¢, <loge for e > 1.

Step 3: comparison of ¢(V)/V with &(y). By Sublemma and ), b(e)] = O(1) we
get 6(v) < o(V)/V; conversely, the local factors at p 1 V satisfy log(1 + I;(p)) > —2A3/p? by
Sublemma @7 so [ [ (1+ b(p)) > exp(—2A43 pr—2) > 1 and hence ¢(V)/V < &(v). The
two quantities are therefore comparable, with constants depending on A;, A3 only, and every
O(¢(V)/V) above may be rewritten as O(S()), hence absorbed into O(&(y)(1 + ¢yv)).

Collecting Steps 1-3 and noting z~%/2 < z~1/8 and log(2Vz) > 1 for z > 2, V > 1, the two
error shapes of the statement are obtained. ]

Uses (proof):[6.39] |6.22] |6.37] (6.40] [6.35] [6.21}, [6.18|

6.8 Partial summation

Sublemma 6.42 (Cost of the removed primes). There is a function C = C(As) > 0 such that,
for every sieve datum with parameters A1, Ao, As, L

logp
by = Zp_l < 2L + C(A3).
plV
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Lean:
e PrimeGaps.ellV_le_two_L_add_const

Uses (statement):
Uses(notation): (index)

Proof. Fix z > max{p:p |V} (and z > 2). Since v(p) =0 for p | V,

v(p)logp 10gp )—1) logp
s dellosp _ snloep 5~ O) = Dlosy

2<p<z p p<z p<z
ptV VvV

By the structural hypothesis the second sum is at most A3 ) (logp)/ p? = O4,(1) in absolute
value, the series converging. For the first, Mertens’ first theorem Zpg .(logp)/p =1logz+ O(1)
(Lemma after discarding the proper prime powers) gives

p)l 1
Z Y(p)logp logz — Z o;g)p + O4,(1).

2<p<z p|V

The lower half of the log-sum hypothesis at w = 2 reads Y 5. . 7(p)(logp)/p > log(z/2) —
Subtracting yields ZPW(logp)/p < L+ Ox,(1). Finally p/(p — 1) < 2 for every prime p, so

by <23,y (logp)/p < 2L + Oay(1). O

Lemma 6.43 (Partial summation). There are functions C; = Ci(A1, Az, A3) > 0 and
Cy = Cy(Aq,As) > 0 such that the following holds for every sieve datum with parameters
Ay, As, As, L, every continuously differentiable G : R — R, and every real z > 2:

( 3 u(d)Qg*(d)G(logd) ~ &(v) (logz)/ol G(x) dw‘ < 1 6(7) L e + Cp TV108CVE) (1

Kol log 2 log 2z

where Gmax = supgep 1) (|G ()] + |G (1)]) .-

Lean:
e PrimeGaps.lem_partial_sum

Uses (statement): [4.28] [3.41] [6.41] [6.42]
Uses(notation): [ [z [i(@) 7 Bl 7 [ [} [ [} G} Gt 7} o O X o]

Proof. Write 5(2) := Y4, M(d)G(log d/ log z) with h(d) = p(d)?g.(d).

Step 1: Abel summation. The function H of Definition [£.2§ is the summatory function of
h; taking 1 (t) := G(logt/log z), so that ¢/ (t) = G'(logt/log z)/(tlog z) and 1(z) = G(1), Abel
summation gives the exact identity

* G'(logt/log z)

H(t)dt.
tlog z ®)

S(z) = GO)H(z) — /
1
(The integrand is continuous off the integers and H is a bounded monotone step function on
[1, 2], so the integral exists.)
Step 2: separate main term and error. Write H(t) = &(vy)logt + r(t). For the main term,
substitute x := logt/log z, so dx = dt/(tlog z) and logt = xlog z:

Z (1o 00 2 1
6(’)/)/1 Mlogtdt = 6(7)(10gz)/0 rG'(z)dx

tlog z
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Integration by parts gives fol zG'(z)dz = G(1) — fol G(x)dx, so together with the boundary
contribution G(1)&(v)log z the main terms combine to exactly &(v)(log z) fol G(z) dz. Conse-
quently

‘S(z)—G('y)(logz)/olG‘ < Gmax<]r(z)‘+b;z/j \r(tt)!dt)

using |G(1)| < Gmax and |G'| < Gpax on [0, 1].
Step 3: bound the error functional. By Sublemma [6.41

()] < CL&M)A+0y) + Chr(V)t Plog2Ve)  (2<t<2),

with C7,C% depending on Aj, A3; on [1,2] one has |H(t)| < 1 and &(v)logt < &(v)log2,
so the same shape holds after enlarging the constants. The first piece integrates to

O(&(y)(1 + ¢y)) (since loéz Ji dt/t = 1), and the second to O(7(V)log(2V)/log z), because

I t=9/810g(2Vt) dt = O(log2V) is a convergent integral. The boundary term |r(z)| is domi-
nated by the same two shapes, using z~/8 < 1/log z for z > 2.

Step 4: collapse ¢y to L. By Sublemma 14+ ¢y <14 2L+ C(As). Absorbing the
additive constants (the As-dependence entering through the parameter L supplied by the log-
sum hypothesis) turns &(v)(1+ ¢y ) into C1 (A1, Az, A3)S ()L plus a term of the second shape.
Multiplying through by Gpax gives the stated bound. O

Uses (proof): [6.41} |6.42} |6.18] 4.28|

7 Relating the transformed weight systems

The sieve analysis uses four systems of variables: the profile F', the divisor weights A(dy, ..., dg),

the y-variables y(r1,...,rx) (Definition [4.20)), and, for each m € {1,...,k}, the m-th marginal
variables (™ (r1,...,r1.) (Definition 4.25). The S;(\) analysis is carried out in the y-variables

and the Sém)()\) analysis in the y("™)-variables; both are evaluated in terms of F. This section
relates them: the y-variables of the F-derived sieve weight are evaluated in closed form, and
y™) is expressed in terms of y up to an error of relative size 1/Dj.

Throughout, & > 2 is fixed, A : N¥ — R is a function of finite support, y denotes the y-
transform of A (Definition and y™) the m-th marginal transform (Definition . The
parameters Do, W and R are those of Definitions [3.28] [3.29]and [3.37] and “permissible support”
always means Definition [3.39

7.1 Finiteness of the marginal supremum

Lemma 7.1 (yr(n@( is a finite maximum). Let m € {1,...,k} and let A : N¥ = R be a function

of finite support. Then yr(nTZz( < 00; in fact the supremum is attained as a maximum on a finite

subset of N*.

Lean:
o PrimeGaps.ymMax_finite

Uses (statement):
Uses(notation): |y(m) (ri,..., rk)L |y1(£2(|7 |>\(d1, ... ,dk)L

Proof. Suppose y™)(rq,...,7;) # 0. By Definition the defining d-sum has a nonzero
summand, so there is a tuple d = (dy,...,d;) € supp(A) with r; | d; for every i; in particular
r; < d; for every i. Since A\ has finite support, the integer M := max{d; : d € supp(}\), 1 <
i <k} is well defined and finite, and every r with y(™(r) # 0 lies in the finite set {1,..., M }*.

Hence yﬁn’zﬁ{ = max{|y(™(r)| : r € {1,..., M}*} is a maximum over a finite set, and is finite. [J
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7.2 The y-variables of the F-derived weight

Lemma 7.2 (The transform of the F-derived weight is exactly yo). Let R > 0, let W > 1, and
let F: RF — R be arbitrary. Let yo be the F-derived y-weight of Definition and let \g be
the associated sieve weight of Definition|5.11 Then the y-transform of Ao (Definition is
Yo-

Yng (1o, 7k) = yo(re, ..., 7k) for every (r1,...,r) € NF.

Lean:
e PrimeGaps.lem_y_from_lambda_O

Uses (statement): [5.10] [5.11} {4.20|

;Jses(notation): @, |y(r1, e ,T’k)l, |y>\(7"1, e ,Tk)|, P\(dl, ey dk)|, P\y(dl, e ,dk)l,

|1 index]|

Proof. By Definition the weight Ag is the Mobius transform Ay, of yo (Definition [4.22]).
The round-trip identity Lemma therefore gives
(r) (r) yo(r) if r; is squarefree for every i,
r = r =
Yo Yrag 0 otherwise.
It remains to check that yo(r) = 0 whenever some r; fails to be squarefree. In that case [];r;
is not squarefree, so r does not lie in the permissible support of Definition [3.39} since g is by

construction supported there (Definition [5.10)), yo(r) = 0. Both sides therefore agree at every
r. O

Uses (proof): [5.11] 4.24] |4.22} |3.39

Lemma 7.3 (Piecewise closed form of y for the F-derived sieve weight). Let k > 2, let R > 0,
let W > 1, and let F : R¥ — R be a smooth function with supp F C Ry, (Deﬁm’tz’on. Let A\
be the F-derived sieve weight of Definition and let y be its y-transform (Definition .
Then, for every (r1,...,r;) € NF,

y(r ) {F(fé%, e ll‘z)ggTR’“) if Hle r; is squarefree and gcd(l_[f”:1 Ti, W) =1,
Ly---yTk) =

0 otherwise.

Lean:
e PrimeGaps.y_from_lambda

Uses (statement): [5.11] [4.20} [3.37} [3.29|
Uses(notation): [f} [R] fy(re,...,76)l [t |(a, b)L [C% (X)) (index)

Proof. By Lemma Yy = yo, and by Definition [5.10

yo(r) = F(ﬁi%, e, ﬁ‘;‘zTR’“) - 1[r lies in the permissible support].
The permissible support consists of the tuples satisfying the three conditions [[,7; < R,
ged(I[; 7, W) = 1, and []; r; squarefree (Definition [3.39). Two of these are exactly the condi-
tions in the assertion, so it suffices to prove that the truncation condition is automatic: precisely,
that

F(ll‘;i%, A a%ggrR’“) #0 and [[,r; squarefree = [L;m <R.
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Assume the left-hand side and write z; := logr;/log R. Squarefreeness of [[, r; forces r; > 1
for every i, so logr; > 0. Since F' is nonzero at x = (z1,...,2) and supp F' C Ry, we have
X € Ry, i.e. x; > 0 for every ¢ and ), x; < 1.

If log R > 0, then ), x; <1 reads ), logr; <log R, that is, log([[,7:) < log R; exponenti-
ating gives [[, r; < R, as required.

If instead log R < 0 (that is, 0 < R < 1), then each x; = logr;/log R is a quotient of a
non-negative number by a non-positive one, hence z; < 0; combined with x; > 0 this gives
x = 0. But F(0) = 0: since k > 1, the origin is a limit of points outside Rj, (move along a
single coordinate ray into negative values), F' vanishes identically off Ry, and F' is continuous,
so F(0) = 0 by continuity. This contradicts F'(x) # 0, so the case is vacuous. In either case the
implication holds, and the piecewise formula follows. O

Uses (proof):

Definition 7.4 (C'-norm F.y on [0,1]%). For a C! function F : R¥ — R, set
~oF
Foax = s (IF@] + D[ 5-)])-
te[o,l]k< Zz; ot;

The supremum is over the compact unit cube, on which the displayed function is continuous,
so it is finite; it is non-negative because the quantity inside the supremum is non-negative.

Uses(notation): [F}| [Fiyaxh [k [C° (X)) (index)

7.3 Expressing y™ through y

Lemma 7.5 (Substitute the inversion formula for A into y(m)). Let \ have permissible support,
let m € {1,...,k}, and let r € N* satisfy r,, = 1. Then

i b 1 Aly...
Y™ (1, ) = (Eu(ri)g(n)) 3 (iﬂ“g(lgjz) Z y yla )

deNFk z 1 QD(CLZ)
ri|d; Vi, dm=1 d; \az V’L

both sums running over tuples of positive integers.

Lean:
e PrimeGaps.MaynardSubstitute.lem_ym_substitute_y

Uses (statement): [4.25] [4.20} (3.39}
Uses(notation): l m l l @, El, l (re, .. orb " (e, )l (index)

Proof. By Definition

(m) (- rE) = i) g(ri Aldy, - -, di)
Y, m) (ir[lml)g(z)) Y T

rild; Vi, dm=1

a finite sum because A has finite support; moreover every contributing d has [[, d; squarefree
hence positive squarefree coordinates, by Definition [3.39} On such tuples Lemma [4.23] identifies
A with the M&bius transform of its own y-variables (Definition .

k
= ([Twwa) 3 Hopa,

d|al i

73


https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/Sieve/Transforms/YmSubstitute.lean#L872

Dividing by []; »(d;) gives

A(d) b
Hz 1 ¢(d;) <1;[

) Z yal,...7 )’

d; \a Vi ’L 190(04)

and inserting this into the previous display yields the asserted formula. (The hypothesis r,, = 1
is not used in the derivation; it is recorded because (™) vanishes otherwise, by Lemma ) O

Uses (proof): |4.23] |4.22] |4.26]

Lemma 7.6 (Interchange the d- and a-summations). Let A have permissible support, let m €
{1,...,k}, and let r € N¥ satisfy r; > 1 for every i and r,, = 1. Then

(m) - y( a0 yla, ... ax) u(dz)dz
- ) £ 5 e

aENk z 190( ) de Nk
rila; Vi ri|dila; Vi, dm—l

Lean:
o PrimeGaps.lem_ym_swap

Uses (statement): 4.25| (4.20}] |3.39}
Uses(notation): l l ., @, El, l (re, .., mb ™ (1, ) (index)

Proof. The iterated sum of Lemma is supported on the set of pairs (d,a) with r; | d; | a;
for every i and d,,, = 1: the outer summation imposes r; | d; and d,, = 1, and the inner
one imposes d; | a;, which together force r; | a;. Both summations are finite, since y has finite
support (Deﬁnition and, for fixed a, only the finitely many divisor tuples d of a contribute.
We may therefore interchange the order of summation: grouping first by a, the inner d-sum
runs over {d : ;| d; | a; Vi, dp, = 1}. Multiplying by the outer prefactor [, p(7;)g(r;), which
depends only on r, gives the asserted identity. O

Uses (proof):

Lemma 7.7 (Evaluation of the inner divisor sum). Let a be a positive squarefree integer and
let v be a positive divisor of a. Then

pd)d — pla)r
IO
r|ld

Lean:
e PrimeGaps.lem_ym eval _d_sum

Uses (statement):
Uses(notation):
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Proof. Write a = re with e := a/r. Since a is squarefree, so are r and e, and (r,e) = 1.
Every d with r | d | a is uniquely of the form d = rf with f | e, and then (r, f) = 1, so
by multiplicativity of © and of ¢ on coprime products, u(d) = p(r)u(f) and ¢(d) = (r)e(f).

Substituting, ( (r) (f)f
p(d)yd — p(r)r H
dZa: o(d)  o(r) %e: e(f)

rld

The summand f — u(f)f/e(f) is multiplicative, so for squarefree e the divisor sum factors
over the prime divisors of e:

) f u(p)py T - e T G ) 110D
%:‘ o(f) H<1+ w(p)> - H<1 p—l) B Hp—l - ILe-1) ’

ple ple ple wle)

using p(e) = (—1)“() and ¢(e) = [1,c(p — 1) for squarefree e. Combining the two displays,

pdyd _ p(r)ple)r _ pla)r
;: ¢(d) o(r) p(e) o(a)
rld

the last step again by multiplicativity of 1 and ¢ on the coprime product a = re. O

Lemma 7.8 (y(m) in terms of y, intermediate form). Let A\ have permissible support, let m €
{1,...,k}, and let r € N* satisfy r; > 1 for every i and r,,, = 1. Then

k
(m) ( ) = ) alr y(ai, .. ar) yp #ai) 7
/(e = ([Tt 9tr0) 2 e H o

rila; Vi

Lean:
e PrimeGaps.lem_ym_intermediate

Uses (statement): [4.25] [4.20} 3.39}
Uses(notation): @ @, W(re, ..o " ()l (index)

Proof. Start from Lemma [7.6] and evaluate, for each fixed a, the inner sum

k
a) = 3 p(ds) di
=) = 3 }_[1 e(di)

rildila; Vi, dm=1

It suffices to treat those a with y(a) # 0; by Lemma such an a has []; a; squarefree, so
every a; is positive and squarefree. The constraints on d are coordinatewise, so 3(a) factors as a
product over i. The m-th factor is 1: the constraint d,, = 1 leaves the single term (1)-1/¢(1) =
1, and ry, = 1 is compatible with it. For i # m the i-th factor is 3,4, #(di)di/¢(d;), which
equals u(a;)r;/p(a;) by Lemma applied with a = a; and r = r; (legitimate since a; is
squarefree and r; | a;). Hence ¥(a) = [], ., n(ai)ri/¢(a;), and substituting this into Lemma
gives the assertion. L

Uses (proof):
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7.4 The diagonal decomposition of y™
Definition 7.9 (The y(™-summand T, ). Let m € {1,...,k} and r € N*¥. For a € N¥ set

k
ylai,...,a wla;) r;
= ([Tntra)gra)) - L1 ; 3
i=1 Hz 1(a i#m i)
with the convention that the whole expression is read as 0 when some a; = 0.

Uses (statement):
Uses(notation): lql (index)

Definition 7.10 (The free-coordinate marginal Y (™). Let m € {1,...,k} and r € N*. Set

T1yeeeyTm—1,Qa, T 1y--+5Tk
Y(m)(rl,...,rk) = Zy( : = 1( ) et )
a>1 pla

)

the sum running over the single free coordinate in the m-th slot. Only finitely many terms are
nonzero, because y has finite support.

Uses (statement):
Uses(notation): (index)

Lemma 7.11 (Diagonal and off-diagonal decomposition of y(m)). Let \ have permissible sup-
port, let m € {1,...,k}, and let v € N* be such that every r; is positive and squarefree and
rm = 1. Then

i) T m E
y(m)(rlj‘”?rk) = ( g(('r))2 ) Y( )(7"1,...77”].;;) + Tm,r(a).
i#m P aeNF: r;la; Vi
Jj#Fm, aj#r;

Uses (statement): [4.25] 7.10}, |3.39}
Uses(notation): l l l @, l (re, ..o "™ (e, )l (index)

Proof. By Lemma [7.8| and Definition

> Tr(a)

a
rila; Vi

the sum being finite because y has finite support and 7}, vanishes wherever y does. Split
the index set {a : r; | a; Vi} into the diagonal part D := {a : r; | a; Vi, a; = r; Vi # m}
and its complement, the off-diagonal part O := {a : r; | a; Vi, 3j # m, a; # r;}. These are
disjoint with union the whole index set, so the sum splits accordingly, and the second piece is
the displayed off-diagonal sum.

It remains to evaluate the diagonal piece. Since r,,, = 1 divides every integer, the tuples in
D are exactly those obtained from r by replacing the m-th coordinate by an arbitrary a > 0,
and distinct a give distinct tuples. For such a tuple, using ¢(a;) = ¢(r;) and p(a;) = p(r;) for

1 #m,
a = T T | | T ri . y(a) . /’[/(rl) r'i
frrte) <M( ol m)i;émﬂ( 26 l)> @(a) [T;2m (i) ZI;ﬁIm o(ry)
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The factor p(rm)g(rm) equals 1 because r,, = 1, and u(r;)? = 1 for each i # m because 7; is
squarefree. Collecting the i # m factors,

g(ri)riy y(@)
el = (I1505%) Gty

Summing over ¢ > 1 — the term a = 0 contributes 0 by the convention of Definition —
and recognising Definition gives the diagonal contribution ([], 2m 9(ri)ri/ o(r)?) Y(M(r),
as asserted. O

Uses (proof):

Lemma 7.12 (Approximation of the diagonal prefactor). There is a constant C = C(k) > 0
with the following property. Let Do > 2 be real and let v € NF be such that every r; is positive
and squarefree and every prime factor of every r; exceeds Dy. Then

k
g(r) ri C
[[1 o(ri)? = Do’

Lean:
e PrimeGaps.lem_ym prefactor

Uses (statement):
Uses(notation): lgl, (index)

Proof. Fix 4. Since r; is squarefree, both g and ¢ factor over the distinct prime divisors of r;,

and
glrri _ y1@—2)p 1
o(ri)? 11 (p—12 H<1_ (p—l)Q)’

plri

because (p —2)p = (p — 1)? — 1. Hence

5 g(n) s 1
(] (]
= (1—xj), Tii= ,
L oo(ri)? H ’ T —1)?
= J
where p1,ps,... enumerates, with multiplicity, the prime divisors of r1,...,7;. Every such

prime exceeds Dy > 2, so p; > 3 and 0 < z; < 1/4 < 1. For numbers z; € [0,1] one has the
elementary bound ‘H (=) — 1<y ; T, proved by induction on the number of factors: if
P is a partial product then 0 < P <1,s0 |[P(1—2z)—1|<|P—-1|+ Pz <|P—1|+u=z.

It therefore suffices to bound ) jxj. Fora single index 4 the primes p | r; are distinct and
all exceed Dy, and p — 1 > p/2 for every prime p, so

1 1 4 8
— <4y = < < —
Z(p—l)g =42 n? = |Do] T Do’

p|r; n>Do

using the integral comparison ) -, n=2 < f;[o t=2dt = 1/M at the integer M = |Dg], and
[Do| > Do/2 for Dy > 1. Summing over the k coordinates gives . z; < 8k/Dy, so the lemma
holds with C' := 8k. g

Lemma 7.13 (Bound for the free-coordinate marginal). There is a constant C = C(k) > 0
with the following property. Let W > 1 and let R > 1 be real with p < R for every prime p | W.
Let \ have permissible support, with y-variables y. Then, for every m € {1,... k} and every
r € N*,

< ¢ Ymax o(W) (log R + 1).

‘Y(m)(rl,...,TkH W
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Uses (statement): [7.10] [4.27] [3.39] [3.37] [3.29]
Uses(notation): fy(ri, ..., 7%)b Wmaxb (@, D)) lf < gl

Proof. Write r(® for the tuple obtained from r by putting @ in the m-th slot. By Lemma m
y(r(a)) = 0 unless [], rl(a) is squarefree, coprime to W, and at most R; in particular a must lie
in

S = {a € N:a <R, asquarefree, (a, W) =1}.
Hence, by the triangle inequality and |y| < ymax,

1
‘Y(m)(r)} < ymaxz .
= ela)
It remains to bound A := )  _s1/p(a). For squarefree a one has the divisor-sum identity

a/p(a) =34, w(d)?/p(d), so 1/p(a) = a* > dla w(d)?/p(d). Writing @ = de and dropping the
constraints linking d and e (all terms being non-negative),

2
(X L) (%)
d squarefree, (d,W)=1 (e,W)=1

The first factor is bounded by an absolute constant K: extending it to all squarefree d > 1 and
factoring the resulting Euler product gives Hp(l +1/(p(p—1))) < oo. The second factor is the
Mertens-type coprime harmonic sum, which by Lemma is O((e(W)/W)(log R+ 1)) under
the stated hypothesis that every prime factor of W is at most R. Multiplying the two bounds
gives A < C o(W)(log R+ 1)/W for a constant C' = C'(k) > 0, and the lemma follows. O

Uses (proof):

Lemma 7.14 (Off-diagonal contribution: a; # r; for some j # m). There is a constant
C = C(k) > 0 with the following property. Let ¥ € (0,1) and § € (0,9/2). Then there is Ny
such that for every N > Ny, every y of permissible support, every m € {1,...,k}, and every
r € N* with r; > 1 for every i and ry, =1,

Y e < e el

aeNF: rla; Vi
Jj#m, aj#r;

Lean:
e PrimeGaps.MaynardOffDiagonal.offDiagonal_bound

Uses (statement): 14.27] 13.39, [3.29] [3.28] [3.37
Uses(notation): g ly(ri, - 1)) [ymasd [(@, )] [O(g)) 9]

Proof. If k < 1 the off-diagonal index set is empty and there is nothing to prove, so assume
k> 2.

Step 1: a y-free majorant. On the permissible support every coordinate a; is positive, squarefree
and coprime to W, and [[, a; < R. Since |y(a)| < ymax and || < 1, Definition gives, for
every permissible a,

‘Tm,r(a)} < Ymax ‘HM(T@)Q(H) :
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Summing over the off-diagonal set, the whole off-diagonal sum is at most ymax K, where K
denotes the sum of the right-hand majorant (without the factor ymax) over all permissible
off-diagonal a.

Step 2: reduction to one-dimensional sums. Every contributing a has r; | a;; write a; = r;b; with
b; > 1. On the permissible support each a; is squarefree, so (r;,b;) =1 and (a;) = ©(r;)e(b:);
moreover each b; is itself squarefree, coprime to W, and at most R, that is, b; € S, where
S :={n < R: n squarefree, (n,W) = 1}. In these variables the majorant factors as

[T utrogtrs

1 Ti 1 1
Tow U wom L oo

=:TI(r)

Now II(r) < 1: indeed |u| < 1, the m-th coordinate contributes g(1)/¢(1) = 1 since r, = 1,
and for each i # m the squarefreeness of 7; gives g(r;)r; < ¢(r;)?, this being the inequality
Hp\m (1 - (p—1)7%) < 1. Being off-diagonal means a; # r;, i.e. b; # 1, for at least one j # m;
bounding the number of such j by k£ — 1 and summing each coordinate independently,

K < (k—=1)A-T-BF2 A= Z

g en i en s eln
n#l

where A accounts for the free m-th coordinate, T for the distinguished offending coordinate j,
and B for each of the remaining £ — 2 coordinates.

Step 3: the three sums. First, B < Y o u(n)?/p(n)? =: Cp, which is finite by Lemma
and absolute. Second, every n € § with n #£ 1 is squarefree and coprime to W, hence has all of
its prime factors exceeding Dy (Definition ; choosing one such prime factor p and writing
n = pn’ with n’ € § coprime to p, we have p(n) = (p — 1)p(n’), so, over-counting each n at
most once per prime factor,

T < (Z (p_ll)z)B < SO'CBa

p>Do

the bound on the prime sum being the one established in the proof of Lemma Third,
A< Cap(W)(log R+ 1)/W exactly as in the proof of Lemma via Lemma

Step 4: assembly. Combining,

L 1
K< <k_1)CAC§_1.l§().(p(W)(;§R+ )

Since R = NY/279 with ¥/2 — 9§ > 0, we have log R > 1 for all N beyond a threshold Ny
depending only on ¢ and J; for such N, log R+ 1 < 2log R. Multiplying by ymax from Step 1
gives the assertion with C' := 16(k — 1) C4 C]];_l. O

Uses (proof): .21} [7.12] [7.13] [6.20} [6.11]

Lemma 7.15 (y(m) from y). There is a constant C = C(k) > 0 with the following property. Let
Y€ (0,1) and 6 € (0,9/2). Then there is No such that for every N > Ny, every A of permissible
support, every m € {1,...,k}, and everyr € N* with ry, = 1 and every r; squarefree,

¢ Ymax (W) log R
W Dy ‘

’y(m)(rl, N Y(m)(rl, el rk)|
Lean:
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e PrimeGaps.maynard_ym_identity

Uses (statement): [4.25] [7.10] (4.27] 3.39}, [3.29], [3.28] 3.37]
Uses(notation): W(re, . . Wmash W™ (r1, - )l

Proof. Squarefreeness of each r; gives r; > 1, so Lemma applies and, writing ¢(m,r) :=
[Liem 9(ri)ri/ o(ri)?,
y™M) = YM(r) = (c(m,r) - 1) Y™ (@) + > Tya(a)

a: rila; Vi
dj#m, a;#r;

The second term is bounded by Lemma [7.14] applied to the y-variables of A, which have per-
missible support by Lemma this gives C1 ymaxp(W)log R/(W Dy) for all N beyond a
threshold. We bound the first term.

If some r; with j # m is not coprime to W, then every tuple obtained from r by varying
the m-th coordinate has coordinate product not coprime to W, so y vanishes at all of them by
Lemma hence Y (™) (r) = 0 and the first term vanishes.

Otherwise every r; is squarefree and coprime to W, so by Definition [3.29| every prime factor
of every r; exceeds Dy. Applying Lemma to the tuple r — whose m-th factor equals 1, so
that the full product and the product over i # m agree — gives |c¢(m,r) — 1| < Cy/Dy once
Dy > 2, which holds for all large N. Combined with Lemma [7.13]

Cy s Ymax P(W)(log R+ 1)

m Ymax QO(W) lOg R
|(c(m, r)—1) y( )(r)| < D—O i < 2C5C3 WDq ,

using log R+1 < 2log R, valid for all N beyond a threshold depending only on ¢ and §. Adding
the two contributions, and taking Ny to be the largest of the finitely many thresholds used,
gives the claim with C := C7 4+ 2C2(C}. O

Uses (proof): [7.11] [7.14] [7.12] [7.13] [4.21]

7.5 The smooth case

Lemma 7.16 (Substitute smooth y into Lemma [7.15). There is a constant C = C(k) > 0
with the following property. Let 9 € (0,1), 6 € (0,9/2), and let F : R¥ — R be smooth with
supp F' C Ri. Then there is Ny such that for every N > Ng, every A of permissible support
whose y-variables satisfy Ymax < Fmax, every m € {1,...,k}, and every r € Nk with vy = 1
and every r; squarefree,

Frax p(W) log R

}y(m)(rl’,..,rk) — Y(m)(rlj...,’f‘k)‘ < C WDO

Lean:
e MaynardSmoothY.exists_abs_ym _sub_yInverseSum_le

Uses (statement): [7.15] [4.25] [7.10] [4.27] 13.39] [3.29] [3.28] [3.37]
Uses(notation): Wenaxch [y™ (11, ..., 7)) |§| (index)

Proof. Apply Lemma which bounds the left-hand side by C ymaxe(W)log R/(W Dy) for
all N beyond a threshold. For all such N we have log R > 0, and o(W)/W > 0 always, so that
bound is a non-decreasing function of ymax. Replacing ymax by the larger quantity Fi,.x using
the hypothesis ymax < Fmax yields the stated bound with the same constant. O
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Lemma 7.17 (Maximal modulus of the transformed coefficients). Let k > 1, let R > 2,
and let y : N¥ — R be finitely supported with permissible support at level R and modulus W
(Definition . Then the transformed system Ay, of Deﬁm’tz’on satisfies

||)‘y||max < 61+3k||yHmax (logR)k.

Lean:
e PrimeGaps.max_yTolL_le_const mul max_y mul_log_pow

Uses (statement): [4.22] [4.27] (3.39|

Uses(notation): Amaxb [Ymaxb My (d1, - - - di)b (71, ..., )b (index)

Proof. Fix d. Expanding \,(d) and bounding each summand by ||y||max leaves the divisor
sum > T, u(ri)?/(r;) taken over those r with d; | r; and [[,7; < R. Together with the
prefactor [], uu(d;) d; this is exactly the quantity bounded in Lemma taken at modulus W
and at the present d. Each coordinate factor is at most Y, u(r)?/¢(r) < e(1+log R), and
the outer product over the k coordinates contributes at most e3* after absorbing the prefactor
1, n(di)d; against the coprimality constraints. Multiplying the k coordinate bounds and using
1+ 1log R < elog R for R > 2 gives the stated bound. O

Uses (proof):

8 Sieve manipulations: the reduction of S;(\)

For the first moment S1(\), we pass from the coefficients \(dy, ... ,dy) to the y-variables. We
expand the square defining w,, and interchange the order of summation (Lemma ; we eval-
uate the resulting inner count by the Chinese remainder theorem and bound the aggregate
error (Lemmas ; we split 1/[d;, e;] across the two coordinates, detect the residual
cross-coprimality by Mdobius inversion, and restrict the resulting off-diagonal variables (Lem-
mas ; we substitute the inversion formula expressing A in terms of y, and show that
all but the diagonal term s; ; = 1 is negligible (Lemmas ; and finally we insert the F'-
derived weight, drop the last coprimality constraint, and convert the discrete sum to an integral
by partial summation (Lemmas . The final statement, Lemma is the asymptotic

kN (log RV
S1(ho) = @(W)Mi\];(rllgR) I(F) + Ok(

Fihax 9(W)* N (log R)*
WD, )

Throughout, k > 2 is fixed, H = {h1,...,hx} is admissible (Definition , 9 € (0,1)
and § € (0,9/2) are fixed real parameters, R = N?/279 (Definition , Dy = logloglog N
(Definition , W =1I,<p, p (Definition , and v is a valid residue class (Lemma .
No level-of-distribution hypothesis is used in this section: ¥} enters only through the truncation
R, and the arithmetic input is elementary (Mertens sums and partial summation). Bombieri—
Vinogradov is needed only for the second moment.

8.1 Auxiliary objects

Definition 8.1 (The lem modulus ¢(d, e)). Letd = (dy,...,d;) and e = (eq,. .., ex) be k-tuples

of positive integers. Define
k

q(d,e) := W []ldi,eil.

i=1
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Lean:
e PrimeGaps.qgMod

Uses (statement):
Uses(notation): [d] el (index)

Definition 8.2 (The CRT remainder o(d,e)). For k-tuples d, e of positive integers, set

N
o(d,e) := Z 1 - 3 1[W,[d1,e1], ..., [dx, ex] are pairwise coprime].
N<n<2N q(d,e)
n=vo (mod W)
[di,ei]|n+hi Vi

Uses (statement):
Uses(notation): [dl el (index)

Notation 8.3 (Restricted sum Z* over the s;;). Fix positive integers ui,...,u;. For a
function f of the variables (s;;)i<izj<k We write
Y f(sigliz) = > F(sig)izi),

51,2505k, k—1 sij>1, 1<i#j<k

(%1), (x2), (+3), (*4)

where the four restrictions are

(¥1) (80, ui) =1 for all i # j,
(*2) (83,5, uj) =1 for all i # 7,
(*3) (Sij, Sia) =1 for all a ¢ {i,j},
(*x4) (sij, spj) = for all b ¢ {i,5}.

Lean:
o PrimeGaps.LemS1RestrictSij.SigmaRestr

Uses(notation): [k} |(a, b) ZI (index)

Definition 8.4 (The exponent tuple a). Given positive integers ui,...,u, and (s;;)1<izj<k,
set

a; = ’U,jHSjﬂ' (1§]§k), a = (al,...,ak).
i)
Lean:
e PrimeGaps.boldA

Uses(notation): [ [a (index)
Definition 8.5 (The exponent tuple b). With the same data, set

bj = ui[[si; (A<ji<k),  bi=(b,...,b).
i#j
Note the transposition of the indices of s relative to Definition in a; the first index of s is
fixed to j, in b; the second.

Lean:
e PrimeGaps.boldB

Uses (statement):
Uses(notation): [i [b] (index)
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8.2 Expansion and the Chinese remainder theorem

Lemma 8.6 (Expansion of S1()\)). Let A : N¥ — R have finite support. Then

S1(d) = YD Ad) Ae) > 1.
d e

N<n<2N
n=vg (mod W)
[di,ei]ln+h; Vi

Lean:
e PrimeGaps.lem_S1_expansion_S1_expansion

Uses (statement): [4.14] [4.12] [3.29] [4.11} (3.35|
Uses(notation): [S1( M)} A(d1, - . ., di)} ool [la, O]} dl =gl €] (index)

Proof. We perform three rearrangements.
Step 1: expand the square. By Definition

w= (X M) = X X Ad)Ae).

di|n+hi Vi d¢|n+hi Vi ei|n+hi Vi

the second equality being the distributive law for the product of two finite sums (both inner
sums are over divisors of the fixed positive integers n + h;, hence finite).

Step 2: substitute into S1. By Definition

Si) = > > > Ad)Ae).

N<n<2N di|n+hi Vi e,‘|n+hi Vi
n=vg (mod W)

Step 3: interchange. All three sums are finite: the outer one is over a finite arithmetic progres-
sion in (IV,2N], and the inner ones are supported in the finite support of A. Interchanging, and
merging the two divisibilities d; | n + h; and e; | n + h; into the single condition [d;, e;] | n + h;,
gives the assertion. O

Lemma 8.7 (CRT evaluation of the inner count). Let A have R-permissible support (Defi-
nition , let vy be a wvalid residue class, and let d,e be k-tuples of positive integers with
A(d) # 0 and M(e) # 0. If N is large enough that |h; — hj| < Dy for all i # j, then

N
— +0Q1) if W,[d1,e1],...,[dk,ex] are pairwise coprime,

> 1 = {q(de)

N<n<2N 0 otherwise,
n=vg (mod W)
[di,ei]lln+h; Vi

with an absolute implied constant.

Lean:
e PrimeGaps.lem_S1_CRT

Uses (statement): [3.39] [3.29] [3.28] [3.34] [4.11] [3.35)

Uses(notation): A(dy, ..., dg) ol [la, bl d] [e] [¢(d, e)| [(a, b]index)]
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Proof. Write q := ¢(d, e). The summation imposes the system of congruences n = vy (mod W)
and n = —h; (mod [d;,e;]) fori=1,... k.

Coprime case. If the k + 1 moduli W, [dy,e1],...,[dk, er] are pairwise coprime, the Chinese
remainder theorem gives a unique solution modulo their product, which is exactly ¢q. The
interval (N, 2N] has length N, so it contains N/q+O(1) integers in a fixed residue class modulo
q; the error is at most 1 in absolute value.

Non-coprime case. Suppose the moduli are not pairwise coprime, so some prime p divides two
of them. If p | W and p | [d;, ;] for some i, then p < Dy by Definition [3.29 while [d;, e;] divides
[1, deee, which is coprime to W by R-permissibility of the support (Definition ; this is a
contradiction, so this case does not occur. Otherwise p | [d;, e;] and p | [d;, e;] for some @ # j.
Any n counted by the sum satisfies p | n 4+ h; and p | n + h;, hence p | hy — hj. As p{ W we
have p > Dy, whereas 0 < |h; — h;| < Dg for N large; so h; — h; is a nonzero integer of absolute
value smaller than p, and p | h; — h; is impossible. The set of counted n is therefore empty and
the sum is 0. O

Lemma 8.8 (Aggregate CRT lookup error). Let 6 € (0,9/2) and let A\ have R-permissible
support. Then, for all sufficiently large N, with o as in Definition [8.3,

(sz(d) Ae) @(dve)‘ < M DD lold,e)| < Ao R? (log R)* <, yhay B2 (log R)*,
d e d e

the sums being over the (finite) support of \.

Lean:
e PrimeGaps.gpy-aggregate_remainder_bound

Uses (statement): [3.39] [3.37] [4.20] [4.27] [4.11]
Uses(notation): A(di, ..., dk) @ lla, 0]l If < gl @, m |§|, [Ymaxh Amax] [(index)|

Proof. The first inequality is the triangle inequality together with [A(d)A(e)] < A2

max-*

Step 1: each remainder is bounded. By Lemma for every pair (d,e) in the support of A
we have |o(d,e)| < C, for an absolute constant Cy: in the pairwise coprime case g is the O(1)
discrepancy of the count, and in the remaining case both terms defining o vanish.

Step 2: count the tuples in the support. By R-permissibility every d in the support satisfies
d; > 1 for all ¢ and [[, d; < R. The number of such tuples is at most

#{deNk:HdigR} < LRJ ( 3 %)k < R(log R)".

1<a<|R]

The middle bound holds because on the counting set one has 1 < R[], d; ! so the cardinality
is at most R 4[], d; " with each d; running over [1, | R]], and this factorises into & harmonic
sums; the last step uses > . 1/a <1+ logx.

a<x
Step 3: assemble. Squaring Step 2 bounds the number of pairs by < R?(log R)?*; multiplying
by C’Q)\Q gives the second inequality.

max

Step 4: pass from Apmax 10 Ymax. By Lemma Amax <k Ymax(log R)F, so A2 <
y2..«(log R)?#; substituting gives the last bound. O

Uses (proof):
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Lemma 8.9 (Negligibility of the CRT lookup error). Let ¢ € (0,1), 6 € (0,9/2) and Y > 0.
Then, for all sufficiently large N,

Y2 R (log RY* <, L w(VWV;)k’ill\flgtog BY,
Lean:
e PrimeGaps.crt_error negligible
Uses (statement): [3.37 [3.28] [3.29]
Uses(notation): Rl o]

Proof. Both sides carry the factor Y2 > 0, so we may divide it out.

Step 1: polynomial saving. By Definition R? = N2 and 9 —26 < ¥ < 1. Put
n:=1—(9—28) >0,s0 R? = N'"" and, using log R < log N,

R?(log R)* < N'7(log N)**.

Step 2: the W -factor is harmless. By Lemma W < (loglog N)? < log N for large N, so
WHH < (log N)2k+2; combined with (W) > 1 this gives o(W)*(log N)26+2/WWhk+l > 1.,

Step 3: combine. Multiplying the bound of Step 1 by the quantity of Step 2,

k k
RQ(].Og R)4k S Nl*?} (log N)6k+2 QO(W) - N SO(W)

— 6k+2
TR e V(g NP

Since log R = (9/2 — §)log N and Dy = logloglog N, the target factor (log R)*/Dq is >},
(log N)*/logloglog N, whereas N~"(log N)%+2 — 0 as N — oo because 1 > 0 dominates any
fixed power of log N. Hence N~"(log N)%**2 < (log R)* /Dy for large N, which is the claim. [

Uses (proof):

Lemma 8.10 (Main term of S1(\) after the CRT step). Let k > 2, let H be admissible, let
¥ € (0,1) and § € (0,9/2). Then, for all sufficiently large N, for every A with R-permissible
support and every valid vy,

S1(A) = ‘]"V/Z/W N Ok<yfnaxso(W)’“N(logR)k>’

de lli=1 [ds, ei W+ Dy

/
where Z denotes summation restricted to pairs (d,e) of tuples of positive integers for which

W, [dy1,e1], ..., [dk, ex] are pairwise coprime.

Lean:
e GPYSieveSl.main S1_asymptotic

Uses (statement): [4.14] [3.15] [3.39] [3.37] [3.28] [3.29] [4.20], [4.27] [3.34] [4.11] [3.35]

Uses(notation): [} [f} W/ [S1O} A(dys - . -, di)} [B] [vol [[a, 0]} |4 [F < gl [O(9)} [0} [0} [d],
Ymax )\max Q(d7 e) Z (index)
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Proof. Step 1. By Lemma S1(A) =2_geAM(d)A(e) T'(d, e), where T'(d, e) is the inner count.
Step 2. Admissibility makes hq, ..., hy distinct, so for N large enough |h; — hj| < Dy for all
i # 7, and Lemma [8.7] applies to every pair in the support. By Definition [8.2] this says precisely

N
q(d,e)

Substituting into Step 1 and using N/q(d,e) = (N/W)L[di, el 7,

Z el dm £ 2 )

T(d,e) = 1 [W, [dy,e1],..., [dk, ex] pairwise coprime] + o(d,e).

Step 3. By Lemma the second sum is <y, y2,R?(log R)*.

Step 4. By Lemma applied with Y = ypax, this is <z y2..0(W)*N(log R)¥/(W*+1Dy),
which is the stated error term. O

Uses (proof): 8 7 B B9 B2 £

8.3 Decoupling the lcm and the Mdobius inversion

Lemma 8.11 (Removing the automatic constraints). Let A : N¥ — R be such that \(t) # 0
implies that every t; is positive, [ [, t; is squarefree, and ([[; t;, W) = 1. Then, for every function
f of pairs of tuples,

MDA f(de) = D Ad)AE) f(de),
d,e

d,e
(dises)=1 Vij

/
where Z is the restricted summation of Lemma|8.10,

Lean:
e PrimeGaps.lem_S1 remove_automatic

Uses (statement): [8.10] (3.39} (3.29} [4.11

Uses(notation): [k} (\(dy, ..., dk), |(a,b) |, b], @ |§|, ZI (index)

Proof. 1t suffices to show that, on the support of A(d)A(e), the pairwise coprimality of
W, [d1,e1], ..., [di, ex] is equivalent to (d;,e;) = 1 for all i # j; both sides then have the same
summands.

Step 1: the intra-coprimalities are automatic. If A\(d) # 0 then [, d; is squarefree. If a prime p
divided both d; and d; with i # j, then p? | [, ds, a contradiction. Hence (d;,d;) =1 for i # j,
and likewise (e;,e;) = 1 for i # j.

Step 2: coprimality to W is automatic. From ([[,d;,W) = 1 and (], e;, W) = 1, and since
[d;, e;] divides [, deeg, we get ([d;, e;], W) =1 for every i.

Step 3: the residual condition. Pairwise coprimality of the k& + 1 moduli unwinds into
([di, ), W) =1 for all i (Step 2) together with ([d;,e;], [d;,e;]) = 1 for i # j. A prime p
dividing both [d;, €;] and [d}, e;] divides one of d;, e; and one of d;, e;; by Step 1 the possibilities
p | di,dj and p | e;,e; are excluded, leaving p | (d;,ej) or p | (dj,e;). Thus the only non-
automatic constraint is (d;,e;) = 1 for all ¢ # j, and conversely that constraint together with
Steps 1-2 gives the full pairwise coprimality. O
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Lemma 8.12 (Decoupling the outer lem product). Let A : N¥ — R be such that A(t) # 0

implies that every t; is positive and squarefree and that ty1, ..., 1t are pairwise coprime. Then
s MNe sy [Le ) e
- —
d,e Hi:l[di>ei] de UL, Uk =1 1 1 die;
(disej)=1 Vi#j (divej)=1 Vi#j wil(diei) Vi
Lean:

e PrimeGaps.lem_S1_decouple_lcm

Uses (statement):
Uses(notation): [k}, (A(dy,...,dg) [ [, 0]l [A [d] [e], [ul fued

Proof. We may work summand by summand, and we may assume A(d)A(e) # 0, since otherwise
both summands vanish. Then every d; and every e; is positive and squarefree, so Lemma [6.3]

gives, for each 1,
1 1
e T e
[d27 el] dzez u;|(dy,eq)

Taking the product over i = 1,...,k and expanding the product of k finite sums into a single
sum over the tuple (uy,...,ug) with u; | (d;,€;),

1 1
Hf:l [dz’ ei] - Hf:l die; ”LL1,§; H (P ul

ul|(dl,el) Vz

Multiplying by A(d)A(e) and summing over the pairs satisfying the cross-coprimality guard gives
the identity; the guard is a condition on (d,e) alone and is untouched by the manipulation,
since the u-sum is internal to the summand. O

Lemma 8.13 (Mobius inversion of the constraint (d;,e;) = 1). For every finite family of
coefficients X\ and every pair (d,e),

> ( > et ) it d(e(j) = Dtull,

d7e ULy, Uk g
(di,ej):l VZ#] ui‘(divei)
where L 15 the finite sum

k

Yy = Z Z Z (H )(H,u %3 >HZ 1><\1(2

U 51,2555k, k—1 i=1 i#£j
“z|(duez) si,51(dises) (i#7)

Lean:
o PrimeGaps.LemS1RestrictSij.lem_S1 _mobius_coprime

Uses (statement):
Uses(notation): [k \(dy, ... di)l |4 [(a, )] |4 [d] [e] (index)
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Proof. Step 1: factor the indicator. The constraint is a conjunction over the k(k — 1) ordered
pairs (7, j) with ¢ # j, so

1[(diyej) =1Vi#j] = [[1(di,e;) =1].
i

Step 2: detect each factor by Mobius inversion. By Lemma applied at n = (d;, e;),

[(dive;) =1] = > plsij),

si,51(dise;)

and s;; | (di,ej) is the conjunction s;; | d; and s;; | e;. Taking the product over the k(k —
1) pairs turns Step 1 into a single sum over tuples (si,j)i;,gj of positive integers weighted by
Hi;éj 1(siz)-

Step 3: insert and interchange. Insert the expansion of Step 2 into the left-hand side. All sums
are finite: d, e range over the finite support of A, the u; over divisors of (d;, e;) and the s; ; over
divisors of (d;, ;). Interchanging the order of summation and merging the divisibility indicators
into the summation ranges yields exactly Y. O

Uses (proof):

Lemma 8.14 (Pointwise coprimalities of the s; ;). Let A be such that A(t) # 0 implies that every
t; is positive and that ty, ...t are pairwise coprime. Let (d,e,u,(s;;)izj) be a configuration
occurring in Yea1, so that u; | di, u; | e; and s; 5 | d;, sij | ej fori # j, and suppose its summand
is nonzero, i.e. N(d)A(e) # 0. Then the four restrictions (*1)~(x4) of Notation 8.5 hold.

Lean:
o PrimeGaps.LemS1RestrictSij.lem S1_sij_coprimality

Uses (statement): [8.13] 13.39} 4.11

Uses(notation): [i| \(dy, ..., d)} [(a, b)) [d] [e} (index)

Proof. By hypothesis the coordinates of d are pairwise coprime and so are those of e:

(di,dj) =1, (es,e5) =1 (i # j). (%)

Each of the four cases assumes a prime p divides s; ; and one further listed factor, and contradicts

().

(¥1). If p | s;; and p | us, then p | s; 5 | ej and p | w; | €5, so p | (es,e;) with i # j: contradiction.
(¥2). If p| s;; and p | uj, then p|s;; | di and p | u; | dj, so p| (ds,d;): contradiction.

(¥3). If p| s;; and p | 85, with a ¢ {7, 7}, then p | e; and p | eq with j # a: contradiction.
(¥4). If p | s;; and p | s ; with b ¢ {4, j}, then p | d; and p | dp with i # b: contradiction. O

Lemma 8.15 (The restricted and unrestricted s-sums agree). Under the hypothesis of

Lemma |8.14) on A, let Yiestr denote the sum obtained from g by replacing the unrestricted
*

s-summation by the restricted summation g of Notation . Then

Z]restr = Z:full .

Lean:
e PrimeGaps.LemS1RestrictSij.lem Sl restrict_sij
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Uses (statement): [8.13] [8.14] [4.11]

’ @ H > (index)

Proof. The restricted sum is obtained from the unrestricted one by deleting the configurations
that violate at least one of (x1)—(*4). By Lemma every configuration whose summand is
nonzero satisfies all four restrictions; contrapositively, every deleted configuration has summand
0. Deleting terms that vanish does not change the value of a sum, so the two sums are equal. [

Uses(notation): |k} [\(dy,...,dk) |(a,b

~—

8.4 The substitution \ ~~ y

Lemma 8.16 (Substituting y into S1(\)). Let k > 2, let H be admissible, let ¥ € (0,1) and
d € (0,9/2). Then, for all sufficiently large N, for every X\ with R-permissible support and every
valid vy,

N Yamax P(W)F N (log R)*
Sl()‘) = Wzy(/\) + Ok( Wh+1 Do )7

where, with a,b as in Definitions[8.4) and[8.5, X, (\) is the finite sum

)‘) = zu:(ﬁ IL:;(UJZ);) Z* (}_‘[ H Sl’] ) al,...,ak)y(bl,...,bk).

51
81,2555k, k— J

Lean:
o PrimeGaps.lem_S1_substitute_y

Uses (statement): [£.14] [3.15] [3.39] [3.37] [3.28] [3.29] [4.20], [£.27] [3.34 [4.11] [3.35]

Uses(notation): [ [N] [S1() |)\(d1,.. L di)b [Rl [ [(a, D)) [l [ < db [O(g)} [Dol W], [}, [d] [dL [e],
u Y(r15 -5 Th)b [Ymax Z M Si,j (index)

Proof. Step 1: the starting point. By Lemma S1(A) equals (N/W) times the primed sum,
up to the stated error. Applying, in turn, Lemma (legitimate: R-permissibility of the
support gives positivity, squarefreeness of [[,¢; and coprimality to W), Lemma (legiti-
mate: squarefreeness of [[, ¢; gives squarefreeness and pairwise coprimality of the coordinates),
Lemma and Lemma [8.15] we obtain

k
)= X ([Tew) X ([[new) ¥ 552 + 8
u =1 81,2508k k—1 ] ui(liciiei i=1 %ite

si,5|dis €

with E the error term of Lemma [B.10l

Step 2: collapse the d-sum. Fix u and (s; ;) satisfying the restrictions of Notation which
by Lemma is no loss. Then, for each i, the integers u; and {s; j};-; are pairwise coprime,
so the conjunction of w; | d; and s; ; | d; for all j # i is equivalent to the single divisibility a; | d;
(Definition . Hence the inner d-sum is over a; | d; for all i, and by Definition and the
Mobius inversion of Lemma [4.23]

A(d) _ y(ay,...,ax)
zd: [Ldi TT p(as) e(a)

whenever [ [, a; is squarefree, the summand vanishing otherwise. The same argument with b; in
place of a; (using coprimality of u; and {s;;};-;, and Definition [8.5]) collapses the e-sum.
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Step 3: recombine the arithmetic factors. On the support, a; = u; Hj# sij and b; = u; Hj# Sji
are squarefree with pairwise coprime factors, so p and ¢ are multiplicative across them. Col-
lecting the three sources of p(s; ;) — one from p(a;), one from p(b;), and the Mobius weight
inserted in Lemma — and the factors ¢(u;)? against [[; ¢(u;), we obtain, for each i, a
factor pu(u;)?/¢(u;), and for each ordered pair i # j a factor u(s;j)/¢(si ;)% This is exactly the
summand of ¥, (), and Step 1’s error term is unchanged. O

Uses (proof): [8.10} [8.11] [8.12] [8.13] [8.15} [8.14] [1.23] [1.22]

Lemma 8.17 (Contributing s; ; are coprime to W). Let A\ have R-permissible support. If a
configuration (u, (s;;)) contributes to Xy(N), that is if y(ai,...,ax) # 0 and y(b1,...,by) # 0,
then (s; j, W) =1 for every i # j.

Lean:
e PrimeGaps.lem_S1_sij_coprime_to_W

Uses (statement): [8.16] [3.39] [4.20} [3.29]
Uses(notation): |k [A(dy, ..., dy) [(a, b)) (d] b} (index)

Proof. Fix i # j. By Definition y(b1,...,b) # 0 forces the inner sum defining it to
be nonzero, so there is a tuple d with A(d) # 0 and by | dy for every ¢. By Definition
sij | bj | dj. By R-permissibility of the support of A we have ([[,d¢, W) = 1, hence (d;, W) =1
and therefore (s; ;, W) = 1. O

Lemma 8.18 (Dichotomy for the contributing s; ;). Let A have R-permissible support and let
W = Hp<Do If a configuration contributes to X,(X), then for every i # j either s;; =1, or
every prime factor of s; j exceeds Dy; in particular s; j =1 or s; j > Dy.

Lean:
e PrimeGaps.lem_S1_sij_dichotomy

Uses (statement): (8.17] 3.29] (3.28] (3.39|
Uses(notation): [P, (index)

Proof. 1f s; j; = 1 there is nothing to prove, so assume s; ; > 1 and let ¢ be a prime factor of
sij. By Lemma (si,W)=1,50q1W. By Deﬁnition W is the product of all primes
p < Dy, so a prime divides W if and only if it is at most Dy. Hence ¢ > Dy. Since s; ; is then
divisible by a prime exceeding Dy, we get s; ; > Dy. O

Lemma 8.19 (The contribution of s;; > Dg). Let k > 2, ¥ € (0,1), § € (0,9/2). For all
sufficiently large N and every A with R-permissible support, the part of (N/W)Ey(X) supported
on configurations with s; ; > Dg for at least one pair i # j is

2 k k
Ymax P(W)" N (log R)
O ( Wk+1 D, ) '

Lean:
e PrimeGaps.lem_S1_s1ij_DO

Uses (statement): 8.16] |3.39] [3.37] 3.28] [3.29] |4.27|

Usesiotation): [Nl \(dy, -, di)l [BL [ [(a, D)) [A [f < g} [O(g)} [Dol W] [} 0} [y (ri, - - -, re)k
Z|

(mdex)

Ymax} (Uib |Si,5
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Proof. There are k(k — 1) ordered pairs (i,7) with @ # j, so by the union bound it suffices
to bound, for one fixed pair, the contribution of the configurations with s; ; > Dp, and then
multiply by k(k — 1).

Bound |y(a)y(b)| < y2.. and take absolute values in the summand. Every variable is
constrained to be squarefree and coprime to W (Lemma and R-permissibility), and each of
a, b has product at most R on the support of y, so each u, and each s, is at most R. Therefore
the contribution of the fixed pair is at most

i 5 (T M

u<R S<R s>Do 8)
(u,W)=1 (s,WW)= (s,W)=1

By Lemma the first factor is < (¢(W)(log R)/ W)k; the middle factor is O(1) because
D1 1(s)?/p(s)? converges; and the last factor is < l/DO, since p(s) > s/loglog(3s) makes

the tail Y . pu(s)?/¢(s)? comparable to Y, s —2+0(1) « 1/Dy. Multiplying by N/W and
by k(k — 1) gives the assertion. O

Uses (proof):

Lemma 8.20 (The diagonal term s; ; = 1). For every A : N¥ — R of finite support,

k ; ULy .-
L) v = Tt

u 1190 )

the sums being over k-tuples of positive integers. (The left-hand side is the summand of ¥, ()
at si; = 1 for all i # j, since then a = b = u, u(l) = (1) = 1, and the restrictions of
Notatz'on are vacuous.)

Lean:
e PrimeGaps.lem S1_sij_one

Uses (statement):
Uses(notation): [} FL-———-7c} 3 B [ B ) Grie——~ra) ) 6 Y )

Proof. 1t suffices to compare the two summands at a fixed tuple u. If [], u; is squarefree
then each u(u;)*> = 1 and the two summands coincide. If [];u; is not squarefree, then by
Deﬁnition the value y(uq, ..., uy) vanishes — the y-variables are supported on tuples with
squarefree product — so both summands are 0. In either case the summands agree, and hence
so do the sums. O

Lemma 8.21 (Si(A) in terms of y). Let k > 2, let H be admissible, let 9 € (0,1) and § €
(0,9/2). Then, for all sufficiently large N, for every A with R-permissible support and every
valid vy,

Zyul Lo (yilaxw(W)’“N(logR)k)
u z 190( ) Wk+1DO

Lean:
e PrimeGaps.lem_S1_from_y

Uses (statement): [1.14] [3.15] [3.39] [3.37] [3.28] [3.29] [4.20] [4.27] [3.34] [4.11] [3.35]

Uses(notation):|51(/\ A(dy,. .., dy) @lm..@@@ (71, ..., 7k)
[
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Proof. By Lemmal[R.16] S1(\) = (N/W) S, (A\)+E; with By < y2,.0(W)EN (log R)* /(WEH1Dy).

Split ¥y (\) according to whether all the s; ; with i # j equal 1. By Lemma on every
contributing configuration each s; ; is either 1 or exceeds Dy; hence the configurations that are
not diagonal are exactly those with s; ; > Dy for at least one pair, and their total contribution
to (N/W)Zy(A) is Ok (v2axe(W)FN(log R)* /(W1 Dy)) by Lemma

The diagonal part is (N/W) times the left-hand side of Lemma which that lemma
identifies with (N/W) >, y(u)?/[1; ¢(wi). Adding the two error contributions gives the asser-
tion. U

Uses (proof): [8.16] [8.18] |8.19] |8.20|

8.5 The smooth case

Lemma 8.22 (Substituting the smooth y). Let k > 2, let H be admissible, let ¥ € (0,1) and
§ € (0,9/2), and let F : R¥ — R be smooth with support contained in Ry (Definition . Let
Ao be the F-derived sieve weight of Definition|5.11] Then there is a constant C > 0, depending
only on k, ¥ and §, such that for all sufficiently large N and every valid vy,

Si00) — Y ! F(logu1 logukﬂ < ¢ Fmax @(W)* N (log R)f
IT; ui squarefree
(Hz ui,W):l
Lean:
e PrimeGaps.lem_S1_substitute_smooth_y

Uses (statement): 4.20] [4.27] B.37} [3.28] 3.29] [3.35]

Uses(notation): [i l IV 15100} [ 5 (a2} [ (Do} (7 (e 94 8 o B )
[Finaxh [Ao(dy, - . ., di)l

Proof. Apply Lemma to A = Ag, which has R-permissible support by Definition By
Lemma the associated y-variables are given in closed form:

F(lf(’)gglg,..., lﬁ)gg%) if T]; w; is squarefree and ([, u;, W) =1,

0 otherwise.

y(u, ..., up) = {

Substituting this into the main term of Lemma restricts the u-sum to tuples with [, u;
squarefree and coprime to W and replaces y(u)? by F(logui/log R, ...)?, which is the displayed
main term.

For the error term, the same closed form gives ymax = supy [y(u)| < supp yjx [F| < Fiax:
indeed the support condition on F forces F' to vanish unless logu;/log R € [0, 1] for every i, and
Frax > Supjg, 1)k |F'| by Definition Replacing ymax by Fiax in the error term of Lemma
gives the stated bound. 0

Uses (proof):

Lemma 8.23 (Dropping the constraint (u;,u;) = 1). Let ¥ € (0,1), § € (0,9/2). There is a
constant C' > 0 depending only on k, 9, § such that for all sufficiently large N and every smooth
F :RF = R supported in Ry,

F(ll(())gué L )2 i M(ul)2 logu 2 Fr%lax @(W)k (log R)k
‘H zu: f Hf(p(uz) _( qu: V<1;Il o(u;) >F<loggRla-..) ‘ < C WF D, .
; Ui squarefree U,y =1V

(IL; us,W)=1
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Lean:
e PrimeGaps.drop_uij_coupling_bound

Uses (statement): 3.37 .28 3.29
Uses(notation): [§, [ [} [4 [0} B [ <4 (D3 [V} R& 0} B} [ P

Proof. Step 1: identify the difference. A tuple u has [[; u; squarefree and coprime to W if and
only if every u; is squarefree and coprime to W and the w; are pairwise coprime. On such tuples
p(u;)? = 1 for every i, so the two summands coincide. The second sum runs over the larger
index set {(u;, W) = 1 Vi}, on which its summand is nonnegative and vanishes unless each u;
is squarefree. Hence the difference is, in absolute value, exactly

(H :U' u@ ) (logul )2
E Tog B ) -
w (u;,W)=1Vi (=1 Ug

Ji#jg: (ul u;)>1

Step 2: a shared prime is large. Fix i # j and suppose a prime p divides both u; and u;. Since
(uj, W)=1and W = HqSDo q, we have p > Dy.

Step 3: bound one pair. Bound F? < F2__: the support of F inside Ry forces uy < R for every
¢ in each nonzero term. For fixed ¢ # j and a fixed prime p > Dy, summing over u;, u; divisible

by p and over the remaining coordinates freely,

fi(ug)? pu(w)?
u<R, (zu,;,vv) 11;[ (ue) ( usk p(u) )
plui, plu; (w,W)=

because for squarefree u; with p | u; one has u(u;)?/@(u;) = (p — 1)~ u(ui/p)?/p(ui/p).

Step 4: sum over p and over pairs. By Lemma Do u< R (u,w)=1 KU 1 p(u) <
p(W)(log R)/W. Moreover . p (p — 1)"2 <« 1/Dy. Summing Step 3 over the primes
p > Dg and over the k(k — 1) ordered pairs (i,j) bounds the quantity of Step 1 by

1 o(W)F(log R)*
F2 S i S St = B
Sk Fmax B Wk

which is the assertion. O

Uses (proof):

Lemma 8.24 (Applying partial summation once per coordinate). Let ¥ € (0,1), § € (0,9/2).
There is a constant C' > 0 depending only on k, ¥, § such that for all sufficiently large N and
every smooth F : RF — R supported in Ry,

‘ Z (k u((m)j)F(lOg“l 10guk)2 _ Mﬂk(ﬂ

wime Nl logR’™ " log R Wk
(us,W)=1 Vi
< C F2 . o(W)F (log Do) (log R)**

ch

Lean:
e PrimeGaps.S1_aggregate
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Uses (statement): 3.37, [3.28] B.29} [3.41]

Uses(notation): i 0 L ) [T} B, (3 00} 03 ) ) 5T o L
[Crnasd, [} [A2] [T} A3 Fnax

Proof. We verify the hypotheses of Lemma for the density i and then iterate it once per
coordinate.

Step 1: the sieve data. Let vy be the multiplicative density with vy (p) = 1[p f W]. Then

yw(p)/p < 1/2 for all p, so the growth hypothesis holds with A4; = 1/2. For the logarithmic
hypothes&s Mertens’ first theorem gives >, . . (logp)/p = log(z/w) + O(1), while the primes
dividing W contribute at most > _p (logp)/p = log Do + O(1); subtracting, the hypothesis
holds with A3 = O(1) and L < log Dy. Finally the structural hypothesis holds with V' = W
(squarefree) and Az = 0, since yw (p) = 0 for p | W and yw(p) = 1 otherwise; the associated
residual error of Lemma is O(7(W)log(2W R)/ log R), negligible because W < (loglog V)2
while log R is a fixed positive multiple of log V.

Step 2: the singular product and the multiplicative weight. By Lemma[6.34] &(yw) = o(W)/W.
The associated totally multiplicative function is g«(p) = Yw(p)/(p — Yw(p)), i-e. g«(p) = 0
for p | W and g.(p) = 1/(p — 1) for p + W. Consequently, for squarefree u coprime to W,
g«(u) = 1/p(u), and p(u)?g.(u) = pu(u)?/o(u) is supported exactly on the squarefree u coprime
to W — the vanishing off the integers coprime to the modulus being Lemma .7 at V = W —
which is precisely the summand appearing in the statement.

Step 3: one coordinate at a time. Take z := R throughout; the support of F' inside R} makes
the summand vanish unless logu;/log R < 1, i.e. u; < R. Fix values zy := loguy/log R for
¢ > 1 and apply Lemma to the smooth proﬁle G1(t) :== F(t,x9,...,2,)% on [0, 1], whose
C'-norm satisfies Gax < F3,, by Definition This yields

1 2 1774 1
Z M UI (fgqgv 2a---7$k) = (pﬁ/v)(logR)/ F(t1,$2,---,l’k)2dt1
u1<R p(u1) 08 0

(u1,W)=1

+ 0(90%) (10g Do) Fiha )

Iterate over the coordinates i = 2,. .., k, at stage ¢ applying Lemma to the profile G;(t) :=
\ﬁo,l]i71 F(ty, ... ti—1,t,@iq1, ... ,."L‘k;)Q dty - --dt;_1, whose C''-norm is again < F?

max*

Step 4: aggregate. After k iterations the main term is

W) log R\F W)k (log R)*
(90<V>V0g) - Fltr,. .. ) dty - dty = 80<>W(kog>1k(p),

using that F is supported in R, C [0,1]* so that the integral over the cube is I, (F) (Defini-
tion |5.6). The total error is the sum over ¢ = 1,...,k of the terms in which the error appears
in the i-th coordinate and the main term in the other k — 1; each such term has size

F2,o(W)k(log Do)(log R)*~1

sO(W)logR>’f—1 p(W) 2
. log Dy) F. =
( W w108 Do) Finax Wk ’
and there are k of them. This is the stated bound. O

Uses (proof): 6.43] |6.34} 13.32|
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Lemma 8.25 (Asymptotic for Si(\g) in the smooth case). Let k > 2, let H be admissible, let
9 € (0,1) and 6 € (0,9/2), and let F : R¥ — R be smooth with support contained in Ry. Let
Ao be the F-derived sieve weight of Definition[5.11) Then there is a constant C' > 0, depending
only on k, ¥ and &, such that for all sufficiently large N and every valid vy,

(W) N (log R)*

2 ¢(W)F N (log R)*
Wk+1 :

F,
S1(M) ~ ()| < ot

Lean:
e PrimeGaps.lem_S1_smooth

Uses (statement): [4.14] [3.15] [5.11] 3.37, [3.28] [3.29] [3.34] [3.35]

notation)= i Fnwd Poldr. . &)} [OT9)]
maex

Proof. Write A := > 1[[]; wi squarefree, ([[; u;, W) = 1] F(logui/log R, ...)?/ L, ¢(u;) for
the sum appearing in Lemma [8.22] B for the sum appearing on the right of Lemma [8.23] and
M = p(W)*(log R)*I},(F)/W¥*. The three preceding lemmas give, for N large,

2 x?(W)EN (log R)*

N F Faxp(W)* (log R)*
S1(Xo) — WA‘ <Ci WHHD, ;

Wk Dq ’

|A— B| < C

F2.0(W)k(log Do) (log R)*~1

1B — M| < Cs

Wk
Since N/W > 0, the triangle inequality gives
N F2_ o(W)*N(log R)* N
S1(No) — =M| < C1—== —(|JA-B|+|B—M
1( 0) W — 1 Wk+1D0 + W(’ ’+‘ D?

and (N/W)M is exactly o(W)*N(log R)*I;,(F)/W**! the asserted main term.

It remains to see that the third error is of the same shape as the first two. Set
K = F2_o(W)*N(logR)*'/Wk+l > 0; then the first two errors are C;K(logR)/Dy
and CoK (log R)/Dy, while the third is C5K log Dy. Since Dy = logloglog N and log R =
(9/2 —0)log N, we have Dglog Dy < log R for all large N, that is log Dy < (log R)/Dy. Hence
the third error is at most C3 K (log R)/Dy, and the total is at most (C1 + Cy 4+ C3) K (log R)/ Dy,
which is the stated bound with C := C7 + Cy + Cs. O

Uses (proof): [8.22] [8.23] [8.24]

9 Sieve manipulations: the reduction of Sém)

For each m € {1,...,k} we carry out the passage from the sieve coefficients A to the smooth

y-variables in the second moment Sém)()\), ending in an asymptotic expressed through the

(

functional ka). The argument parallels the reduction of S7(\) — expand the square, evaluate
the inner sum by the Chinese remainder theorem, decouple the least common multiples, invert
the residual coprimality conditions by Mobius, and substitute the transformed variables — but
two features are new. First, the inner sum now carries the prime indicator xp(n + hy,), so
the Chinese remainder step produces a main term Xy /¢(q) and an error F(N, ¢) rather than
an exact count; controlling the aggregate of those errors over the whole support of A requires
the hypothesis that the primes have a level of distribution 9, and is the only place where
Bombieri-Vinogradov (Theorem |1 is used. Second, the transformed variables are the y(™ of
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Definition whose normalisation is [[; ¢(d;) rather than [, d;; this is the source of the
multiplicative function g of Definition throughout.

Throughout the section k& > 2 is fixed, H = {hq,...,hx} is admissible, m € {1,...,k} is
a distinguished index, Dy = logloglog N, W = Hpé Do P> Vo 18 a residue compatible with H
modulo W, 9 € (0,1/2) is a level of distribution for the primes, § € (0,9/2) and R = NV/?279,
The sieve coefficients A are always assumed to have permissible support (Definition at the
parameters R and W. All implied constants depend only on & and H, never on N, on A, on the
profile F', or on m, unless explicitly stated otherwise.

9.1 Expansion and the Chinese remainder step

Lemma 9.1 (Expansion of Sém)()\)). For every finitely supported X,

STV = YA Y xeln ).
d, N<n<2N
© nE’UO<(mOd W)
[di,ei]In+h; Vi

Lean:
e PrimeGaps.lem_S2m_expansion

Uses (statement): [4.16] [4.12} (3.29|

Uses(notation): @ |§|, IM', Sz(m)(A)l, |;d_| (index)

Proof. This is the same three-step rearrangement that produced the expansion of Si(\)
(Lemma , with the extra factor xp(n + hy,) carried inertly through every step; only the
coordinatewise divisibility identity is used, so the argument applies verbatim to any weight
attached to n.

Step 1: expand the square. By Definition [4.12]

v = (X M) = XY M@Ae)

di|n+hi Vi d¢|n+h¢ Vi ei|n+h¢ Vi

the two inner sums being finite because A has finite support.

Step 2: substitute into Sém). By Definition Sém)()\) is the sum of xp(n + hm) wy over
N < n < 2N with n = vy (mod W); inserting Step 1 gives a triple sum.

Step 3: interchange and merge the divisibilities. All three sums are finite, so the n-summation
may be moved inside. For each fixed i the pair of conditions d; | n + h; and e; | n + h; holds if
and only if [d;, e;] | n + h;. Merging them coordinatewise yields the displayed identity. O

Uses (proof):

Lemma 9.2 (Primality forces d,, = e, = 1). Let x,c be positive integers with 2 < ¢ < z and
¢ | z. Then x is not prime. Consequently, for all N large enough that R < N, the inner sum of
Lemma 9.1 vanishes unless d,, = e,, = 1.

Lean:
e PrimeGaps.lem_S2m_dm_em_one

Uses (statement):
Uses(notation): Rl (index)
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Proof. The first assertion is immediate: ¢ is a divisor of z with ¢ # 1 and ¢ # x, so x has a
non-trivial divisor and is composite.

For the consequence, suppose [dp,,en,] > 1 for a pair (d,e) in the support of A, and let
n contribute to the inner sum, so that [d,,,en] | 7 + hy,. By Definition the support of
A is contained in the tuples with [[.d; < R, whence [dp,, €] < dmemn < R?; more crudely,
[dm,em] < R < N <n+ h,, once N exceeds a threshold depending only on ¢} and ¢. Applying
the first assertion with ¢ = [d,,, €,,] and = n+h,, shows n+h,, is composite, so xp(n+h,,) = 0.
Hence the entire inner sum vanishes. O

Lemma 9.3 (Chinese remainder evaluation of the inner sum). There is a constant C > 0,
depending only on k, H and m, with the following property. Let W > 1, let vy satisfy (vo +
hi, W) =1 for every i, and let d,e be tuples of positive integers such that

(i) dm = em = 1;
(i) W is coprime to [d;, e;] for every i, and the [d;,e;| are pairwise coprime;
(iii) (hpm — hi, [diye5]) = 1 for every i # m.
Put g =q(d,e) = WHle[di, ei]. Then
Y et - 22| < BN,
N<n<2N #la)

n=vo (mod W)
[di,ei]|n+hi Vi

Lean:
e PrimeGaps.lem_S2m_CRT

Uses (statement):
Uses(notation): [(a,b)| [[a, 8]} [d] €]} [¢(d, €)] [Xn] [E(N, )] (index)

Proof. Hypothesis (ii) makes W, [dy,e1], ..., [dk, ex] a pairwise coprime family, so the Chinese
remainder theorem identifies the system of congruences

n=wvy (mod W), n=—h; (mod [d;,e;]) (1<i<k)

with a single congruence n = a (mod ¢), for a residue a determined by the data. The inner sum
is therefore 3y _,<on, n=q (q) XB(n + hun), that is, the number of primes in (N + A, 2N + hyp]
lying in the single residue class a+h,, (mod ¢), up to at most 2hj boundary terms; the boundary
discrepancy is absorbed into the constant C, using E(N,q) > 1.

It remains to see that the class a + h,, is coprime to ¢, so that the class is admissible for
the definition of E(N,q) (Notation [3.26). Let p | g. If p | W then a + hy, = v + by, (mod p),
which is coprime to W by the choice of vg. If p | [d;,e;] for some i, then by (ii) this 7 is
unique; when ¢ = m hypothesis (i) gives [dy,, e;,] = 1, so no such p exists; when i # m we have
a+hy = hy—h; (mod p), which is nonzero modulo p by hypothesis (iii). Hence (a+h,,q) = 1.

By the very definition of E(N, q) as the supremum, over classes coprime to ¢, of the discrep-
ancy between the prime count in that class and Xx/p(q), the inner sum differs from Xy /¢(q)
by at most E(N,q), and the claim follows with a constant absorbing the boundary terms. [
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9.2 The aggregate error term and Bombieri—Vinogradov

Lemma replaces the inner sum by a main term at the cost of one error E (NN, ¢(d, e)) per pair
(d,e). The aggregate of these errors, weighted by |[A(d)A(e)|, is negligible. Three ingredients
combine: the moduli ¢(d, e) are squarefree and lie below R*W, which is a power N 9-26 . po(1)
strictly below N'/2; each modulus is attained by at most 73, pairs; and a level of distribution
¥ controls the sum of E(N,q) over all ¢ < NY. Only the last of these uses anything beyond
elementary arithmetic, and it is exactly Theorem [I}

Sublemma 9.4 (Squarefreeness of the sieve modulus). Let W be squarefree and let (d,e) be a
pair in the support of a weight \ with permissible support at (R, W). Then q(d,e) is squarefree.

Lean:
e PrimeGaps.gMod_squarefree

Uses (statement):
Uses(notation): d] e} [g(d, )] \(d, - - -, d)| (index)

Proof. By Definition the products [[;d; and [, e; are squarefree and coprime to W.

Squarefreeness of [, d; forces each d; to be squarefree and (d;,d;) = 1 for i # j: a prime

dividing two distinct coordinates would divide the product twice. The same holds for the e;.
Fix . Since d; and e; are squarefree, so is [d;, e;] — indeed [d;, e;] = (d;, ;) - @17;0 . wfilez) is

a product of three pairwise coprime squarefree integers. For ¢ # j, a prime dividing both [d;, e;]
and [d;, e;] would divide one of d;,e; and one of dj,ej; each of the four cases contradicts one
of (d;,dj) =1, (es,e5) =1, (di,ej) =1, (es,d;) = 1, the last two being part of the permissible-
support condition. Hence [[,[d;, ;] is a product of pairwise coprime squarefree integers, so is
squarefree.

Finally W is squarefree (it is a product of distinct primes) and coprime to [],[d;, e;], since
every prime factor of the latter divides some d; or e;. A product of two coprime squarefree
integers is squarefree, so ¢(d,e) = W [[,[d;, €;] is squarefree. O

Sublemma 9.5 (Cardinality of the ¢-fibre). Let W > 1 and let r > 1 be a multiple of W. Then
the set of pairs (d,e) with q(d,e) = r has cardinality at most T3y (r/W).

Lean:
e PrimeGaps.phiTuple_injOn
e PrimeGaps.card Pr_le

Uses (statement):
Uses(notation): (d] [e] (index)

Proof. We construct an injection from the fibre into the set of ordered factorisations of r/W
into 3k factors, whose cardinality is 73x(r/W’) by Definition

Given a pair in the fibre, apply the per-coordinate lem decomposition of Sublemma in
each coordinate: it sends the pair (d;,e;) to the triple ((di,ei), d;/(di,e;), ei/(di,ei)), whose
entries are pairwise coprime with product [d;, ¢;], and it is a bijection onto such triples, with
inverse (g, a,b) — (ga, gb). Concatenating the k triples gives an ordered 3k-tuple whose product
is [;[di, ei] = q(d,e)/W =r/W.

The map is injective: from the 3k-tuple one recovers each pair (d;,e;) by the inverse of
Sublemma coordinate by coordinate. Injectivity into a set of cardinality 73 (r/W) gives
the bound. O
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Uses (proof):

Sublemma 9.6 (Multiplicity of a squarefree modulus). Let X\ have permissible support at
(R, W) with W > 1, and let r > 1 be squarefree. Then

1{(d, e) in the support of A: q(d,e) = r}| < 7ai(r).

Lean:
e PrimeGaps.multiplicity_bound

Uses (statement):
Uses(notation): [d [e] [¢(d, e)l \(dy, .-, di) (index)

Proof. If W 1 r the fibre is empty, since W | ¢(d, e) always. Otherwise Sublemmabounds the
fibre by 73 (r/W). Since r is squarefree and W | r, we have r = W - (r/W) with (W,r/W) = 1;
as T3 is multiplicative and takes values > 1 on positive integers, 73x(r) = 73, (W) 131 (r/W) >
T3k (T/W) ]

Uses (proof):

Sublemma 9.7 (Majorisation of the error sum by a sum over moduli). Let k > 2, let 9,6
satisfy 0 < 0 < 9¥/2, and let X have permissible support at level |R| and modulus W. Then
there are a constant C > 0 and a threshold Ny, depending only on k, ¢ and &, such that for all
N > N,

ZI/\(d)A(e)IE(NaQ(d,e)) < CAax Z 3:(q)* E(N, q),
de 1<g<N?

the outer sum being over pairs in the support of \.

Lean:
e PrimeGaps.sieve_error majorization

Uses (statement): 13.39} [3.37], 3.26
Uses(notation): Rl [ [ e, 8]} [d] [l I(d, - - ., di)l Pmaxd [a(d, €)} [E(V, ¢)]  [(index)

Proof. Group the pairs according to the value r = ¢(d,e). By Sublemma every such r is
squarefree, so the grouped sum is supported on squarefree 7, i.e. carries the factor u(r)?. By
Sublemma each value 7 is attained by at most 73;(r) pairs, and |A\(d)A(e)| < A2, through-

out. For the range: on the support of A we have [[,d; < R and [[,e; < R (Definition [3.39),
hence [[;[d;, e;] < [[; die; < R* and r = W [,[ds, e;] < R*W. O

Uses (proof):

Sublemma 9.8 (Divisor-weighted sum of local errors). Let k > 2, let ¥ € (0,1) be a level of
distribution for the primes, and let A > 0. Then there are C > 0 and Ny such that for every

NZNO?
N

2E(N < O +—.
Z T3k(Q) E( ,Q) = C(lOgN)A
1<g<N?
Uses (statement): [3.21] [3.26] [3.27]
Uses(notation): O [f < g [E(N, q)l [Xn] [o(q)] (index)
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Proof. Write E(N,q) = 1+ E(N,q) with € > 0 the genuine discrepancy, and treat the two
pieces separately.

The constant piece. A crude divisor bound suffices: for every a > 0 one has 7,.(n) <;q
n®, proved by comparing, at each prime power p?||n, the polynomial factor (“:fi 1) with the
geometric factor p®®, which dominates it for all p beyond a threshold depending on r and «,
the finitely many remaining primes contributing a bounded factor. Taking « so small that
U(1+2a) <1 gives 3 - no m3r(q)? < NU(+20) — o(N/(log N)*).

The discrepancy piece. By Cauchy—Schwarz,

Z T3k(Q)25(N,q) < (Z T3k q )1/2< Z ©(q )1/2‘

g<N? g<N? #la) q<N?

For the first factor, split each g uniquely as a squarefree integer times a squarefull one: on square-
free ¢ the sum 3° . 731(q)4/0(q) <k z(logz)B®" by a Mertens-type estimate (Lemma
applied with the parameter (3k)*, using 73,(¢q)* = T(3k)2(g) on squarefree arguments, which
is Lemma applied twice), while the squarefull part contributes a convergent factor be-
CauSe D, cquarefull mr(w)?*/(w) < oo. Hence the first factor is < NU+9)/2(log N)B for some
B = B(k). For the second factor, the trivial bound £(N, q¢) < N/y(q) — a residue class modulo
g meets (N,2N] in at most N/q+ 1 integers, and Xy < N — gives ¢(q)E(N,q)/N < 1, so the
second factor is < (Zq< o EN,q)) 12 . Finally the level of distribution v (Deﬁmtlon 3.21)), in
the dyadic form of Lemma bounds >, yo E(N, q) by <ar N/(log N )4 for any prescribed
A >0.

Multiplying the two factors gives < 4 N/(log N)A//z_B; choosing A" > 2A + 2B makes
this < N/(log N)4, and adding the constant piece completes the proof. O

Uses (proof):

Lemma 9.9 (Aggregate error bound). Let k > 2, let A > 0, and let 9 < 1/2 be a level of
distribution for the primes, with 0 < 6 < ¥/2. Then there are C' > 0 and Ny such that for every
N > Ny and every X\ with permissible support at (R, W),

2
ymaXN
< Tar
g IA(d |E’N q(d, e)) < C(logN)A

Lean:
o MaynardS2Error.exists_totalErrorContribution_le

Uses (statement): 7.17,[3.39 [3.37 [3.29], [3.26]

R(Sies()ff;fﬁioi) d feb A, di) Amax,(.ygax)
q , € , 4 maex

Proof. By Sublemma the left-hand side is at most A2, > . peyy #(r) 2735 (r) E(N, 7).

We first check that the range R2W lies inside the range NV covered by the level of distribu-
tion. Indeed R? = N?=20 and W < 2P0 = No() by Lemma so R?W < NV for all N large
enough, 6 > 0 being fixed; the same computation, with the sharper bound of Lemma|3.38], places
R2W below N'/277 for some n > 0, which is what makes Bombieri—Vinogradov applicable at
all.

Bounding j(r)%735(r) < 73x(r)? and applying Sublemma with the exponent A + 2k gives

N
(log N)A-‘r?k '

> () () E(N, 1) <goa
1<r<R2W
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Finally Lemma [7.17] bounds the sieve coefficients in terms of the y-variables, Apax <k
Ymax(log N)F, so A2 < y2..(log N)?*. Multiplying the two displays absorbs the (log NV)2*

max

and leaves C y2,,. N/(log N)A. O

Uses (proof): 7.17, [3.32] [3.38

9.3 Partial summation and the g-weighted Mertens sum

The s; j-estimates of the next subsection and the evaluation of the smooth case both rest on
one arithmetic input: the Mertens-type sum > _p (. uy=1 u(r)2G(logr/log R)/g(r), and its
multi-coordinate version. We record these here.

Two refinements of the one-variable partial-summation estimate of Lemma, are needed.
First, iterating that estimate over several coordinates produces, at each intermediate stage, a
profile obtained by integrating out the coordinates already processed; such a profile is bounded
and Lipschitz, but there is no reason for it to be continuously differentiable, so a version of
partial summation valid for Lipschitz profiles is required. Second, the accumulated error over
k coordinates is acceptable only if the residual of the one-variable estimate is split into a piece
decaying like a power of z and a piece of size O(1/log z); the crude bound O(log(2V'z)/log z)
of Lemma is not enough to produce a log Dy saving at each layer.

Sublemma 9.10 (Partial summation for a Lipschitz profile). There are functions Cy =
C1(A1,A3) > 0 and Cy = Co(A1,Az) > 0 such that the following holds for every sieve da-
tum (vy,V, Ay, Ag, As, L), every real z > 2, every M > 0 and every G : [0,1] — R that is
bounded by M and M -Lipschitz:

|3 n @@ 6(1EY) ~ ewoss) [ af < 2nr6va),

log z
0<d<z g

where L(7,V,z) denotes the real number satisfying

8log(2V) + 64>

L(y,V,z) = 2C16(y) (1 +4y) + Cor(V) (zil/glog(2Vz) + log 2

Uses (statement): 6.18] 16.41] [6.43]
Uses(notation): [3 B [z} I ST B A} 13 23 6 3 7} 6 G OT2]

Proof. For a C' profile the estimate is the Abel-summation argument of Lemma
run without collapsing the two shapes of residual: writing H(t) = Y., u(d)*g.(d)
and H(t) = 6(y )logt + r(t), Abel summation bounds the left-hand side by
Gmax(|7(2)] + (logz)~* [7|r(t)|dt/t), and Sublemma gives |r(t)] < C16(y)(1 +
tyv) 4 Cor (V) t~1/8log(2Vt). Integrating the first shape against dt/t contributes &(v)(1 4 £y );
integrating the second contributes 7(V)log(2V)/logz up to absolute constants, since
[t 981og(2Vt)dt < log(2V) + 1; and the boundary term |r(2)| retains the shape
7(V)z~®log(2Vz). This is the displayed bound with Gyax in place of 2M.

For a merely bounded Lipschitz G, approximate: for each n > 0 there is a C! function G,
on [0,1] with sup |G — G| < n and Cl-norm G, max < 2M, obtained by convolving G with a
smooth bump of width n/M (the Lipschitz bound controls the derivative of the mollification
by M, and the sup-norm by M). Both the discrete sum and the integral change by at most n
times the total mass, which is bounded uniformly in 7; letting 7 — 0 transfers the C'! estimate
to G with the constant 2M in place of G max- ]
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Uses (proof):

Lemma 9.11 (k-fold partial summation against a smooth profile). There are positive functions
C =C(A1,A3), C1 = C1(A1,A3) and Cy = Co(A1, Az) such that the following holds for every
sieve datum (v, V, Ay, Aa, As, L), every n > 1, every real z > 2 and every smooth F : R" — R
supported in R, :

|3 ([ ree. ) (B W8 (eoge)” [ B < Onmte B 21,

e N log 2z log 2z

n

where L(y,V, z) and B are the real numbers satisfying

L(7,V,2) = 20:6(y)(1 + &) + Car(V) (z—l/s log(2V2) + 810%(2‘/)+64)

log 2z
and B =26(y)logz + L(v,V, 2).

Uses (statement):

S(fS(notationﬁ Fiuad [Ril [O(g)l [f < 4l [G] [Ginar]
[(index)|

Proof. For each 0 < ¢ < n, interpolate between the two sides through the n + 1 layered evalua-
tions

B = Y (T a0 () (S(7) log )"

ueNt i</

2
)t i )t 1
X /[O 1]n_£ 1 [ZZS@ lo()ggzi + Z]>£ t] S 1:| F< ?Ogguzl gee ey ﬁ)ggl;l 5 t£+1, oo ,tn) dt

in which the first £ coordinates are summed discretely against the sieve weight and the remain-
ing n — ¢ are integrated, each integrated coordinate paying the factor &(v)logz that partial
summation would have produced. Since F' is supported in R, the indicator may be dropped in
Ey, so Ey = (S(v)log2)" fRn F?; and E, is the discrete sum on the left, the simplex indicator
again being automatic from the support of F.

One layer. Fix £ and a prefix u € N’, and let Gy(s) denote the inner integral of F? with the
first ¢ coordinates frozen at logu;/log z, the (¢+1)-st coordinate frozen at s, and the remaining
ones integrated over [0,1] subject to the simplex constraint. Then |Gy| < F2,. pointwise,
because the integrand is bounded by F2,. on a set of volume at most 1; and Gy, is 2F2,,-
Lipschitz in s, because moving s moves both the integrand (with derivative bounded by 2F2,_,
as 0sF? = 2F0,F) and the simplex constraint (whose symmetric difference has measure at most
|s—s'|, on which the integrand is bounded by F2,.). Applying Sublemma with M = 2F2,
replaces the discrete (£+1)-st sum by &(v)(log z) fol G, at a cost < 4F2_ L(v,V, z) per prefix.
Consequently

——1
Brp = Bl < (8()1og2)"" 7 (30 TLnw)?0.(w)) - 4Pz £03,V; 2),
ueNt i<t
the prefix sum being restricted, by the support of F', to u; < z.

The prefir mass. The prefix sum factorises over the ¢ coordinates, and each single-coordinate
sum Y gy, #(d)?g.(d) is, by Sublemma with G = 1, at most &(v)log z+2L(y,V,2) < B.
Hence the prefix mass is at most B, and since also &(v)log z < B the whole bracket is at most
B,

Telescoping. Summing |Ey 1 — Ey| over 0 < £ < n gives |E, — Eo| < 4nF2_ B" 1L(v,V,2),

which is the claim. O
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Uses (proof):

Lemma 9.12 (The r;-coordinate sum). Let ¥ € (0,1) and 6 € (0,9/2). There are C > 0 and
Ny such that for every N > Ng with Dy > 2 and every G € C*(]0,1]),

| > s k) — S s 6] < (B [ ]+ tog ) ).

Lean:
e PrimeGaps.lem_S2m_g_coord

Uses (statement): [9.10] [4.10} 6.31} [6.34] [3.37 [3.29] [3.32]

Paes notatlin I@llll@llﬂﬂﬂllllll:m(
- maex

Proof. Apply the sharp partial-summation estimate of Sublemma[9.10]at z = R to the Maynard
sieve datum built on the W-tricked density ~y, of Deﬁnition namely the totally multiplicative
function with v4(p) = 0 for p | W and ~4(p) = p/(p — 1) for p{ W. That this is a sieve datum,
with V=W, Ay = 1/2, A3 = 2 and L < log Dy, is Lemma and by Sublemma its
derived multiplicative function is g.(r) = u(r)?/g(r) for r coprime to W and 0 otherwise, so
the sum in the statement is exactly the sum that estimate governs.

By Sublemma S(v) = %(1 + O(1/Dy)).  Substituting, the main term
S(vg)(log R) folG becomes %(log R) fol G together with an error O(Sog,v IOLg)OR}fO G|)

— the first of the two asserted error shapes, and the reason the statement carries fo G rather
than Gpax in that term.

For the residual £(v4, W, R) of Sublemma the term &(v4)(1+ fw) is O(% log Dy),
since lw = 3 _p, 11;>gp = log Dy + O(1); and the term 7(W)(R™Y/%log(2WR) + (log(2W) +
1)/ log R) is negligible in comparison, because W = N°) and T(W)=N °(1) by Lemma
while log R is a fixed positive multiple of log N. Multiplying by Gnax gives the second asserted
error shape O(“Dg‘/,v) (log Do)GmaX). O

Uses (proof):(9.10} 4.10} |6.31}, 6.34} |3.32|

9.4 The main term and the substitution A ~» y(™
Definition 9.13 (The y(™)_bilinear sum). For a finitely supported A and an index m, set

V(N = Z(k ;;((@Z))Z) > (I us ) ™) (2) 5 (b),
u =1 ¢ b

81,2558k, k—1 15£]

where a and b are the exponent tuples a; = u; Hi;ﬁj sj; and bj = u; Hi# si ; of Definitions
and and Z* is the restricted sum of Notation

Uses (statement):

Uses(notation): EI, ) (1, ) H H H Z*, A(di, ..., dg) (index)
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Lemma 9.14 (Main term of Sém)()\) after the Chinese remainder step). Let k > 2, let H have
distinct shifts, and let 9 < 1/2 be a level of distribution for the primes, with 0 < § < ¥/2. For
every A > 0 there are C, Ny > 0 such that for every N > Ny, every compatible vy and every X
with permissible support at (R, W),

pW) 42 Tl e(die)! = (log M)A

dm=em=1

‘Sém) (/\) . XN) Z/ )‘(d) )‘(e) < yrznax N

/
where Z restricts to pairs with W, [dy, e1], ..., [dk, ex] pairwise coprime and, in addition, (hy,—
hi, [di,ei]) =1 for every i # m.

Lean:
e PrimeGaps.So;m CRT_main_term BV_error

Uses (statement): 14.16} 13.39] [3.24] 13.29]

Uses(nota‘fion): |(a, b)L |[a,b]L |)\(d1,...,alk)|7 @ EI, |Sém)()\)L |ymax|7 |XNL
a(d,e) > loG)| (index)

Proof. By Lemma Sém)()\) = Y aeANd)A(e) T (d,e) with T),(d,e) the inner prime-
weighted count.

Step 1: discard the pairs that cannot contribute. By Lemma Tn(d,e) = 0 for N large
unless d,,, = e, = 1. If two of W,[dy,e1],...,[dk,ex] share a prime p, then the congruence
system defining the inner sum is either inconsistent (so 75, = 0) or forces p | (h; — h;) for
some i # j; on the support of A every prime factor of [d;, e;] exceeds Dy, and Dy — oo, so for
N large this cannot happen for distinct shifts. The same argument shows the extra condition
(hm — hi,[d;, e;]) = 1 is automatically satisfied for N large: any common prime would exceed
Dy > max;+j |h; — hj| and divide the nonzero integer h,, — h;. Thus, for N large, the outer sum

/
may be restricted to Z with d,,, = e,;, = 1, without changing its value.

Step 2: evaluate each retained inner sum. For a retained pair, all three hypotheses of Lemma/9.3
hold, so T),,(d,e) = Xn/¢(q(d,e)) + O(E(N,q(d,e))). Since W and the [d;, e;] are pairwise
coprime, multiplicativity of ¢ gives ¢(q(d,e)) = (W) ][, ¢(ds, ei])-

Step 3: split main and error. Substituting Step 2 into Step 1 produces exactly the dis-
played main term, plus an error at most a constant multiple of Zd,e IA(d)A(e)| E(N,q(d,e)).
Lemma (9.9 bounds this by Cy2,.N/(log N)4. O

Uses (proof):

Lemma 9.15 (p-lem decoupling). Let A be supported on tuples whose coordinates are positive,
squarefree and pairwise coprime. Then

©Md)Me) i . / A(d) Ale)
dz,; [T e((di i) ;@19( ) dz [T o(di) ele:)
dm=em=1 u;i|(di,e;) Vi

m=em=1

Lean:
e PrimeGaps.lem_S2m _decouple_phi_lcm
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Uses (statement):

Uses(notation): lg|, @ |§|7 Z/ (index)

Proof. For squarefree d, e, Lemma [6.2] gives the divisor-sum identity

—

a, b) [aa b] A(db s dy;

~

1 1
A~ A 2 O
which is the multiplicative reformulation of ¢([d, €]) ¢((d, e)) = ¢(d)p(e) together with ¢ = g*1
on squarefree arguments. Applying it in each of the k coordinates — legitimate, since the
coordinates of tuples in the support of A are squarefree — and expanding the resulting product
of k finite divisor sums into a single sum over the tuple u = (uy,...,ux) with u; | (d;, e;) gives

k

1 1 k
Z-l_[l@([di,ei]) IR eld)e(er) > l_Ilg(uz).

u =
wi|(di,eq) Vi

Multiplying by A(d)\(e), summing over the restricted set of pairs and interchanging the two

!/
finite summations yields the claim; the restriction Z and the pinning d,, = e,;, = 1 concern
only the outer variables and are untouched. O

Uses (proof):

Lemma 9.16 (Mobius inversion of the cross-coprimality conditions). Let A\ be supported on
tuples whose coordinates are positive, squarefree and pairwise coprime. Then

’ A(d) A(e A(d) \(e
Z (d) A(e) _ Z (H“(SWD Z - (d) A(e)

% .
de Hi:l So(dl) 30(62) 81,2508k k—1 1] d,e Hi:l @(dl) (,0(62)

w;|(d;,e;) Vi u;|(di,ei) Vi

dmiemil si’j\(di,ej) VZ#]

dm=em=1

Lean:
e PrimeGaps.lem_S2m_mobius

Uses (statement):

Uses(notation): ! E|, |E|, Z, (index)

Proof. By Lemma [8.11, which uses only the permissible-support hypothesis, the pairwise-
/

—

avb)7 A(dl: ooy dp

~—

coprimality restriction recorded by Z is, on the support of A, equivalent to the family of
conditions (d;, e;) = 1 over ordered pairs i # j: the conditions involving W and the same-index
conditions hold automatically.

For each such ordered pair, Lemma [3.7| gives the Mébius detection identity 1{(d;, e;) = 1] =
Zsi,ﬂ(di,ej)ﬂ(sid)v and s;; | (d;,ej) is the conjunction of s;; | d; and s;; | ej. Taking the
product of these k(k — 1) identities and interchanging the resulting finite (s; j)-summation with
the (d, e)-summation gives the displayed formula.

Moreover, exactly as in Lemma every tuple (s;;) that contributes a nonzero term
satisfies the coprimality restrictions recorded by Z*: (sij wi) = (sij,uj) =1, (8i,8ia) =1
for a # j and (s;j,sp) = 1 for b # i. Each is a two-line contradiction with (d;,d;) = 1 or
(ei,ej) = 1, both of which follow from squarefreeness of [[, d; and of [[, e;. By Lemma the
restricted and unrestricted s-sums therefore agree. O
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Uses (proof): [8.11] [8.14] [8.15]

Lemma 9.17 (Substitution A(d) ~ y"™)(r)). Let k > 2, let H have distinct shifts, and let
¥ < 1/2 be a level of distribution for the primes, with 0 < § < 9/2. For every A > 0 there
are C, Ng > 0 such that for every N > Ny, every compatible vg and every A with permissible
support at (R, W),

Yimax NV

XN ym()\)‘ < ¢ Ymax ¥

(m)
5N = o (log N)A

Lean:
e PrimeGaps.lem_S2m_substitute_ym

Uses (statement): [9.14] [9.15] [9.16] [9.13] [4.25] [3.6] [3.24] [3.39]

Uses(notation): |;|7 N|, E[UW)L |;|7|7 |§|7 A(dy, ..., dg)l @ H H H Z’ 2*7
S5 ()} 9

|y(m) (7"17 s 7Tk)|7 |ymaX|7 XN (index)

~

Proof. By Lemma[0.14]it suffices to identify the restricted double sum, after the transformations
of Lemmas and with YV, (A); the error is carried unchanged. The identification is the
Sém)—analogue of the substitution performed for S; (Lemma , the difference being that
A(d) is here normalised by [[; ¢(d;) rather than [, d;, so that g replaces ¢ throughout.

Step 1: invert the definition of y™). Definition reads y™(r) =

(H#m w(r)g(ri)) g rilds, dme1 M)/ Tlizm ¢(di).  Mé&bius inversion, coordinate by co-
ordinate, gives on the support of A

D (L) 20 g,
m - <1:[M(dl)> d,%:v-nig(m‘) (dm = 1),

rm=1

the support constraint r,, = 1 coming from Lemma [£.26]

Step 2: collapse the d- and e-sums. On the inner sum of Lemma [9.16] the constraints on d are
w; | d; and s; 5 | d; for j # i; by the coprimality of u; with the s; ; recorded in Lemma these
are equivalent to the single divisibility a; | d; with a; = u; Hj# si; (Definition [8.4)). Inserting
Step 1, swapping the finite d- and r-sums and applying Lemma in the form aslds|ri wu(d;) =
p1(ai)1[r; = a;] collapses the r-sum to the single tuple r = a, leaving ([]; u(a:))y™ (a)/ [1; 9(a:).
The identical computation on the e-side — where the constraints are u; | e; and s;; | €;, with
the two indices of s transposed — leaves ([T, uu(b;))y"™ (b)/I1, g(b;) with b; = wu; [T 85
(Definition [8.5). The pinning d,, = e, = 1 forces u,, = 1 and s,,; = sj,m = 1, hence
am = by, = 1.

Step 3: assemble the coefficient. The tuples a, b have squarefree entries, and y and g are mul-
tiplicative on them, so p(a;) = p(u;) [1;4; u(si;) and g(ai) = g(wi) [1;; 9(si;), and similarly
for b;. Each pu(s; ;) occurs once through si(a;), once through (b;), and once through the inver-
sion factor H#j (s ;) already present; since u? = p1, the net exponent is one. The g-factors

combine as (IT; g(w:)) IT; (g(ai)g(bz-))_1 =TL g(w)™* [z g(sij)~2. The resulting coefficient is
(IT; pe(wi)?/9(wi)) [Tz w(sij)/g(si;)?, which is exactly the summand of Definition O

Uses (proof):[9.14] [9.15] [9.16] [8.16] [4.26] [8.14]
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Lemma 9.18 (Contribution of the terms with some s; ; > Dy). Let ¥ € (0,1) and 6 € (0,9/2).
There are C > 0 and Ny such that for every N > Ny, every \ with permissible support at
(R, W) and every pair of indices i # j, the absolute contribution to %J}m()\) of the terms
with s; ; > Dg is at most

yinax)” P(W)F=2 N (log R)*!

(
¢ W¥k=L Dy log N

Lean:
e PrimeGaps.lem_S2m_sij_DO

Uses (statement): [0.13] [4.27] [3.28] [3.29] [3.37} [3.24

Uses(notation): EI, |(a, b)l, |f < gl, |O(g)L |y(m) (ry,... ,rk)l, |yr(nn;2(7 |XN7
@ |§| (index

Proof. The argument is the g-analogue of Lemma [8.19] with three substitutions: the prefactor
N/W becomes Xy /o(W), the multiplicative weight ¢ becomes g, and the convergent series of
Lemma [6.17] becomes that of Lemma [6.12

Fix the offending pair (i,7). Bound |y (a)y™ (b)| by (yﬁ?;i)% which is finite by
Lemma and factor the remaining sum into independent coordinate sums. There are three
kinds of factor.

(a) The k — 1 free u-coordinates. Since w,, = 1 on the support, the u-sum contributes

(ZugR, (W) =1 u(u)Z/g(u))k_l. The g-analogue of the Mertens estimate of Lemma [6.30[ —
available here as the G = 1 case of Lemma or directly by comparing 1/g(p) with I/¢(p),
whose difference 1/((p — 1)(p — 2)) < p~2 sums to O(1/Dg) over p > Dy — bounds this by
<k p(W)F (log R)* ! /W1,

(b) The distinguished big coordinate. By Lemmas and every contributing s;; # 1
is coprime to W and has all its prime factors > Dy. For squarefree s with least prime factor
> Dy > 9 one has g(p) = p— 2 > p/3, hence 1/g(s)? < I 9/p?, and summing the resulting
multinomial series gives

1 1
< 9/Dg) — 1 —.
> < ewO/D) -1 < o
s>1, p(s)?=1
pls=p>Do

(¢) The remaining k? —k — 1 coordinates s, . Each contributes D1 w(s)?/g(s)? < 1, conver-
gent by Lemma [6.12

Multiplying (a), (b), (¢) by the prefactor and using Xy < N/log N (a consequence of
Theorem (3| or of Chebyshev’s bound) gives the stated estimate. O

Uses (proof):[8.19, [8.17] [8.18] [6.12] [6.11] [6.30] [9.12] [3.14]

Lemma 9.19 (Contribution of the diagonal s;; = 1). For every N, W and every finitely
supported X\, the contribution to % Ym(A) from the single tuple with s; ; =1 for all i # j is

Xy - (4™ (u))?

p(W) u Hf:1 g(uz)

Lean:
e PrimeGaps.lem_S2m_sij_one
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Uses (statement): [9.13] [4.25] [3.6] [4.26] [3.24]

Uses(notation): EI, |y(m) (ry, ... ,rk)l, lXNI, |S§m) ()\)l (index)

Proof. Setting s;; = 1 for all i # j in aj = u; [[;,; s and bj = u; [[,,; si; givesa=b = u,
so the product 3™ (a)y™ (b) becomes (y™ (u))2. The s-coefficient is [Tiy w(1)/g(1)? =1
since g(1) = 1. Finally y™ (u) vanishes unless every wu; is squarefree (Lemma , so on the
support u(u;)? =1 and the u-coefficient [, p(u;)?/g(u;) reduces to 1/ []; g(u;). O

Uses (proof):

Lemma 9.20 (Absorption of the Xy error). Let k > 2, 9 € (0,1) and ¢ € (0,9/2). There are
C > 0 and Ny such that for every N > Ny and every A with permissible support at (R, W),

XN N (y"™ (u))? (yﬁn@)Q e(W)k=2 N (log N)k—2
)<¢(W) (W) logN) zu: I Q(Ui)‘ = ¢ Wk=1 Dy '

Lean:
o PrimeGaps.lem_S2m PNT

Uses (statement): [3] [3.24] [4.25] [4.27] [3.37] [3.28] [3.29]

Uses(notation): @ EI, |(a, b)l, |O(g)L |f < gl, |y(m) (ri,...,7r%) |y1(n";2(

Proof. By Theorem Xy = N/logN + O(N/(log N)?), so the prefactor difference is
O(N/(p(W)(log N)?)).

It remains to bound the diagonal sum. Bounding (y™ (u))? by (yg;z()Q and using u,, = 1
together with the coordinate restrictions u; < R, (u;, W) = 1 and p(u;)? = 1 from Lemma
the sum factorises across the £ — 1 free coordinates:

(M) (1))2 )2\ k-1 I(nrgz( 2 (W) (log R)*—1
zu:(zl/_[ig((uzg < (y&”;i)Q( u;% /;((J)) < (ymax)” #( W)H( g ?) ,

(u,W)=1

the last step being the G = 1 case of Lemma Multiplying the two displays and using
log R < log N gives a bound < (yr(nTgL)QQO(W)k_QN(log N)F=3/Wk=1  which is smaller than
the asserted bound because (log N)*~3 Dy < (log N)*=2 for N large: Dy grows only triple-
logarithmically. O

Uses (proof):

Lemma 9.21 (The second moment in terms of y(m)). Let k > 2, let H have distinct shifts, let
¥ < 1/2 be a level of distribution for the primes and 0 < 6 < 9/2. For every A > 0 there are
C > 0 and Ny such that for every N > Ny, every compatible vy and every A with permissible
support at (R, W),

m 2
S’ém)()\) _ N (y™(x))
(W) log N <~ [T~ g(ry)

(yiaak)® @(W)F~2 N (log N)*2 Yoax N

< .

=C WA Dy T € log N)A
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Lean:
e PrimeGaps.lem_S2m from_ym

Uses (statement): [0.17] [0.18] [0.19] [9.20] [4.16], [4.25] [4.27], [3.6] [3.28] [3.29]

Uses(notatlon) l l @ l . I, |£|, |O |f < g |S§m)()\)|, |y(m) (ri,... 77“I<:)|7 |yr(n”;2(L |ymax,
X3 b LB [inden)

Proof. By Lemma [9.17, Sém)( A) agrees with W) Vim(A) up to Cy2,.. N/(log N)4, which is the
second error term of the claim.

Split the s-summation in Y, () into the diagonal tuple, all s; ; = 1, and its complement. By
Lemma — whose proof uses only that A is supported on tuples d with [[, d; squarefree and
coprime to W, and that s; j | d;, both of which hold here — every contributing s; ; is either 1 or
has all prime factors > Dy; in particular any off-diagonal tuple has some s; ; > Dy. Summing
the bound of Lemma over the k(k — 1) ordered pairs (Lemma shows the off-diagonal

contribution is

(yinar)? (W)= =2 N (log R)*~! - (yinak)? (W)" 2 N (log N)*~2

<k Wk1 Dy log N = Wk1 D, ’

using log R < log N.

The diagonal contribution is evaluated by Lemma |9.19|as = (y™(r)?/ 11, 9(ri), and
Lemma replaces X by N/log N at a cost within the same first error term. Adding the
three contributions gives the claim. O

Uses (proof):[0.17, [8.18] [0.18] [0.19] [9.20] B.14]

9.5 The smooth case

Lemma [9.21| reduces Sém)()\) to the diagonal quadratic form Y _(y(™(r))?/ [Tz g(ri) — the

i = m factor being g(1) = 1 because y(™) is supported on r,, = 1. We now evaluate that form
for the F-derived weight Ag of Definition [5.11

The evaluation does not go through a per-tuple asymptotic for y(™ (r). Up to a negligible
error, ™ (r) equals the inverse sum Y™ (r) of Definition whose defining coprimality
condition carries the large modulus W H#m r;; a per-tuple evaluation would need partial sum-
mation at that modulus, which is not available. Instead we square first and sum second: the
large modulus then appears as a coupling between the k+1 summation coordinates u, u', (r;)izm,
and every such coupling can be dropped at a relative cost O(1/Dy), exactly as in the S; anal-
ysis, because two coordinates coprime to W can only share a prime > Djy. Once the couplings
are dropped, each coordinate is coprime to W alone, and the (k + 1)-fold sum is evaluated
coordinate by coordinate at modulus W.

Definition 9.22 (The decoupled (k 4 1)-fold sum). Let F : [0, l]k — R. For an index m set

2 /
D (F) o Z M(u) :u H :u logpi) . logu logw’
m T cp(u) 90 logR i#m’ logR’ logR )’
w,t, (pi)igtm #m
all squarefree and coprime to W

where @ ((¢;)izm;s,8') == F(...,s,...) F(...,s,...) places s, respectively ', in the m-th slot
of two copies of F' and t; in the others. No coprimality is imposed between the summation
variables.
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Uses (statement):
Uses(notation): lq}

Lemma 9.23 (Reduction of the diagonal form to a second moment of Y). Let k > 2 and let
F: 0, 1]’“ — R be smooth and supported in Ry. There is a constant C > 0, depending only on k,
and a threshold No depending on F, 9,9, such that for every N > Ny, every A\ with permissible
support at (R, W) and ymax < Fax, and every m,

S s e

both sums being over tuples r with v, = 1 and r; > 1 coprime to W for i = m.

(y™(r
Hz;&m g

2 e(W)EH (log R)M
Wk+1 DO ’

C

i#m 9 )

Lean:
e PrimeGaps.lem _S2m_second moment

Uses (statement): [7.10] [7.16] [9.12] [4.25] 4.27] [3.39], [3.37}, [3.29]

Uses(notation): @ |(a, b)L |f < g|, |y(m) (ry,... ,rk)L |ymax|, Fonax
(index))

Proof. By Lemma y™(r) = Y)(r) + §, with a uniform bound |6,] < n :=
¢ Frax o(W)(log R) /(W Dy): the passage from y(™) to the inverse sum costs only the terms
in which the auxiliary tuple differs from r in some coordinate j # m, and those are controlled
by a 1/Dg saving of the same shape as in the S; analysis.

Next, |Y ™) (r)| < Fpax 2 (aW)=1 p(a)?/p(a) < Fpax (W) (log R)/W by the Mertens esti-
mate of Lemma and hence also |y(™ (r)| < Fuaxe(W)(log R)/W. Therefore

(v (x))* =Y (x)? = 2 ") (r)8, + 67 = O (1 Fnaxp(W)(log R)/W).
Summing this against 1/, ,, g(r;) and using

r W) log R\k-1
S5 < I X 4 < (U0

r z;ﬁm i£m r<R
(r,W)=

— the case G = 1 of Lemma — gives the total < 7 Fpax@(W)*(log R)¥/ Wk =
F2, o(W)k1(log )k+1/(Wk+1Do) as clalmed 0

Uses (proof):|7.16} (6.30} 9.12]

Lemma 9.24 (Expanding the square and dropping the couplings). Let k > 2 and let F :
[0,1]* — R be smooth and supported in Ry, and let \g be the associated F-derived weight.
There is a constant C > 0 depending only on k, and a threshold Ny depending on F,9,6, such
that for every N > Ny and every m,

F2. o(W)FETL (log R)*T!

‘Z Hz;ﬁmg i) ~ DulF)] = O Wk+1 D,

Lean:
e PrimeGaps.lem_S2m_expand_drop
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Uses (statement): [7.10} [0.22] [5.11} [7.3] [0.12]
I%S%(notation): (7] [ [(@. D)l [ <} [O(9)} Wmash [Rih Po(di, -, di)} [V}

index

Proof. For the F-derived weight, Lemma [7.3] evaluates the y-variables in closed form, and

Y (™) (r) becomes
Y () = MW o toew Y
) u; p(u) ( et )
(u, Wn;m ri)=1

Step 1: square. The condition (u, W ][], ., r;) = 1 is the conjunction of (u, W) = 1 and
(u,r;) = 1 for i # m. Since each r; is squarefree, 1[(u,r;) = 1] 1[(«/,r;) = 1] = 1[(uwt/, r;) = 1],

SO
2, (112
Y (r)2 = plw) ) T 1l ) =1]) @
2 ety L] e
(uu’,i/V):l

All variables are < R on the support of F', so summing over r and interchanging the finite sums
is legitimate. The result is D, (F) with the couplings (uv',7;) = 1 (i # m) and (r,7r;) = 1
(i # j) still imposed.
Step 2: drop the couplings. All of u,u’, r; are coprime to W, so a prime p shared by two of them
satisfies p > Dy. On squarefree arguments the local weight at such a prime is 1/¢(p) = 1/(p—1)
for the u-coordinates and 1/g(p) = 1/(p — 2) for the r-coordinates, so restoring a forbidden pair
costs a factor at most 1/((p—1)(p—2)) or 1/(p—2)2, and > sy (P~ 2)~2 <« 1/Dy. Exactly as
in Lemma summing over the O(k?) pairs bounds the total cost of removing all couplings
by O(1/Dy) times the fully unrestricted sum with |®| in place of ®.

Step 3: size of the unrestricted sum. Using |®| < F2_., the Mertens estimate of Lemma
for the two u-coordinates and Lemma [9.12] with G = 1 for the k — 1 coordinates r;,

p(u)?p(u’)? fi(r;)? ) ) log Ry
uu(z)#m p(u)p(u’) (171 g(m>‘q” <k Fmax( W ) .

coprime to W

Combining with Step 2 gives the stated error. O

Uses (proof): [8.23] [6.30] [9.12]

Lemma 9.25 (Evaluation of the decoupled (k + 1)-fold sum). Let k > 2. There is a constant
C > 0, depending only on k, such that for every smooth F : [0, l]k — R supported in Ry there
1s a threshold Ny with

QO(W)k—H (log R)k-H
Wk+1

F2. o(W)F1 (log )1

D (F) — Wk+1 Dg

ka)(F) <C

for every N > Ny and every m.

Lean:
e PrimeGaps.lem_S2m_eval

Uses (statement):[9.22] 5.7, [9.11] [9.10} [9.12} [6.31] [6.34} [7.4] [3.37] [3.29)}

Uses(notation): [i] [R] g bl bl 8] (@, o) [0} [F] [P [ [ ()
|Rl(<m)L |GmaX| (index)|
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Proof. Separate the two m-slot coordinates u,u’, whose weight is u?/¢, from the k — 1 outer
coordinates (p;)izm, whose weight is p%/g.

Step 1: the two m-slot coordinates. With the outer coordinates frozen, the wu-
. 2 1 . .
sum is >, p (w,W)=1 %F( . 1352%’ ...), a partial sum for the datum ~w with
S(yw) = @(W)/W; the profile is F with the m-th slot free, whose Cl-norm is at most
Frax. One apphcatlon of Sublemma replaces it by %V)(log R) (m)((ti)#m), where
F(m)( i Z;ﬁm) fo . ... ) dty, is the margmal of F' in the m-th coordinate, with error

O( oW )(log Do)Fmax) the r681dual of Sublemma, is of that size because V. = W = N°()
Whlle log R is a fixed positive multiple of log V. D01n the same for v/ and multiplying, the two
m-slot coordinates contribute the factor ("O(W) log R) and replace the coupling ® by ( (m))
with a relative error O(log Do/ log R) = O(1/Dy).

Step 2: the k — 1 outer coordinates. What remains is the (k — 1)-fold sum

52 (T e a:00) F (825,

(pi)igm FEM

where g, is the derived function of the datum -~,, equal to ©?/g on integers coprime to W
and 0 otherwise by Sublemma The marginal F(™) is smooth and supported in R,(Cm), the
(k — 1)-dimensional simplex, so Lemma applies with n = k — 1, z = R and profile F("™),
giving

( (W)logR>’f 2p(W)

i log Do>,

(&))" [ (FO)? + O(Fh
k

again using V = W = N°D) to reduce the residual L(v4, W, R) to O( (W )log Do) and B to
O(% log R). By Deﬁnitioni le(cm) ) J(m (F).

Step 3: assembly. By Sublemma M S(yy) = oW )(1 + O(1/Dy)), and for fixed k,
(1 + O(1/Dg))*=t = 1+ O(1/Dy). Multiplying Steps 1 and 2 therefore gives the main
term “"(W)k;,glflgR)kH J(m) (F). Since J,gm) (F) < F2,., the deviation of the singular-product
factor from 1 costs O(anxgo(W)kH(logR)k+1/(Wk+1D0)). Each remaining error is a
partial-summation residual at one coordinate multiplied by the leading factors at the other
k, hence of size O(F2,.p(W)*(log Dy)(log R)*/W¥*+1), whose ratio to the main term is
O(log Dy/log R) = O(1/Dy). Collecting the errors gives the claim. O

Uses (proof):9.11}19.10} 6.31} |6.34} [3.32]

Lemma 9.26 (Asymptotic for Sém) at the smooth weight). Let k > 2, let H have distinct
shifts, let F' : |0, 1]’“ — R be smooth and supported in Ry, and let g be the associated F'-derived
weight. Let ¥ < 1/2 be a level of distribution for the primes and 0 < 6 < ¥/2. Then there are
C > 0 and Ny such that for every N > Ny and every compatible vy,

k N (1 k+1 F2 k N (1
¢(W)" N (log R) J(m)(F)‘ < ¢ Finax @(W)" N (log R)
Wh+1 log N k Wk+1 Do

55" (h0) ~
Lean:
e PrimeGaps.lem _S2m_smooth

Uses (statement): [0.21] [9.23] [9.24] [9.25] [5.11] 5.7} [4.16], [7.4] [3.37] [3.29] [3.28} [5.2} [t} [3]

Uses(notation): [t} [V _LI_WLEL'; ol < g ST i)l [y st [F
ok Po(ds, - . ., di)b (7 (F (index)
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Proof. Apply Lemma [9.21] to A\ = )¢ with the exponent A = 2k + 3, and then chain Lem-
mas [9.23 9.24| and |9.25| to evaluate the diagonal form Y (y(™)(r))2/ [1izm 9(ri). The three
chained lemmas each cost O (F2,.o(W)*1(log R)k+1/(W*T1Dy)), so their sum does too, and
the main term is “”(W)k;vl,ﬁﬁgmk“ Jlgm) (F). Multiplying by the prefactor N/(¢(WW)log N) from
Lemma [9:21] gives the asserted main term and an error

O(Fr%axcp(W)’“N (log R)’““) _ 0 (Fr%axso(W)’“N (log R)’“)
Wk+L Do log N N Wk+L Dy ’

using log R < log N.

Two further errors must be absorbed into the same shape. The first error term of
Lemma is (yl(ﬁgz()Zcp(W)k*QN log N)¥=2/(Wk=1Dy); for the F-derived weight yr(n@))( <L,
Frax (W)(log R)/W by Lemma applied to the defining sum of y(™), and logN <
(/2 —6)"'log R, so this term is again O (F2,,(W)*N(log R)*/(W**1Dy)). The second error
term is y2,. N/(log N)* with ymax < Finax; since o(W)*(log R)* /(W1 Dg) > (log N)~(26+3)
for large N — the left side decays only like a power of log N times 1/(WDy), and W = N°()
— the choice A = 2k + 3 absorbs it as well. O

Uses (proof):(9.21}9.23] [9.24} [9.25 [9.12] (3.32]

9.6 The two-weight form and the outer support split

The preceding subsections treat Sém)()\) as a quadratic form in a single weight. Two further

pieces of the reduction are bilinear, and are recorded here in the two-weight form in which they
are proved and used.

The first is that A — Sém)()\) is a quadratic form, so its polarisation is a bilinear prime-
weighted sum to which the Chinese remainder step of Lemma [9.3] applies pair by pair, exactly
as in Lemma but without requiring the two weights to coincide.

The second is a device for controlling the size of the sieve moduli. The aggregate error bound
of Lemma is available only because every modulus ¢(d,e) occurring in the double sum is
below R2W, hence below NY/27": this is what makes Bombieri—Vinogradov applicable across
the whole range. The modulus ¢(d, e) is controlled by the product of the two outer truncations,
one from each weight, not by the individual truncations; so if one weight is truncated more
severely in its outer coordinates, the other may be truncated correspondingly less without
moving the moduli at all. To exploit this one needs to split a weight into a part supported
below a prescribed outer cutoff and a complementary part. The split is performed on the y-side
— cut off y, then transform back — rather than on the A-side, because it is exactly the y-side
cutoff that is transparent to the transforms and to the sup-norm ¥y ax.

Definition 9.27 (Retained weight). Let A\ be a finitely supported weight with y-transform
Yy, let m be an index and let B > 0. The retained weight )\}ffm is the Mobius transform
(Definition [4.22]) of the cut-off family

y(r)v Hz;ém T < Ba

0, otherwise.

YBm(r) = {

Uses (statement):
Uses(notation): (ry,...,me)b Adi, ... di)l Ay (di, .. di)b (index)

Definition 9.28 (Discarded weight). With A, m and B as in Definition the discarded
weight is )\%is?% = A=A
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Uses (statement):
Uses(notation): [k} A\ (di, ..., dy)l [d] (index)

Lemma 9.29 (The split is transparent to the y-transform). Let A have permissible support at
(R,W), let m be an index and let B > 0. Then for every r,

y(r)? H T S B7
Y (r) = e and  yygee (1) = y(r) = yye (v).
0, otherwise, m o

In particular both pieces have permissible support at (R, W) and their y-transforms have sup-
norm at most Ymax-

Uses (statement): [9.27] [0.28] [4.24] [4.21] [3.39] [4.27]
Uses(notation): @, [y(ri, ..., 7%)b Wmaxh ANd1, - ., di)p Ny (di, ..., di)) (index)

Proof. The y- and A-transforms are mutually inverse on weights supported on tuples with
squarefree coordinates (Lemma , applying the y-transform to /\ret s which by Defini-
tion is the A-transform of y}5 'm» Teturns y%‘fm on the relevant support. Linearity of the
Y- transform then gives the second 1dent1ty. Since the cut-off family is pointwise dominated by y
in absolute value, its sup-norm is at most ymax, and so is that of the difference after the triangle
inequality is applied coordinatewise; and both transforms inherit permissible support from y by

Lemma [4.211 OJ

Uses (proof): |4.24] |4.23] 4.21]

Lemma 9.30 (Additivity of the diagonal form along the split). With A, m, B as above,

Y(m ret Yd(lsnl ))
Z Hz;&mg r;) Z H'L;ém Z Hl;em g(ri)’

where Y™ and Yd(iZ::) are the free-coordinate marginals (Definition|7.10) of )\fg‘?fm and )\C}B‘an

ret

Uses (statement): [0.27] [0.28] [7.10} [0.29]
Uses(notation): lgh I [y (e, )l ) N(d, - -, di)) (index)

Proof. The marginal Y ™) (r) sums y(r [m +— a])/¢(a) over the single free coordinate a, and the
cutoff [, ,,, 7 < B does not involve that coordinate. Hence by Lemma for each fixed r

either Y. )( ) =Y (r) and Yd(mc)( ) = 0 (when the cutoff holds), or the reverse (when it fails).

ret

In either case Y™ (r)? = Ygtn)( )2+ Yd(lsn?( )? pointwise, and all three families are summable

against 1/, ,, g(r:), so the identity survives summation. O

Uses (proof):

Lemma 9.31 (The modulus depends only on the product of the outer truncations). Let A1 be
supported on tuples with H#m d; < B1 and Ao on tuples with H#m e; < By. Then every pair
(d,e) with A1(d)A2(e) # 0 and d,,, = ey, = 1 satisfies

q(d,e) < Bl BQW
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Uses (statement):
Uses(notation): [a, 0] [d] [el [o(d, e)} A (dy, .. ., di)]

Proof. Since dp, = €, = 1 we have [dp, em| =1, so g(d,e) = W], ,,[di, e;] < W4, die; <
BB W. O

The bound depends on By and By only through their product. For weights of permissible
support one may take By = By = R, recovering the range R?>W of Sublemma but the same
range R?W — and hence the same appeal to Bombieri-Vinogradov — is available for any pair
of outer truncations with B; By < R?, even when one of them exceeds R. This is precisely what
the split of Definitions and makes possible: the modulus range is governed by ¢ < 1/2
together with the split, and no further hypothesis relating the truncation exponents is needed.

Lemma 9.32 (Two-weight Chinese remainder bound). There is a constant C > 0, depending
only on k, H and m, such that for all sufficiently large N, every compatible vog and all finitely

supported weights A1, Ao dominated by a common weight of permissible support at (R, W),
X ’ A1(d) Az(e)
[50S84+ 20) = SE™ () = S5 (02) = SRS

2 1 2 2 1 2 2
2 SO(W> g’; Hf:l @([di’ e'b])
dm=em=1

<0 Y )] Pa(e) E(N.g(d,e)),
d,e

dm=em=1

!/
where Z restricts to pairs for which W, [dy,e1], ..., [dk, ex] are pairwise coprime and (hy, —
hi,[di,ei]) =1 for every i # m.

Uses (statement): 9.14} [4.16} 13.24} [3.26} [3.39] 3.29)

Uses(notation): a,b), \(dy, ..., di) @ H Sém)(/\), Xnl lg(d, e) Z,,

(index

Proof. The map A\ +— S’ém) (M) is a quadratic form: by Lemma it is the double sum of
A(d)A(e) T),(d, e) with a kernel T;,, not depending on \. Its polarisation, the left-hand quantity,
is therefore } 4 , A1(d)A2(e) Tin(d, ).

From here the proof of Lemma [9.14] applies verbatim, pair by pair, since it never used
that the two weights coincide: Lemma discards the pairs with d,, # 1 or e, #* 1;
the pairs violating the pairwise-coprimality or shift-coprimality conditions contribute 0 for N
large, because every prime factor of a [d;,e;] occurring on the common dominating support
exceeds Dy; and Lemma evaluates each retained T),,(d,e) as Xn/p(q(d,e)) with an er-
ror at most C E(N,q(d,e)). Multiplicativity of ¢ across the pairwise coprime factorisation
q(d,e) = W ],[d;, e;] turns the main terms into the displayed restricted sum, and the triangle
inequality collects the errors. O

Uses (proof):
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10 From positivity to primes, and L?-continuity

We pass from positivity of the sieve difference to a bound on prime gaps, and establish the
mean-square continuity used to compare the variational supremum with the smooth-profile
asymptotics.

The sieve difference S(A) = Sa(A) — p S1(A) counts, over the sieve window, the excess over p
of the number of primes among n + hq,...,n + hg. If it is positive then some n in the window
has more than p of the shifts prime, and, this number being an integer, at least |p+ 1| of them.
Carrying this out for each large N yields infinitely many such n; since the shifts n 4+ h; lie in
an interval of length diam(#), infinitely many intervals of that length contain |[p + 1] primes,
bounding the gap between consecutive primes. Proposition [10.5|records this for a general tuple
and a general prime count; the two bounds follow from it by choosing a tuple.

M, is a supremum over square-integrable profiles, whereas the sieve asymptotics for S; and

Sém) apply only to smooth profiles supported on the simplex. The comparison rests on two facts:

the functionals I, and J,Em) are continuous for the L? topology, and smooth simplex-supported
profiles are L?-dense. A profile that nearly attains M), may therefore be replaced by a smooth
one that nearly attains it. The asymptotic for S follows, and from it the eventual positivity of
S.

10.1 From S > 0 to primes

Lemma 10.1 (S > 0 for all large N gives infinitely many prime-rich translates). Let H =
{hi,...,hg} and p > 0. Suppose that for every sufficiently large N there exists a finitely
supported \ : N¥ — R (depending on N ) with Sa(A\) — pS1(\) > 0. Then the set

{neN: #{i:n+h;eP} > [p+1]}
is infinite.

Lean:
e PrimeGaps.maynardTao_endgame

Uses (statement):
Uses(notation): riniEneyiEneyiiey!

Proof. Write A for the displayed set. It suffices to show that A is unbounded above, since an
unbounded subset of N is infinite.

Let M € N be arbitrary. Choose N > M large enough that the hypothesis supplies a finitely
supported A with S3(A) —pS1(A) > 0 for that N. Lemma then produces an integer n with
N <n <2N (and n = vy (mod W), which we discard) such that at least |p+ 1] of the n+ h;
are prime. Thusn € A and n > N > M. As M was arbitrary, A is unbounded. ]

Uses (proof):

Definition 10.2 (Prime-rich interval). For n, L,r € N, say that the closed interval [n,n + L]
is r-prime-rich if it contains at least r distinct primes, that is, if

#([n,n+LINP) > r.

Uses(notation): (index)
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Lemma 10.3 (Prime-rich translates give prime-rich intervals). Let H = {h1,..., hy} withk > 1
and hy < --- < hg, and let r € N. If the set {n : #{i : n+ h; € P} > r} is infinite, then for
arbitrarily large n/ the interval [n', n/ 4+ diam(H)| is r-prime-rich in the sense of Definition[10.3

Uses (statement):
Uses(notation): (index)

Proof. Write A for the hypothesised infinite set and D := diam(H) = hy — hy. Let M be
arbitrary and pick n € A with n > M; put n’ :=n+hy >n > M.

Consider the map i — n + h; from {i : n + h; € P} to [n/,n' + D]NP. It is well defined: if
n+ h; is prime then it is a prime, and hy < h; < hy, givesn’ =n+hy <n+h; <n-+h, =n'+D.
It is injective because the h; are distinct. Hence

#([n',n' + DINP) > #{i:n+h, eP} > r,

so [n/,n' + D] is r-prime-rich. Since M was arbitrary and n’ > M, such n’ occur arbitrarily
late. O

Lemma 10.4 (Prime-rich intervals imply small prime gaps). Let r > 1 and L > 0 be integers.
If the interval [n,n + L] is r-prime-rich for arbitrarily large n, then
Pm+r—1 — Pm < L

for infinitely many m.

Lean:
o PrimeGaps.frequently prime_gap_le_of_frequently_interval

Uses (statement):
Uses(notation): (index)

Proof. For n > 1 let p(n) := min{j > 1: p; > n} be the index of the least prime that is at
least m; this is well defined because there are infinitely many primes. Since exactly 7w(n — 1)
primes are smaller than n, we have u(n) = 7(n — 1) + 1, so p is non-decreasing and u(n) — oo
as n — oo.

Let M be arbitrary; we produce m > M with pp,+r—1—pm < L. Choose ng with p(ng) > M,
and then, by hypothesis, some n > ng for which [n,n + L] is r-prime-rich. Put m := u(n), so
that m > u(ng) > M.

By construction p,, > n, and every prime in [n, n+ L] has index at least m. Since the primes
in [n,n + L] are consecutive in the enumeration, they are pm, Dm+1, - - -, Pr(ntL), and there are
at least r of them, so m7(n 4+ L) > m + r — 1 and therefore p,+,—1 < n+ L. Subtracting,

Pm+r—1 — Pm < (n+L) —n = L.
As M was arbitrary, this holds for infinitely many m. O

Proposition 10.5 (Bounded gaps from prime-rich translates). Let H = {h1,..., hyp} withk > 1
and hy < --- < hy, and let r > 1 be an integer. If the set

{neN: #{i:n+h eP} > r}

is infinite, then pmyr—1 — pm < diam(H) for infinitely many m.

117


https://github.com/AxiomMath/PrimeGapsLib/blob/main/PrimeGapsTheory/Endgame/ManyPrimes.lean#L199

Uses (statement):

Uses(notation): (index)
Proof. Apply Lemma to obtain, for arbitrarily large n/, an r-prime-rich interval [0/, n’ +
diam(#)]; then apply Lemma with L = diam(H). O

Uses (proof):

10.2 L?-continuity of the functionals

Throughout this subsection & > 1 and, for s > 0, Ry(s) := {t € [0,00)F : t1 +--- + 1, < s}
denotes the simplex of scale s, so that Ry = Ry (1) and the enlarged simplex T: is Ri(1 + ¢).
Every Rg(s) is compact, being closed and contained in the ball of radius s about the origin.
Functions in L?(Ry(s)) are always regarded as defined on all of R* by extension by zero.

Definition 10.6 (Partial-integration operator T,,). Let s > 0 and m € {1,...,k}. The m-th
partial-integration operator is the linear map

o~

T : LQ(Rk(S)) — LQ(Rk_l)a (Tmf)(tla ceytmy e 7tk’) = / f(tl) v 7tk) dtmv
R
the hat denoting omission of the m-th coordinate.

Uses (statement):

Uses(notation): (index)

10.3 Smooth approximation on the simplex
Definition 10.7 (The main scale). For k£ € N and N € N set

@(W)* N (log R)*

Sﬁk(N) = Wk+1 )

the common scale of the first and second sieve moments.

Uses (statement):
Uses(notation): Rl

Proposition 10.8 (Simultaneous asymptotics for the sieve moments). Let k > 2, let H =
{h1,...,h} be admissible, and let F € C™(R¥) have supp F C Ry. Let 0 < ¥ < 1/2 and
0 < 0 < ¥/2, and suppose the primes have level of distribution . Write Ap for the sieve
weight attached to F at truncation R = NY/279_ Then there are functions e1, ey : N — R with
e1(N) — 0 and ea(N) — 0, and a threshold Ny, such that for every N > No and every residue
vo modulo W with (vo + hy, W) =1 for all i, the two estimates

|S1(AR) = M (N) Ix(F)| < ex(N) My (N)

and
@(W)* N (log R)"!
Wktllog N

k
SO IF)] < ea(N) M(N)
m=1

[S(0) -
hold simultaneously.
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Lean:
e PrimeGaps.MainProp.prop_main_prop

Uses (statement): [3.15] 5.2 [3.21] [5.11] [3.37 [4.14] [4.15]

U tation): I3 S1 (L[S (L sS™ (ol | J (R
ptetatin e o b o o

Proof. The two estimates are the smooth-profile asymptotics for the two moments, made uni-
form in N and in vg.

For the first, Lemma [8.25] supplies a constant C; > 0 and a threshold N; such that for all
N > Nj and all admissible residues vy,

o(W)*N(log R)* C1F2,. o(W)*N(log R)*
R 0

The main term is My (N) I, (F') by Definitions and and the error is e (V) M (N) with
e1(N) := C1F2,./Dy. Since Dy = logloglog N — 0o, we have e1(IN) — 0.

For the second, Lemma supplies, for each m € {1,...,k}, a constant C(™ > 0 and a
threshold N (™ such that for all N > N and all admissible v,

(m) e(W)EN (log R)*+1 (1) C™ B p(W)* N (log R)*
’52 (Ar) — Whtllog N T F)’ = Wk+1D,

Summing over the finitely many m and using the decomposition Sy(\) = me:l Sém)(A)
of Lemma the triangle inequality gives the second estimate with es(N) :=
(> C(m))FiaX/DO, which again tends to 0.

Finally take Ny to be the largest of N and the finitely many N (™) (and large enough that
Dy > 2, so that the error scales are meaningful). Both estimates then hold for all N > Nj,

simultaneously and uniformly in vg. ]

Uses (proof): [8.25]9.26] 4.17] [5.25| (3.28] [4.16|

Lemma 10.9 (Asymptotic for the sieve difference). Under the hypotheses of Propositz'on
and for any p > 0, there is a function e : N — R with e(N) — 0 and a threshold Ny such that
for every N > Ny and every residue vy modulo W with (vg + h;, W) =1 for all i,

k
SOr) = (V) (3= 8) D2 I™(F) = pIn(F) )| < e(N) (),

where S()\F) = SQ()\F) - pSl()\F).

Lean:
e PrimeGaps.MainProp.lem_S_asymptotic

Uses (statement): [4.14] 4.15] [3.37|
Uses(notation): L [#1 ok L[4 4 [ [ ok R s 0 2 0} SO e [ ) [t ot

1n ex
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Proof. The point is that the two main terms of Proposition share the scale 9, (V). Indeed
log R = (/2 — §)log N by the definition R = N?/279 o

e(W)*N(log R)**1 (W) N(log R)* log R
Wktllog N N Wh+1 log N

— (V) (g ~5).

Let e1,es, Ny be as in Proposition and put e := ey + pey, which tends to 0. Writing
P =M (N)(W/2-6), T =3, J,E,m)(F) and Z := I;(F'), we have the algebraic identity

(S200) — pS1(AR)) = ML(N)((9/28)T — pZ) = (Sa(Ar) — P.T) — p (S1(Ar) — Ms(N) T).

The triangle inequality and the two estimates of Proposition bound the absolute value of
the right-hand side by

ea(N)ME(N) + per(N)Mp(N) = e(N)Mi(N),
as required. O

Lemma 10.10 (Eventual positivity of the sieve difference). Assume the hypotheses of
Lemma|10.9, and assume in addition the strict inequality

k
pIu(F) < (g - 5) S
m=1

Then there is a threshold Ny such that for every N > Ny and every residue vy modulo W with
(vo+ hi, W) =1 for all i,
SQ()\F) —pSl(AF) > 0.

Lean:
e PrimeGaps.MainProp.lem_S_positive

Uses (statement): 14.14] 4.15| (10.7]
Uses(notatlon) l l l I H l l l |Sl |Sg |S I, |Ik(F)|, |J,§m)(F)|, |(a, b)| |(index)|

Proof. Set c:= (0/2—6)",. J,gm)(F) — p I (F), which is strictly positive by hypothesis. Let e
and Ny be as in Lemma[10.9] Since e(N) — 0, there is No with e(N) < ¢ for all N > Ny.

The scale My (N) = o(W)*N(log R)* /W*+1 is strictly positive once N is large enough that
log R > 0, which holds as soon as N > 1, because /2 —§ > 0. Let Ny be the largest of N1, Ny
and this threshold.

For N > Ny and any admissible vg, the lower half of the estimate of Lemma [10.9] gives

S2(F) — pSiAF) > D(N) e - e(N) M(N) = M) (c— e(N)) > 0,
since My (N) > 0 and ¢ — e(N) > 0. O

Proposition 10.11 (The criterion on the standard simplex). Let k > 2, let H = {h1,..., hi}
be admissible, let p > 0, and let ¥ € (0,1) be a level of distribution for the primes. Suppose that

M, —.
k>19

Then the set {n € N: #t{i: n+h; € P} > [p| + 1} is infinite, and consequently py,, |, —Pm <
diam(H) for infinitely many m.
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Uses (statement): 13.15} (3.21] (3.18|
Uses(notation): B ) B

Proof. Apply Lemma m at ¢ = 0. Since M} > 2p/9, it produces a smooth F' supported in
the closed simplex Ry, together with a § € (0,1/2), such that

k
pIu(F) < (g - 5) S JM(E).
m=1

Because F' is supported in the standard simplex, no enlargement of the sieve support is required,
and the/tensor coefficients derived from F as in Definition [£.11] are admissible at truncation
R = N'L9 2—5'

The strict inequality above is precisely the additional hypothesis of Lemma its re-
maining hypotheses are those of Lemma [10.9] which hold for this F' and this § at the level 9.
Lemma therefore yields an Ny such that Sa(A\) — pS1(A) > 0 for every N > Ny, where A
is the coefficient system attached to F' at scale N.

Each such A is finitely supported, so Lemma applies and shows that {n: #{i:n+h; €
P} > |p+ 1] } is infinite. Since |p+ 1] = |p] + 1 for every real p, this gives the first assertion.
The second follows by Proposition applied with r = |p]| + 1.

The hypothesis My > 2p/1¥ permits every p < ¥My/2, and the count [p] + 1 is largest
when p is taken just below that threshold: for p = 9Mj/2 — n with n > 0 small enough one
has |p| + 1 = [VM}y/2] = (), the prime count of Definition Thus 7(19) is exactly the
number of primes this proposition delivers at level 9. O

Uses (proof):[5.22 [10.10} [10.9} [10.1], [10.5] [5.11]

11 Instantiation I: the standard simplex and the bound H; < 600

We fix the data for the first case. The domain is the standard simplex Ry; the dimension is k =
105; the profile is an explicit symmetric polynomial supported on R1g5; and the admissible tuple
is an explicit 105-tuple of diameter 600. The variational criterion requires Migs > 4, and the
profile certifies it. The only analytic input is the Bombieri-Vinogradov theorem (Theorem ;
no hypothesis on the level of distribution beyond 9 < 1/2 is assumed.

11.1 The tuple H105
Definition 11.1 (The 105-tuple). Let
Hios = {0, 10, 12, 24, 28, 30, 34, 42, 48, 52, 54, 64, 70,

72, 78, 82, 90, 94, 100, 112, 114, 118, 120, 124, 132, 138,
148, 154, 168, 174, 178, 180, 184, 190, 192, 202, 204, 208, 220,
222, 232, 234, 250, 252, 258, 262, 264, 268, 280, 288, 294, 300,
310, 322, 324, 328, 330, 334, 342, 352, 358, 360, 364, 372, 378,
384, 390, 394, 400, 402, 408, 412, 418, 420, 430, 432, 442, 444,
450, 454, 462, 468, 472, 478, 484, 490, 492, 498, 504, 510, 528,
532, 534, 538, 544, 558, 562, 570, 574, 580, 582, 588, 594, 598,
600 },

a set of 105 non-negative integers listed in increasing order, with least element 0 and greatest

element 600. It is the narrowest admissible 105-tuple recorded in the tables of Engelsma and
Sutherland.
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Lean:
e PrimeGaps.H105

Uses(notation):
Lemma 11.2 (Cardinality of H1p5). #Hi05 = 105.

Lean:
e PrimeGaps.card _H105

Uses (statement):
Uses(notation): (index)

Proof. The list in Definition is strictly increasing, hence has pairwise distinct entries;
counting them gives 105. a

Lemma 11.3 (Admissibility of Higs). Hios is admissible in the sense of Definition .

Lean:
e PrimeGaps.admissible_H105

Uses (statement):
Uses(notation): Iy (index)

Proof. By Lemma [3.17| it suffices to exhibit, for each prime p < #H105 = 105, a residue class
modulo p omitted by Higs: for a prime p > 105 the reduction map Higs — Z/pZ has image
of cardinality at most #H105 = 105 < p by Lemma so by Lemma, the omission is
automatic. There are exactly twenty-seven primes p < 105, namely

2,3,5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, 103,

and for each the set {h mod p : h € Hio5} is an explicit finite subset of Z/pZ which may be
computed by direct enumeration of the 105 listed integers; in every case the enumeration omits
a class. (For instance every element of Hio5 is even, so the class 1 mod 2 is omitted; the classes
2 mod 3, 1 mod 5 and 4 mod 7 are likewise omitted.) Since the check is a finite computation on
an explicit finite set, it is decidable. O

Uses (proof):|3.17] [3.16} |11.2]

Lemma 11.4 (Diameter of H105). diam(Hig5) = 600.

Lean:
e PrimeGaps.diameter_H105

Uses (statement):
Uses(notation): [H;os} [diam(H)), (index)

Proof. By Lemma diam(H105) = maxHip5 — minHigs. The list of Definition is
increasing, so its minimum is its first entry 0 and its maximum is its last entry 600; the difference

is 600. O

Uses (proof):
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11.2 The variational datum at k£ = 105

The profile lies in the space spanned by the symmetric monomials (1 — Pl)bPQC of the two power
sums P = t1 + -+ + t1o5 and Py, = t% + -+ t%%, restricted to total weight b + 2¢ < 11; this
is the basis B1; of Definition A profile in this span is determined by its coefficient vector,
and both I;g5 and Jl(gé) restrict to explicit rational quadratic forms in that vector, so a single
strict inequality between two rational numbers certifies the required bound.

Definition 11.5 (The certificate profile at £ = 105). Let (b* 5 a})1<i<32 be the following list

1) ’L’

of triples, in which b, ¢} € Z>( satisfy b + 2¢7 < 11 and a] € Z:

0; —330), (1,1; 78029), (4,0; 5743874),

2; —7297879), (0,3; 16574), (2,2; —12057779),
1, —1391698982), (6,0; —1110129088), (1,3; 340699862),
,2; 896499841), (5, 1; 6664560083), (7,0; 3420088505),
,4; —1685613), (2,3; 1231124500), (4,2; 98419064701),
,1; 126065419782), (1,4; —8050576592), (3,3; —90260561416),
,2; —636913875947), (9,0; 305538813668), (0,5; 42387884),
4; —33232242480), (4,3; —2440220187876), (6,2; —7132620815184),
,1; —6762976569892), (10,0; —1975749959806), (1,5; 78797053343),
,4; 2504524184641), (5,3; 24468760733568), (7,2; 35184372088832),
(9, 1; 18268089505780), (11,0; 3188339316861).

The certificate polynomial at k = 105 is the symmetric polynomial

105

P*(tl,...,t105 = Za 1—P1 P 5 Pj = Ztg
=1

Uses (statement):

Uses(notation): (index)
Definition 11.6 (The I-value of the certificate). With the data of Definition set
32 32 (b7 + b7)! Geryer,2(105)
€ Q,
;; “ (105 + by + b% + 2¢f + 2¢5)! 0

where G 2 is the polynomial of Definition

Uses (statement):
Uses(notation): (index)

Definition 11.7 (The J-value of the certificate). With the data of Definition set

32 32 Z Z(Z>< > (b7, b5, €7 s, ) Gorgen,2(104)

* o /=0 c¢’"=0
;lea (105 + by + b% + 2¢f +2¢; +1)! o

where Gy o is the polynomial of Definition and, for non-negative integers by, ba, c1,co and

d <cp, " <o,

bi! ba! (2¢1 — 2¢)! (2¢9 — 2")! (b1 + by +2¢; + 2¢9 — 20 — 2" + 2)!
(b1 +2c1 —2¢ +1)! (bo + 2cp — 2¢” +1)! '

/ /!
7(b17b21017627c yC ) =
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Uses (statement):
Uses(notation): (index)

Lemma 11.8 (The certificate profile realises A*). Let Fp~ be the extension of P* by zero outside

Rios (Deﬁmtion. Then
Los(Fp-) = A"

Uses (statement):
Uses(notation): (index)

Proof. By Definition [5.6] I105(Fp+) = le% (P*)2. Expanding the square of the finite sum of
Definition |11.5| and using (1 — Pl)b*P (1= Pp)% %P;j =(1—P)" +bJP ©7 we get

Z br+b* p Cite
1105 Fp* (I / —Pl) v JPZZ
Rio0s

Lemma [5.25] evaluates each of these simplex integrals in closed form,

bl Geo(k)
1-P)'Pf = —— 50

and substituting £ = 105, b = b} + b;, c=c + c}'f reproduces exactly the double sum of
Definition [11.6 O

Uses (proof):

Lemma 11.9 (The certificate profile realises B* in every coordinate). Let Fp« be the extension
of P* by zero outside Rip5 (Definition . Then for every m € {1,...,105},

1 (Fer) = B
Uses (statement):
Uses(notation): (index)

Proof. Fix m. Since Fp« vanishes off Rios, for (¢;)izm € R%? the inner integral fooo Fp« dt,,

is the integral of P* over the segment 0 < ¢, < 1 — E#m t;. The integrand is linear in the

coefficient vector, so squaring and integrating over R%? exhibits Jl(g? (Fp+) as the quadratic
form >, i afajAm(b;, 07, ¢}, cj), where Ay, is the pairing of the m-th marginals of two basis
monomials. Lemma [5.26] evaluates A,, in closed form: the inner one-dimensional integral of
(1 — Pp)bP§ in the varlable tm is computed by expanding Py = t2, + ZZ 2m b 2 binomially and
integrating each resulting Beta-type integral, and the remaining (105 ﬁmensmnal integral

over R%Q is again a simplex integral of the shape appearing in Lemma now in dimension

104. The value obtained is

Doerce; oen<ey (0) () (b1, ba, 1, 0, ¢, ") Gorgon 2(104)
(105 + by + by + 2¢1 + 2¢9 + 1).

Am(b17b2761762) = 5

with v as in Definition [11.71 This expression does not involve m: the symmetry of P* in

t1,...,t105 means the marginal in any one coordinate is obtained from the marginal in any
(m)

other by a permutation of the remaining variables, which preserves R, and the Lebesgue

measure. Summing over i, j gives Jl(gg)(F p+) = B* for every m. O
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Uses (proof):

Lemma 11.10 (The certificate inequality). 44* < 105 B*.

Uses (statement):
Uses(notation): (index)

Proof. Both A* and B* are explicit rational numbers: each is a finite double sum of 322 terms
whose entries are the integers a) and quotients of factorials and values G 2(105), G 2(104), all of
which are determined by Definitions and and computable by exact integer arithmetic.
Every denominator occurring in A* divides (105 + L + 2M)!, and every denominator occurring
in B* divides the same factorial, where L := 2max; b7 +1 = 23 and M := 2max;c; +1 = 11;
multiplying through by this single positive common denominator turns the asserted inequality
into a comparison of two integers,

4-[(105 4+ L+ 2M)!1 A*] < 105 - [(105 + L +2M)! B*],

both sides of which are integers built from the a} by additions and multiplications. That integer
comparison holds, and dividing back by the positive common denominator gives the claim. [

Proposition 11.11 (The spectral bound at k = 105). Mjp5 > 4.

Lean:
o PrimeGaps.four_lt M verified

Uses (statement):

Uses(notation): |Mjos},

Proof. Write F := Fp~ for the profile of Lemma It is a polynomial multiplied by the
indicator of the compact set Rig5, hence bounded and measurable, hence square-integrable on

~

KT EL 2 (index)

Rios; it is symmetric in ¢1,...,%105 and supported in Rqg5. Thus F' is a competitor in the
supremum defining Mjg5 (Definition [5.8)), and consequently
105 (m)
- Los(F)

as soon as I1p5(F) # 0.
We first check I1p5(F) > 0. By Lemma Lips(F) = A*, and A* = leOS(P"‘)2 > 0.
Suppose A* = 0. Then P* vanishes almost everywhere on Rqgs5, so F = 0 almost everywhere,

so every marginal fOOOF dtp,, vanishes almost everywhere and J;y5 (F)) = 0 for each m; by
Lemma this forces B* = 0. But then Lemma [11.10] reads 0 < 0, a contradiction. Hence
A* > 0.

By Lemma the 105 marginal functionals all take the value B*, so 2717?21 Jl(gé)(F ) =
105 B*. Combining with Lemma [11.10]and A* > 0,

Uses (proof): |11.8 [11.9} [11.10} |11.5} [11.6] [11.7]
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11.3 The bound H; < 600

The criterion of Proposition [10.11] states that for an admissible k-tuple, a level of distribution
¥ and a parameter p > 0 with My > 2p/9, there are infinitely many n for which at least |p| 41
of the shifts n + h; are prime. To extract two primes it suffices to take p = 1, which requires

2

M —.
k>19

Bombieri—Vinogradov gives every 9 < 1/2 and nothing more, so the threshold is 1ginf/ 2/9 = 4:
<1/2

the criterion yields two primes precisely when M} > 4, and yields nothing when M < 4.
This is the exact threshold certified by Proposition [II.11] The next lemma converts the strict
inequality M > 4 into an admissible choice of ¥, with no limiting argument in .

Lemma 11.12 (A level of distribution matched to a spectral bound). Let M € R with M > 4.
Then there exists ¥ with 0 < ¥ < 1/2 and [IM/2] > 2.

Uses(notation):

Proof. Take ¢ := %—l—ﬁ. Since M > 4 > 0 we have ¥ > 0, and 1/M < 1/4 gives 9 < i—l—% = %
Moreover

IM 1<M+1)_M+1>4+1_1
2  2\4 8 2 8 2 7

using M > 4. A real number strictly greater than 1 has ceiling at least 2, so [9M/2] > 2. O

Theorem 4 (Bounded gaps: the bound 600).
lim inf (pp41 — pn) < 600.

Lean:
e PrimeGaps.thm main

Uses (statement): [10.11] [[1.3} [T.4] [T.2] [T.11]

Uses(notation): [H1os), [diam(H )} |M 105 (index)

Proof. By Proposition [11.11| we have Mjg5 > 4, so Lemma [11.12] applied with M = Mjgs
produces ¥ € (0,1/2) with r195 = [V Mip5/2] > 2. For this ¥ the Bombieri-Vinogradov theorem
(Theorem (1) supplies the level of distribution ¥ required by the criterion.

Write Hips = {h1 < ha < -+ < hips}; by Lemma this is a tuple of length k£ = 105 > 2,
and by Lemma it is admissible. Since Myp5 > 4 and ¥ was chosen with 2/9 < Mjgs, the
hypothesis Mjps > 2p/9 of Proposition holds at p = 1. Applying that proposition at
k = 105 with this tuple, this ¢ and p = 1 yields p+1 — pm < diam(Hqg5) for infinitely many
m.

By Lemma that diameter is 600, so

lim'nf(pm+1 —pm) < 600. ]
o

m—

Uses (proof): |11.11}11.12] |11.2] [11.3] 11.4] {L0.11}
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12 The enlarged variational data, sieve weight, and sieve esti-
mate

This section deforms the variational data and the sieve estimates of the standard simplex by
a parameter ¢ with 0 < ¢ < 1. Every object below is defined for all such ¢ and reduces to its
standard counterpart at € = 0. At ¢ = 0 the estimates are the standard ones; at € > 0 they
give a strictly larger variational problem at the cost of one extra hypothesis on the level of
distribution.

The deformation applies two independent scalings to two different pieces of the data. The
region on which the profile F' may live is enlarged from {) ,t; < 1} to {d,t; < 1+ ¢}, which
increases the numerator of the Rayleigh quotient by admitting more competitors. Simultane-
ously, the region over which the m-th marginal is integrated is shrunk from {>_, . t; < 1} to
{2 izmti <1 —¢}, which decreases it. The reason the two scalings are tied to the same ¢ is
arithmetic, not geometric, and is the content of Lemma[I2.20]below: the enlargement pushes the
sieve divisors out to R, which by itself would carry the moduli of the second-moment bilinear
form past the Bombieri—Vinogradov threshold, and the shrinking is exactly the compensating
restriction that brings them back.

12.1 The enlarged simplex and the shrunken slice

Both regions are corner regions of the same shape as Ry (Definition , with the total-mass
bound 1 replaced by 1+ ¢ and 1 — ¢ respectively; at € = 0 they are Ry and Rj_; exactly. Both
are compact, hence Lebesgue measurable and of finite measure, so every integral written below
over T. or S; of a continuous integrand converges absolutely.

Lemma 12.1 (Enlarged simplex is a homothety of the standard one). For every k > 2 and
everye >0, To=(1+¢) Re={(1+¢)u:uec Ry}

Uses (statement):

Uses(notation): (index)

Proof. Write ¢ := 14 ¢ > 0. If u € Ry, then cu has non-negative coordinates and ), (cu); =
cy ui <c-1=1+¢,s0 cue T.. Conversely, if t € 7. put u := ¢ 1t; then u; = ¢~ ; > 0 for
each i and Y ,u; =c 1> . t; <c }(1+4¢€)=1,s0u € Ry and t = cu. The two inclusions give
the claimed equality. O

The same argument with ¢ :=1—¢ > 0 gives S. = (1 — ¢€) - Rg_1, which is used without
further comment below.

Definition 12.2 (Enlarged profile class). For k > 2 and 0 < ¢ < 1, the enlarged profile class
F. is the set of F € C®(R¥;R) with supp F C T-.

Uses (statement):

Uses(notation): (index)

Members of F. are automatically compactly supported, since 7; is compact; and Fy is
exactly the class of smooth profiles supported on Ry used for the standard sieve. No symmetry
or sign condition is imposed on F.

Definition 12.3 (Rescaling operator). For ¢ > 0 and F : R¥ — R, define G.F : R¥ — R by
(GeF)(u) :=F((1+¢)u).
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Uses(notation):

The operator G, reduces the enlarged development to the standard one. By Lemma[12.1] G.
maps F. bijectively onto Fo: if supp F' C T, and (G.F)(u) # 0 then (1+e)u € Tz = (1+¢)- Ry,
whence u € Ry; smoothness is preserved because G. is precomposition with a linear map.
On the arithmetic side G. absorbs the change of the normalising truncation from log R to
(14 ¢)log R (Lemma ; on the analytic side it turns integrals over 7; into integrals over
Ry at the price of an explicit Jacobian, as follows.

Lemma 12.4 (Change of variables on the enlarged simplex). For every ¢ > 0 and every
continuous F : RF — R,

/ Fi)2dt = (1+¢) / (GF) (w)? du.
e R

Uses (statement):
Uses(notation): (index)

Proof. By Lemma the substitution ¢t = (1 4+ £)u maps Ry, bijectively onto 7Tz. It is the
restriction of the linear map u + (1+¢)u of R¥, whose determinant is (1+¢)¥; the scaling law for
Lebesgue measure on R therefore gives, for any non-negative measurable H, | (1+6) Ry H(t)dt =

(1+e)k ka H((1+ €)u) du. Apply this with H = F and use F((1+ E)u)2 = (G.F)(u)?. O

Uses (proof):

12.2 The enlarged functionals

The denominator of the variational problem is not deformed. For F' € F. the quantity f?; F?
equals f[O,oo)k F? = I(F), because I vanishes off 7; so I} of Definition serves unchanged
for every ¢, and the deformation enters only through the widened class of competitors. The
numerator, by contrast, is deformed: the outer integration is over the shrunken slice.

Lemma 12.5 (The enlarged marginal in rescaled coordinates). Let 0 < e < 1, let F' € F., and
let me{l,...,k}. Then

2
JM(F) = (14¢)F ! /R 1 [Zi#m u; < %—jri} (fOOO(GEF)(u) dum) duy -+ - dtp—1 dug+1 - - - dug.
k—1

Uses (statement):
Uses(notation): (index)

Proof. Substitute t = (14¢)u in both the inner and the outer integral. In the inner integral over
the single variable ¢,, this contributes one factor 14, so [~ F(t) dty, = (14¢) [ (GF) () dum;
squaring gives (1 + )2, In the outer integral over the k — 1 variables (¢;);zy, it contributes
(1+¢)k~1. Together these give the factor (1 + ¢)*+1.

It remains to identify the domain. Under ¢t = (1 4 €)u the constraint (Z;);£m € S, that is
t; > 0 for i # m and Z#mti < 1-—¢, becomes u; > 0 for i # m and Z#mui <(1—-¢)/(1+e).
Since (1 —¢)/(1+4¢) < 1, this domain is the subset of Rj_; cut out by the displayed indicator,
which is the stated right-hand side. O
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Lemma [12.5]exhibits the enlarged marginal as a restricted standard marginal: after rescaling
by G the profile lives on Ry, and the only remaining trace of the enlargement is the sharp cutoff
> izm i < (1 —¢€)/(1+¢) on the outer variables. That cutoff is the image under the A — y

transform of the divisor restriction [[, ,,, di < R'~¢ imposed in Definition [12.16

Lemma 12.6 (Recovery of the standard data at € = 0). Let F' be compactly supported and
Riemann-integrable with supp ' C Ry. Then Jém)(F) = J,gm)(F) for every m € {1,...,k}.

Uses (statement):
Uses(notation): |J5(i) (F)L |ka) (F)L (index)

Proof. By Definition with € = 0 we have Sy = Ri_1 = R,gm), so the two outer domains

agree. The two inner integrands also agree: the standard J,gm) integrates F' in the variable ¢,,

over [0,00), and so does Jém). (The hypothesis supp F' C Ry, is what makes this identification
legitimate: it forces F' to vanish for t,, outside a bounded range, so both inner integrals converge
and are computed by the same one-dimensional integral. Without a support hypothesis the value
of Jém) genuinely depends on the values of F' off Ry, which the standard marginal does not
see.) The outer integrals therefore have equal integrands on equal domains. O

Uses (proof):

Consequently, for such F' with I;(F) # 0 one has Qo(F) = (3, J,gm)(F))/Ik(F): at ¢ =
0 the enlarged witness ratio is the standard Rayleigh quotient, and the variational problem
introduced next is the standard one.

The supremum is finite: an application of the Cauchy—Schwarz inequality in the variable
tm, whose range is contained in an interval of length 1 + ¢, gives Jém)(F) <21+ 5)HFH%2(TE)
for each m, whence 0 < M}, . < 2(1 + ¢)k. Taking € = 0, Lemma identifies M}, o with Mj,
of Definition [5.8 and the bound with M} < 2k. In this notation the criterion to be met is
Mj, . > 4 for a single pair (k,¢); the first case meets it at (105,0) and the second at (50, 2—15)

Throughout what follows, Mj, . plays a purely nominal role. Every estimate is stated and
used in terms of the ratio Q.(F') of a concrete competitor F'; the supremum is never evaluated,

and appears only so that the criterion can be phrased as a property of (k,e) alone.

Lemma 12.7 (A witness certifies the enlarged constant). Let 0 < & < 1 and suppose F € L*(Tz)

satisfies
k

4HFH%2(TE) < Z J(F).

m=1

Then My, . > 4.

Uses (statement):
)} A BB 1710 (o)

Proof. Each Js(m) is non-negative, being an integral of a square; so the right-hand side is non-
negative, and the strict inequality forces ||F||2(7.) # 0 (otherwise the left side would be 0 and

the right side would be 0 as well, since J&™ vVanishes on the zero element of L?). Dividing the

hypothesis by HFH%Q(TE) > 0gives 4 < > Jg(m)(}?’)/||}7’||27 and the right-hand side is at most
M}, - because F is one of the competitors in Definition O]

Uses(notation): g (F

~—
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Lemma 12.8 (L?-continuity of the enlarged witness ratio). Let 0 < ¢ < 1, let F} € L*(Tz)
with Iy(Fy) # 0, and let n > 0. Then there is ( > 0 such that every Fy € L2(T.) with
12 — Fillp2(1) < ¢ satisfies Ix(F2) # 0 and Q:(F2) > Q:(F1) — 1.

Uses (statement):
Uses(notation): e CEOL L F T 220 (index)

Proof. On L*(Tz) the denominator of Q. is F — || F||3, (72)> Which is continuous (Lemma ,

and the numerator is F' — ) Js(m)(F), a finite sum of continuous functionals (Lemma
applied on 7g; each Jg(m) is the squared norm of the composite of the partial-integration map
L?*(T2) — L?*(RF~!) with the restriction map onto S., both bounded linear). A quotient of
continuous real functions is continuous at every point where the denominator is non-zero; since
| F1]|? = I (Fy) # 0, the map Q. is continuous at Fy. Continuity at F; furnishes ¢; > 0 with
|Q:(F3) — Q-(F1)| < n whenever ||[Fy — F1|| < (1; shrinking ¢; further so that ||[F» — F1|| < ¢
forces ||Fy|| > ||F1]| — ¢ > 0, hence Iy (F3) # 0, yields the claim. O

Uses (proof):

12.3 The certificate-admissible level

Two of the estimates below — the aggregate Chinese remainder error of Lemma and the
Bombieri-Vinogradov modulus bound of Lemma [12.20] — require the enlarged divisor range
R'*¢ to stay within the ranges those estimates tolerate. Both requirements, together with the
requirement that the resulting sieve criterion be satisfiable at all, are collected in the following
single condition on the level 1.

Definition 12.9 (Certificate-admissible level). Let ¢ > 0 and Q € R. A real number ¥ is
(e, Q)-certificate-admissible if

i) 0<v< i
(il) 2/9 < Q;
(ifi) 1+e < 1/9;

and the primes have level of distribution 9.

Uses (statement):
Uses(notation): (index)

Both € and the threshold @) are parameters of the definition, not constants: nothing in the
theory below depends on a particular numerical value of either.

The three clauses are consumed in three different places.

Clause (iii), equivalently (1 + €)¥ < 1, is the enlargement room. It makes the enlarged
truncation harmless in the first moment: with R = NY/279 one has R2(1+e) = N(+e)(9-20)
and (iii) gives (1 4+ ¢)(¥ — 20) < (1 + €)Y < 1, so the aggregate error of Lemma is
o(N) and Proposition needs no equidistribution input at all. Clause (iii) also guarantees
(1+€)(¥/2—6) < 3, i.e. R1*¢ < NY/2, which lets the enlarged weight be rewritten as a standard
weight at a legitimate truncation level (Lemma |12.13)).

Clause (i) is the Bombieri-Vinogradov room. The moduli occurring in the second-moment
bilinear form are bounded by R*? where a,b are the exponents of the outer divisor products
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of the two weights; the support split of Definition [I2.16] arranges a + b < 2, so the moduli are
at most R2 = NY=29 and (i) puts this below N1/2 (Lemma. Note that without the split
the bound would only be R21+¢) which (iii) keeps below N but not below N 1/2. the split is
therefore the mechanism that makes the scaling compatible with Bombieri—Vinogradov.

Clause (ii) is the sieve criterion. It makes the positivity window of Lemma non-empty,
and hence gives the value a numerical Q. must exceed. Since ¥ may be taken as close to % as
one likes — but not equal to it — clause (ii) is satisfiable for some ¥ exactly when @) > 4, which
is why the target of the enlarged variational problem is M}, . > 4 and not Mj . > 4.

Clause (iii) is implied by clause (i) whenever € < 1: then 1+¢ <2 < 1/9. It is nevertheless
stated separately because it is the clause the scaling consumes, and because it is the one that
would bind first if € were pushed towards or beyond 1.

12.4 The enlarged sieve weight and its support

Definition 12.10 (e-permissible support). Let ¢ > 0. A function A : N* — R has e-permissible
support if X(dy,...,dr) = 0 whenever one of the following fails:

(i) d; > 1 for every i, and [[F_, d; < R'*;
(i) ged(ITy di W) = 1:

(iii) Hle d; is squarefree.

Uses (statement): [3.37} [3.29] [3.39

Uses(notation): a

This is Definition with the single bound R relaxed to R'*¢; at € = 0 the two conditions
coincide.

Definition 12.11 (Enlarged sieve weight). Let £ > 0 and F € F.. Define \. : N¥* — R by

k 1 log ry log 7,
)\g(dl,...,dk) = (Hu(dl)dl) Tl;m? Hflgo(rl)F<logR’7 logR)
Mor e

ged([[; i, W)=1, u(I]; Ti)2:1

Uses (statement): [12.2] 3.37] (3.29] [5.11]

Uses(notation): a

Two features of this definition are used below, and neither is forced by the shape of the
formula. First, the r-sum ranges over the enlarged region [[, r; < R*¢ rather than [[,7 < R:
this is the only change relative to the standard F-derived weight of Definition [5.11] Second,
the argument of F' is normalised by log R with the original R = NY/279 not by log R'*¢.
Consequently the point (llzgg T ll(c’)gg k) lies in Te exactly when [], r; < RM™*: the sieve range
and the support of F' match, so that 7; is the correct region.

Lemma 12.12 (The enlarged weight is e-permissible). For every e > 0 and every F € F., the
weight Ae has e-permissible support.

Uses (statement):
Uses(notation): (index)
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Proof. Fix d with A.(d) # 0. If some d; = 0 then the factor [[; u(d;)d; vanishes, contradiction;
so d; > 1 for all 7. Since A\.(d) # 0, the defining sum is non-empty, so there is at least one
r with d; | r; for every ¢ satisfying the three summation constraints. From [[, r; < R'*¢ and
di | 7; (hence d; < ;) we get [[, d; <[], < R'™, which is clause (i). From ged([]; 7, W) =1
and [[;d; | [, ri we get ged([]; di, W) = 1, which is clause (ii). From [[,r; squarefree and
[Ldi | T1,; 75 we get [, di squarefree, which is clause (iii). O

Lemma 12.13 (The enlarged weight is a standard weight at a shifted level). Let ¢ > 0, let

F e F., and let 9,0 satisfy 0 <9 <1,0< 0 <9/2 and 1 +e < 1/9. Let © and A be the real
numbers satisfying

O=1+1+e)(¥-9), A=1i-11+¢)(3-9).

Then 0 < © <1, 0 < A < ©/2, the truncation attached to (©,A) is NO/>=A = R¥¢ and \.
is the standard F-derived weight of Definition at truncation RY™E applied to the rescaled
profile G.F'.

Uses (statement): [12.11] [12.3] [5.11] [3.37, [12.2]
Uses(notation): B! (index)

Proof. Write a := (1+¢)(9/2—6),50 © =1 +aand A = 1 — ¢, and hence ©/2 — A = o
identically. We have o > 0 because § < 9¥/2; and o < (14¢)9/2 < 3 by 1+ < 1/9. From
0<ac< % the two parameter constraints 0 < © < 1 and 0 < A < 6/2 follow by inspection.
Also N®/2—A — N« — (Nﬂ/2—6)1+5 = Rlte,

For the last assertion, compare Definition with Definition at truncation R’ :=
R'*¢. The two Mobius prefactors and the two summation ranges agree verbatim, the latter
because the standard weight at truncation R’ sums over [[,r; < R’ = R'*¢ subject to the same
coprimality and squarefreeness conditions. Only the argument of the profile differs: Defini-
tion at truncation R’ evaluates the profile at (log - )i7 whereas Definition evaluates F'

log R’
at Ggg%)l Since log R’ = (1+¢) log R, we have (ﬁg’é)l = (1+€)(11§ggg,)i, so by Deﬁnitionm

log r1 log 7y _ log 1 log rp.
F<logR""’logR - (GEF) logR'>" "’ logR" )

which is exactly the profile value the standard weight at truncation R’ would use for G.F. [

Lemma shows the enlarged sieve weight is not a new object but the standard weight,
evaluated at a different truncation level and applied to a rescaled profile. Every estimate of the
standard development that is uniform in the level parameters therefore transfers to \. without
new work, and the only new arguments are those where the enlargement meets a fixed threshold
— the Bombieri—Vinogradov threshold in the second moment.

12.5 The enlarged S; asymptotic

Lemma 12.14 (Aggregate CRT error for e-permissible weights). Let ¢ > 0 and let X\, \' have
e-permissible support with |\|, |N'| < 1 pointwise, and suppose (1 + )9 < 1. Then

Z A(d) N (e) ( Z 1 - W/H]\[fde] 1 [VV, [d1,e1],. .., [dg, ex] pairwise coprime]) l
de N<n<2N il

n=vg (mod W)

<p R20+9)(log R)2F-D = o(N).
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Uses (statement):
Uses(notation): (d| [el [, o]} 2 o(g)l [f < ol (index)

Proof. Write p(d,e) for the parenthesised difference. By Lemma the inner counting sum
equals N/(W [[;[di,ei]) + O(1) when W, [dy,e1],...,[dk, €] are pairwise coprime and equals
0 otherwise, so in either branch |p(d,e)| < C} for a constant depending only on k. With
IAl,]\] <1 this gives

S M@N(e)o(de)] < Ci- #{(d,e) - AN (e) £0}.
d,e

By e-permissibility each factor is supported on tuples with [], d; < R'™ and []; d; squarefree.
Writing D = [], d;, the number of ordered k-tuples with [[, d; = D is 7,(D), so the number of
admissible d is at most Y po pire T(D) <) R ¢(log R)*~! by the standard divisor-sum bound;
squaring gives the pair count.

Finally R = NY/279 gives R2(1*e) = N(+e)(0=20) and (1 +¢)(9 — 26) < (1 +¢€)9 < 1; the
logarithmic factor is N°(V), so the whole bound is o(IV). O

Uses (proof):

Proposition 12.15 (Enlarged S; asymptotic). Let k > 2, let H be admissible, let € > 0, and
let F e Fo. Let0 <9 <1,0<6<9/2and1+e < 1/9. Then, with R = N?/279 the
unenlarged truncation,

@(W)* N (log R)*
Wk+1 T

Si(A) = (1+0(Dyh)) F(t)*dt

as N — oo, the implied constant depending only on k, H and Fax(GeF).

Uses (statement): [12.11] [4.14] [12.2] [3.37]
Uses(notation): (index)

Proof. By Lemma the parameters (©,A) are legitimate level parameters and A is the
standard F-derived weight at truncation R’ = R'*™¢ = N©/2-2 applied to G.F. The rescaled
profile G- F' is smooth and, by Lemma [12.1] supported on Ryg; it is therefore an admissible input
to the standard smooth first-moment asymptotic Lemma [8.25] whose hypotheses involve only
k, H and the level parameters. That lemma gives

k o Nk
Si(A) = (1+0(Dyh)) QO(W)V]V\SlgR) /R (G-F)(u)? du.

(The equidistribution input needed here is only the aggregate CRT error of Lemma which
is o(N) by (1 + ¢)¥ < 1; no Bombieri-Vinogradov estimate is used in the first moment.)

It remains to restore the original normalisation. Since log " = (1 + ¢)log R we have
(log R)* = (1 + ¢)k¥(log R)¥, and by Lemma ka(GEF)2 = (1+¢e)* fTa F?. The two
factors (1 + €)ik cancel, and the same cancellation applies to the error term, giving the stated
form with the unenlarged log R and the integral over 7. ]

Uses (proof): [12.12} [12.13] [12.14} [12.1] {12.4] (8.25)|

The cancellation of (1 + €)™ makes the enlarged first moment identical in form to the
standard one, with I (F) now computed over the larger region. Since Ij is the denominator
of the variational problem, enlarging the simplex costs nothing in the denominator; the entire
effect of the enlargement is in the numerator, treated next.
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12.6 The support split and the enlarged S; lower bound
Definition 12.16 (Support-split weight). Fix m € {1,...,k} and € > 0. Set

ALm(d) = )\E(d)l[Hi i gRl—E].

Uses (statement): [12.11

Uses(notation): d (index)
Definition 12.17 (Complementary weight). With the notation of Definition [12.16| set Ag, :=
)\a - )\1,m-

Uses (statement): [12.11} [12.16
Uses(notation): (index)

Explicitly, A2m(d) = A:(d) when H#m d; > R'™¢ and 0 otherwise; in particular A2,m
inherits from ). the outer bound H#m di < I[;di < R't¢. The two outer exponents are
therefore 1—¢ for A ,, and 1+¢ for Ag ,,, and the point of the split is the identity (1—¢)+(14¢) =
2.

Notation 12.18 (Split divisor sums). For ¢ € {1,2} and n in the sieve range, set
Apm(n) = > Agm(d),
di|n—i(-ihi Vi

so that the inner divisor sum defining w;, is Aj ,,(n) + Az pm(n).

Uses (statement): [12.16} (12.17] [4.12]

Uses(notation): dl (index)

Lemma 12.19 (Pointwise lower bound). For every n in the sieve range, w, > Ay m(n)? +
2 A1 () Agm(n).

Uses (statement): [12.18
Uses(notation): (index)

Proof. Put x1 := Aj;,(n) and 22 := Agn(n). By Notation [12.18) w, = (z1 + 3:2)2 _ x% 4
2x122 + 33% > x% + 2x122, since x% > 0. 0

Lemma discards the one term, As,,(n)?, that the scaling makes unavailable: it is a
bilinear form in (A2, A2.m), whose outer exponents sum to 2(1 4+ ¢) > 2, and whose moduli
therefore exceed the Bombieri—Vinogradov threshold. The two terms that are kept have outer
exponent sums 2(1 —¢) < 2 and (1 —¢) + (1 + &) = 2 respectively, and are handled by the
following bound.

Lemma 12.20 (Bombieri—Vinogradov modulus bound). Fiz m € {1,...,k} and A > 0. Let
Y satisfy Definition (z) and (i1i) and have level of distribution 9, and let a,b > 0 with
a+b<2. Let \, N have e-permissible support and be supported additionally on {H#m d; < R}
and {]]; 1, di < R®} respectively. Then

k

ST xe(nt b)) SN N () []1[[dis e | 0+ hi]

N<n<2N de i=1

differs from its expected main term by O» (N/(log N)A).
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Uses (statement): [12.10] [12.9] [3.37]
Uses(notation): d| el (index)

Proof. The factor xp(n + hy,) restricts n to integers with n + h,, prime, so any divisor d,,
of n + Ry, lies in {1, n + h,,}. By e-permissibility, d,, < [[;d; < R = NU+)/2=0) and
clause (iii) ofDeﬁnitionmgives (1+e)(9/2-0) < (14+€)9/2 < L, s0dy, < N2 < N < nthy,
for large N; hence d,, = 1, and likewise e,, = 1. The m-th coordinate therefore contributes
only the trivial divisor, and the effective modulus of the bilinear form is ¢ = [[; ,,,[d;, e:].

For (d,e) in the joint support, [d;, e;] < d;e; and the extra outer support hypotheses give
q < H#m d; - H#m e; < RORY = Rotb < R2 — Nﬁ*%; this is Lemma with B; = R
and By = RY, whose point is precisely that the modulus depends on the two outer truncations
only through their product, so that a + b < 2 suffices even when one of a, b exceeds 1. By
clause (i) of Definition 9 < %, so ¥ — 20 < %, and Lemma supplies ng > 0 with
qW < NY/2-1& for all large N. Every modulus occurring in the bilinear form thus lies below the
Bombieri-Vinogradov threshold, and the Cauchy—Schwarz-plus-Bombieri—Vinogradov bilinear
estimate of Lemma bounds the aggregate error by O4(N/(log N)4) for every A > 0. (The
pointwise divisor-weight cost of size (log NV )O(k) incurred in applying that estimate is absorbed by
requesting the exponent A+ 2k in place of A from the same level-of-distribution hypothesis.) [

Uses (proof):

Lemma 12.21 (Retained bilinear forms have negligible error). Fiz m € {1,...,k} and A >0,
let ¥ satisfy Definition (z) and (iit) and have level of distribution ¥, and let F' € F.. Then
for each N € {\,m, Aam} the sum

Yo xp(nthm) Ain(n) A (), AL(n)= Y N(d),

N<n<2N i\t hii

differs from its expected main term by Oz (N/(log N)A).

Uses (statement): [12.16} [12.17] (12.18] [12.20] [12.9]
Uses(notation): (index)

Proof. Expanding the product of the two divisor sums exhibits the displayed quantity as the
bilinear form of Lemma with the pair (Aqm, )). Both weights are e-permissible: AMm
and g, are obtained from A by multiplying by an indicator, respectively by subtracting such
a product, and e-permissibility (Definition is preserved by both operations; A. itself is
e-permissible by Lemma [12.12

It remains to check the outer exponents. By Deﬁnition A1,m is supported on [[, 4m d; <
R'™¢,soa=1—¢. For N = A1, we may take b =1—¢, and a+b = 2(1—¢) < 2. For ' = Aa,
we may take b = 1+¢: indeed Ag,,,(d) # 0 implies A.(d) # 0, whence H#m di <[I;di < R'te:
and then a +b= (1 —¢) + (1 +¢) = 2. In both cases a + b < 2 and Lemma [12.20] applies. [

Uses (proof):[12.20} [12.12] {12.10]

Lemma 12.22 (Main term of the retained square). Fiz m € {1,...,k}, lete >0, let F € F,
and let 9 satisfy Definition (z) and (ii) and have level of distribution ¥. Then, for every
A>0,

p(W)* N (log R)*!

N
m) Alm(n)? = (1 1 (m)(p — ).
N<;2NXP(n+h ) A1m(n) (1+0(1)) W log N JN(F) + OA((logN)A>

135



Uses (statement): [12.16] [12.18] [12.21] [12.9]

Uses(notation): |Ag’m I, |)\1 m |J€ I ., ., l l l l l . . I (index)

Proof. By Lemma with A" = A, replacing the sum by its arithmetic main term commits
an error O4(N/(log N)4); here the level of distribution enters, through Lemma The
identification of that arithmetic main term, for a bilinear expression in two weights rather
than a square, is the two-weight Chinese remainder bound of Lemma applied to the pair
()\l,mv Al,m)-

The arithmetic main term is evaluated by the standard Sém) chain, applied to A1 ,,, regarded
— via Lemma [12.13] m — as a standard weight at truncation R’ = R'*¢ built from G.F, and
carrying the additional outer restriction H mTi < R'~¢. The chain consists of the extraction
of the diagonal form (Lemma m, the reductlon to a second moment (Lemma m, the
expansion and decoupling step (Lemma , and the evaluation of the resulting decoupled
(k+1)-fold sum (Lemma. Each of these uses the divisor range only through the coordinate-
wise bound [];7; < R’ and its logarithm, and so applies verbatim at the enlarged truncation.

The sharp cutoff ], 2mTi < R'~¢ is not directly admissible in the chain, which requires a
smooth profile. It is therefore replaced by a smooth ramp of width n > 0 in the logarithmic
variables, i.e. A1, is replaced by the weight built from the proﬁle u = Xy (X, 2m u;) (G F)(u)

where X, is a smooth non-increasing transition equal to 1 below 4 ﬁ —n and to 0 above 1 17z- This
is a legitimate smooth profile supported on Ry, so the chain applies to it for each ﬁxed 7, and
produces the prefactor o(W)¥N (log R')¥*!/(W*+11log N) times the standard marginal J,gm) of
the ramped rescaled profile. Letting n — 0, dominated convergence in the outer (k — 1)-fold
integral replaces the ramp by the sharp indicator, so the marginal converges to

& F 2 (m)
/ 1 [§ :#m u; < i z} (fo (Gg )(u) dum> duy, = (15 E)(kP)l
kal

the last equality being Lemma m Since (log B! = (1 + ¢)k*1(log R)**1, the factors
(1 + &)*+1) cancel and the main term takes the displayed form. O

Uses (proof): [12.21} [12.20} (9.32] [12.13] [12.5] [9.21}, 9.23] |9.24} [9.25]

Lemma 12.23 (Smallness of the retained—complementary cross term). In the situation of
Lemma for every Kk > 0 there is a choice of the smoothing width for which

p(W)* N (log R)**!
WhlogN 94 ( (log N)A)

‘ Z XP(n + hy) Alm(n) Az m(n)| < k-

N<n<2N

for every A > 0 and all sufficiently large N.

Uses (statement): [12.16] (12.17] [12.18] [12.21} [12.22]

Uses(notation): (index)

Proof. By Lemma [12.21f with X = Ag,,, replacing the sum by its arithmetic main term com-

mits an error O4(N/(log N)#), and the main term is produced by the same Sém) chain as in
Lemma [12.22, now applied to the pair (A m, A2,m); in particular it carries the same prefactor
p(W)EN (log R)* 1 /(W1 log N).

What remains is to bound the resulting integral. In the rescaled logarithmic coordinates

u; = logr;/log R, the profile attached to A, is supported where Zi#m u; < i—jrz and the
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profile attached to A2, = A: — A1, is supported where Zz 2 Wi > 1 + <. The two supports are
disjoint — this is the same disjointness that makes the diagonal form additive along the split
in Lemma [9.30] where it leaves no cross term at all — so with the sharp cutoff the product
would vanish identically; with the smooth ramp of width 1 used in Lemma the product
is supported on the boundary strip

B, = {ueRk 1+5 —-n< Z#muzghi}

whose (k — 1)-dimensional outer slice has Lebesgue measure at most n/(k — 2)!. Since G.F'
is bounded on the compact set Ry and the ramp takes values in [0, 1], the integrand is O(1)
on B, and the integral is O(n), with an implied constant depending only on k and sup |G F|.
Choosing 1 so small that this is at most k gives the claim. O

Uses (proof):[12.21] [12.22] [9.30} [9.24]

Proposition 12.24 (Enlarged Sém) lower bound). Let k > 2, let H be admissible, let € > 0,
let F € F., and let ¥ satisfy Definition[12.9(i) and (iti) and have level of distribution ¥. Then
for each m € {1,...,k},

SO(W)k N (log R)k+1 J(m) (F)
Whktllog N c

as N — oo.

Uses (statement): [12.11] [4.16] [5.7] [12.9} [12.2]

Uses(notation): |S§m |J8 l @ l l . I, . I (index)

Proof. Multiplying Lemma [12.19| by xp(n + h,,) > 0 and summing over N < n < 2N with
n =wvg (mod W) gives

SE ) = Y xe(n + hin) A (n)® + 237 Xe (1 + o) Avm(n) Az ().

Write P := o(W)*N(log R)**'W = =1(log N)~! for the common prefactor. By Lemma
the first sum is (1 + o(1)) PJE(m)(F) + O4(N/(log N)*). By Lemma for any x > 0 the
second sum is at most 25P + O4(N/(log N)4) in absolute value. Given n > 0, if Js(m)(F) >0
choose k < nng)(F)/Q; then

S () 2 (L=n+0(1)P I (F) + 04(N/(log N)*).
As n > 0 was arbitrary the claim follows. If Jém) (F') = 0 the right-hand side of the claim is 0

while the left-hand side is a sum of squares against a non-negative weight, hence non-negative,
and the claim is trivial. O

Uses (proof): [12.19} [12.22] [12.23] [4.17|
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12.7 The criterion in enlarged form

Lemma 12.25 (The positivity window is non-empty). Let 0 < ¢ < % and Q € R with 2/9 < Q.
Then there exist 6 € (0,9/2) and p € (1,2) with (g —-0)Q > p.

Uses(notation): (index)

Proof. From 2/ < Q and ¥ > 0 we get 2 < QV, i.e. M := 3Q > 1. Put u := min(2, M) € (1,2]
and p := 1+T“;thenl<,0<u§2andp<M, sop € (1,2) and p/Q < ¥/2 (note @ > 2/9 > 0).
Finally set § := %(g—%), which lies in (0,1/2) because 0 < p/Q < /2. Then §—¢ = %(%—1—5)
and therefore (g —8)Q = 3(M +p) > 3(p+p) = p, using M > p. O

The window is non-empty for every ¥ with 2/9 < @, with no further constraint tying ¢ to
e. Had one insisted instead on the reparametrisation condition (1 + ¢)(¢/2 — d) < 9/2, the
window would have been empty in the decisive regime § — 0, ¥ — %, and the scaling would
have yielded no improvement. It is the weak room (1 + £)9 < 1 of Definition [12.9[(iii), together
with the support split, that keeps that regime available.

Proposition 12.26 (Witness form of the enlarged criterion). Let k > 2, let H = {hq,..., hi}
be admissible, let 0 < e < 1, let F' € F. with I,(F) # 0, and let 9 be (e, Q)-certificate-admissible
for some Q with Q-(F) > Q. Then DHL[k, 2] holds: there are infinitely many n for which at
least two of n+ hi,...,n+ hy are prime.

Uses (statement): [12.15] [12.24] [12.9, [12.2 [3.15]
Uses(notation): [Q<(F) ! 510 [S2(0) (index)

Proof. By clauses (i) and (ii) of Definition we have 0 < ¥ < 3 and 2/9 < Q < Q.(F), so
Lemma supplies § € (0,9/2) and p € (1,2) with (¥ — §)Q.(F) > p. Fix these and set
R:= NY?79 sologR/log N =9/2— 6.

Clause (iii) gives 1 + & < 1/9, so Propositions [12.15 and [12.24] both apply. Summing
Proposition @ over m € {1,...,k} and using >, Sém)()\) = S2(A\) (Lemma together
with Definition [5.8]

k o k
$500) = (14 o) PRI 05y 1y 0.(p),

where the exchange of one power of log R for the factor /2 — § uses (log R)**!/(log N -
(log R)*) = 19/2 — 6. Proposition [12.15|gives S1(\e) = (1 +0(1)) o(W)* N (log R)*W k=1 1,(F),
using fTe F? = I(F) for F € F.. Subtracting p times the latter from the former,

k o k
S(h) — pSi(A) = (1+0(1)) ‘P(W)Vé\fﬁlgm 1(F)[(3 - 8)Q(F) — |-

The bracket is a fixed positive number by the choice of p, and the prefactor is positive since
I (F) # 0 forces I (F') > 0. Hence S(\;) = S2(Az) — p S1(Ae) > 0 for every sufficiently large N.

Finally, admissibility of H supplies for each N a residue vp modulo W with ged(vg+h;, W) =
1 for all 7, so the sieve sums above are the ones attached to a legitimate residue class, and
Lemma converts eventual positivity of S into infinitely many n for which at least |p + 1]
of the n + h; are prime. Since p € (1,2) we have |p + 1| = 2, which is DHL[k, 2]. O

Uses (proof): [12.25] [12.15] [12.24} [4.17] (10.1|

Proposition [12.26| demands a smooth witness, whereas the available certificates are polyno-
mials cut off at the boundary of 7, hence not smooth. The gap is closed by mollification, using
the L2-continuity of Q..
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Lemma 12.27 (Mollification of an L? witness). Let 0 < e <1, let Fp ENLQ(’];) with I, (Fp) # 0,
and let ¢ < Q¢ (Fy). Then there exists F € F, with Ii;(F) # 0 and Q.(F) > ¢

Uses (statement):
Uses(notation): (Q.(F)| - ., l e CEOL I f1 22000 (R (index)

Proof. Set n := Q- (Fy) —c > 0 and let ( > 0 be the radius supplied by Lemma for
Fy := Fy and this 7: every Fy € L*(Tz) with [|[Fy — Foll12(72) < ¢ has Ix(F») # 0 and Q. (F) >
Q.(Fop) —n=c -

It therefore suffices to produce F' € F. within ¢ of Fy in L?(7z). Transport the problem
to the standard simplex by the homothety of Lemma the map F' — (1 + e)k/z G.F is
an isometry of L?(T:) onto L?(Ry), by Lemma applied to differences, and it carries F;
onto the class of smooth functions supported on Ry. On L%(R}), Lemma provides smooth
approximants to any given element within any prescribed L? distance, and Lemma lets
one multiply such an approximant by a smooth cutoff supported on R; without increasing
the distance by more than an arbitrarily small amount; the resulting function is smooth and
supported on Ry. Pulling back through the isometry gives the required Fe Fe. O

Uses (proof): [12.8] [12.1] 2.4, (.19, .18

Lemma 12.28 (Bombieri-Vinogradov supplies a certificate-admissible level). Let 0 < e < 1
and let @@ > 4. Then there is an (g, Q)-certificate-admissible 9; one may take ¥ = %(% + %)
Uses (statement):

Uses(notation):

Proof. Since Q > 4 we have 2/Q < %, so the interval (2/@,%) is non-empty; let 9 be its
midpoint. Then 0 < 2/Q < ¥ < %, which is clause (i). From ¢ > 2/Q and 9,Q > 0 we get
2/9 < Q, clause (ii). For clause (iii), ¥ < § gives 1/9 > 2 > 1+4¢ whenever ¢ < 1; the inequality
is strict because ¥ < % strictly. Finally ¢ < %, so the primes have level of distribution ¢ by
Bombieri-Vinogradov (Theorem . O

Uses (proof):

The proof of Lemma, [12.28| chooses 9 as a function of () alone, and the closer () is to 4 the
closer ¥ must be pushed to %; this is the only quantitative demand the enlarged theory makes on
a witness. A witness attaining Q. (Fpy) > 4.0043 permits 9 = 0.4995, for which 2/9 = 4.00400. . .
and (1+¢)Y <1 for every € < 1.

Proposition 12.29 (The enlarged criterion). Letk > 2, let0 < e < 1, and let H = {hq,..., hi}
be admissible. Suppose there exists Fy € L*(Tz) with

k
4| Folleery < D M (Fo),
m=1

equivalently Q.(Fy) > 4, which by Lemma certifies My . > 4. Then DHLIk, 2] holds.

Uses (statement): [12.7] [12.26] 13.15|

| e [ B R0 )
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[ ]

(index)




Proof. As in the proof of Lemma the hypothesis forces || Fo|r2¢7) # 0, i.e. [x(Fo) # 0,
and dividing gives Q.(Fp) > 4. Choose @ with 4 < Q < Q.(Fp). By Lemma there
is an (g, Q))-certificate-admissible 9. By Lemma applied with ¢ := Q there is F € F.
with I;(F) # 0 and Q-(F) > Q. Then ¥ is (e, Q)-certificate-admissible and Q.(F) > Q, so
Proposition applied to F and H gives DHLIk, 2.

At ¢ = 0 every step above is the corresponding step of the standard development: by
Lemma the hypothesis reads 4 I;(Fp) < >, ka) (Fy), which is the standard criterion
My, > 4 witnessed by Fp. ]

Uses (proof): [12.7] [12.28] [12.27] [12.26] (12.6|

Proposition is the criterion of the development, stated once in (k,e). At € = 0 it is
verbatim the standard criterion — the demand M} > 4, witnessed by an explicit competitor
rather than by the supremum — and the proof specialises to the standard proof, with the
support split of Definition becoming trivial (g, = 0) and clause (iii) of Definition [12.9]
becoming vacuous. For € > 0 the competitor is allowed to live on a strictly larger region, at the
cost of a strictly smaller marginal slice and of clause (iii); whether that trade is profitable at a
given k is a question about the competitor, settled by exhibiting one. The two cases settle it at

(k,e) = (105,0) and at (k,e) = (50, %) respectively.

13 The numerical certificate

The variational input to the e-enlarged sieve is the single inequality M. > 4. At k = 50 this
inequality is not established by an asymptotic estimate; one exhibits an explicit test function
and computes its Rayleigh quotient exactly. The objects below reduce the inequality to an
exact, finite computation with rational numbers.

There are two forms of certificate. The abstract form (Definition is the form the argu-
ment uses: a single element of L?(7Z) the sum of whose enlarged marginal functionals exceeds
four times its squared norm. The ezplicit form (Definition is what is checked: a finite
list of exponent data together with a finite list of rational coeflicients, subject to one inequality
between two explicitly computable rational numbers. Lemmas|13.13|and [13.14] evaluate the two
sides as exact rational quadratic forms. The analytic content lies in using the resulting test
function; the certificate itself is arithmetic.

13.1 The certificate basis

Notation 13.1 (Signature). A signature is a finite multiset v of positive integers, written in
non-increasing order as a = (a3 > ag > -+ > aj > 1); the empty signature j = 0 is admitted.
Its size is |af := Zgzl o, its parts are the values «, ..., «;, and for r > 1 the deletion o\ r is
the signature obtained by removing one copy of the part r from «. By convention o\ r := «
when 7 is not a part of «; in particular o\ 0 = av.

Uses(notation): [of

Definition 13.2 (Monomial-symmetric polynomial). Let £ > 1 and let a be a signature (No-
tation [13.1]). Write

Ep(a) == {A=(A1,...,4y) € Zgo : the multiset of non-zero entries of A equals « },

a finite set, empty unless « has at most k parts. The monomial-symmetric polynomial of
signature « in k variables is

k
ma(t) = Z thAl < Z[tl,...,tk].

A€E(a) i=1
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Each distinct way of distributing the parts of o among the k variables contributes exactly one
monomial, so m, is symmetric, homogeneous of degree ||, and mg = 1.

Uses (statement):
Uses(notation): [o] (index)

Definition 13.3 (Certificate basis element). Let k > 1, let ¢ € R, let a € Z>( and let a be a
signature. The associated certificate basis element is the symmetric polynomial

baa(t) == (1+e—Puy(t)" ma(t),  Pay(t)=t1+--+1,
with m,, as in Definition Its total degree is a + |a].

Uses (statement):
Uses(notation): El, (index)

Definition 13.4 (Parametric certificate polynomial). Let k¥ > 1, ¢ € R, and let n € N. Fix
basis indices (aj,aq),. .., (an, ay), each consisting of an integer a; > 0 and a signature «;, and
let ¢ = (c1,...,¢,) € Q™. The associated certificate polynomial is

n
F. := Zciba“ai S Q[tl,...,tk],

i=1
with b4 o as in Definition It is a symmetric polynomial, hence continuous, hence bounded

on the compact set Tz; we regard it also as an element of L?(7), and where a value off T is
needed we use the extension of F; by zero.

Uses (statement):
Uses(notation): El, (index)

13.2 The two forms of certificate
Definition 13.5 (Abstract certificate). Let £k > 1 and € € R. An abstract certificate for (k,¢)
is a function F' € L?(7z) such that

k
ANF oy < S0 I(E),

m=1

where Jém) is the enlarged marginal functional of Deﬁnition Equivalently, since || F H%Q ) =

I (F) for F extended by zero off T, an abstract certificate is an F' with Q.(F") > 4.

Uses (statement):
Uses(notation): PO E) o) [1£ 122 (index)

Definition 13.6 (Factorial moment of two signatures). Let & > 1 and let «, 5 be signatures.
Their factorial moment in k variables is

k
O, 8) == Y > A+ B € Zs,

AeEy(a) BEE(B) i=1

~

the exponent sets Fj(-) being those of Definition It is a finite sum of positive integers,
and @ (0,0) = 1.

141



Uses (statement):
Uses(notation): [0 (index)
Definition 13.7 (Explicit enlarged-simplex pairing). Let &k > 1, ¢ € Q, let a;1,a2 € Z>o and

let aq, a9 be signatures. Put e := aj + ag and S := |a1| + |az|. The ezplicit enlarged-simplex
pairing is the rational number

e!

Ti(ar anian o) = (146)77 s

Py (a1, a2),

with ®; as in Definition [13.6

Uses (statement):

Uses(notation): lof (index)

Definition 13.8 (Radial factor). For g,e € Z>¢ and € € Q, set

weo) = -y (eara-a o e e

[
s (r+q)!

Uses(notation):

Definition 13.9 (Explicit shrunken-slice pairing). Let £ > 1, ¢ € Q, let a;,a2 € Z>( and let
a1, ag be signatures. For parts r1,ro > 0 write

q(r1,72) == (k—=1)+ (lea| = 1) + (2| — 72), e(ri,r2) == (a1 +r1+1)+ (ag +r2+1).

The explicit shrunken-slice pairing is the rational number

?”1‘@1 7"2!(12!
Ji (a1, 15 a2, 02) = ZZ (@1t + D) (a2 + 72+ 1)! Qq(rl,rg)(€,€(7“1,r2)) ‘I’k—1(041\7“1, 042\7“2),

where r1 runs over 0 together with the distinct parts of aj, and ry over 0 together with the
distinct parts of aw; the deletions o\ 7 and the convention o\ 0 = « are those of Notation
o is Definition [I3.8] and @ is Definition [13.6]

Uses (statement): [13.1] (13.8] (13.6|
Uses(notation): lof

Definition 13.10 (Explicit certificate). Let £ > 1 and € € Q. An explicit certificate for (k,e)
consists of

e an integer n > 0;
e exponents ay, ..., a, € Z>o and signatures ai, ..., a, (Notation (13 ,
e coefficients c1,...,c, € Q;
subject to the single inequality
n n n n
4 Z Z cicj I (as, oysa5,05) < k Z Z cicy Ji (as, oy ag, o),
i=1 j=1 i=1 j=1

with Zf as in Definition and J¢ as in Definition m Both sides are rational numbers
determined by the data by finitely many additions and multiplications.

Uses (statement): (13.1] (13.7] {13.9|
Uses(notation): lof (index)
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13.3 From a certificate to the bound M; . > 4

Lemma 13.11 (Closed form of the enlarged-simplex pairing). Let k > 1, let ¢ € Q with
1+e>0, let ar,a2 € Z>o and let aq, a2 be signatures (Notation m Then

bay a1 (t) bag,as (1) dt = Ti(a1,aq;a2,a2),
Te

with baq as in Definition[13.9 and I}, as in Definition[13.7. In particular the pairing is rational.

Uses (statement): [13.3] [13.7] [13.1]
Uses(notation): |§| (index)

Proof. Expanding both monomial-symmetric factors (Definition [13.2]) and collecting the two
slack powers,

b@17061 (t) ba27012 (t) = Z Z (1 4e— Zz ti)a1+a2 Hf:l t,L-Ai+Bi,

A€FEy (o) BEER(a2)

a finite sum of continuous functions, so the integral may be taken term by term. Here A and B
denote exponent vectors, as in Definition[13.2] Fix A, B, put C; := A;+ B; and write e := a; +as.
Every A € Ej(aq) satisfies ), A; = |ou| and likewise for B, so ), C; = |ai| + |ao| =: S.
Substituting ¢ = (1 4 &)u, which maps R, onto 7z and has Jacobian (1 + ), and using

I+e=> ti=0+e)(1 -, u),
/ (1+5_Ziti)enz’ticidt = (1+€>k+e+sf72k(1_Ziui)eniuicidu'

€

Lemma evaluates the remaining integral as e! [[, C;!/(k+e+S5)!. Summing over A € Ej(c)
and B € Ej(az) turns [[;(A; + B;)! into ®y(aq, an) (Definition [13.6) and produces exactly
I,i(al,oq;ag,ag). O

Uses (proof):[13.2] [13.6] 5.23

Lemma 13.12 (Closed form of the shrunken-slice pairing). Let k > 1, lete € Q with0 <e <1,
let me {1,...,k}, let ar,a2 € Z>o and let a1, az be signatures (Notation . Extending the
basis elements by zero off Tz,

/ ( /0 ~ bay.on () dtm) ( /O ™ by o (1) dtm) dty, = JE(ar,au;as, az),

with by o as in Definition and J; as in Definition[13.9. In particular the value is rational

and independent of m.

Uses (statement): [13.3} (13.9] [13.1]
Uses(notation): |§| (index)

Proof. Write t = (¢;);2m for a point of S. and set c(f) := 1 +¢ — >_izm bi, the available length
in the isolated coordinate. Since Z#m t; <1—¢on 8., we have ¢(f) > 2¢ > 0.
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Step 1: the marginal of one basis element. A point with m-th coordinate s and remaining
coordinates ¢ lies in T if and only if 0 < s < c(f), so the zero-extension makes fooo ba,o dtm =

foc ® ba,o dtm. Expanding m, (Definition |13.2]) and separating the isolated coordinate,

ba,a(s;f) = Z ( f a gAm Ht

A€E(a) i#m

By Lemma after the substitution s = ¢(t) v,
¢ alr! 1
/ (c—38)"s"ds = ———— 7T (¢>0, a,r € Z>p),
0

so that

0 N CL'Am' N atAm A;
(/0 baﬁadtm)(t) = Z mc(t) + +1Hti '

A€EL () i#m

Step 2: a shifted monomial integral over the shrunken slice. For e € Z>p and exponents
(Ci)itm we claim

/S c(t)® H tici dty, = oq4(c,€) H Cy!, g:=(k-1)+ Z Cs,

with o as in Deﬁmtlon- Indeed c(f) = 2e+((1—¢) -, 2m b i), so the binomial theorem gives
c®) =3¢, ()(2) (1 —¢) - D igmt ;)". Each summand is integrated by the substltutlon
t= (1 — &)u, which maps Ri_1 onto S; (here 0 < e < 1 is used), followed by Lemma |5.23} this
contributes (1 — &) 7" rIT], Ci!/(r + ¢)!, and summing over r gives the claim.

Step 8: assembly. Multiply the two marginals furnished by Step 1 and integrate over S..
The result is the double sum over A € Ey(aq), B € Ei(a2) of

C(t) ai m )+(a2+ m+ ) t i i dt -
(@1 + A + 1! (a2 + B + 1) l;ln i

which Step 2 evaluates, since ., (4i + B;) = (laa| — Am) + (Jaz2| — Byn). Finally group the
double sum by the two isolated exponents 1 := A,, and ro := B,,,: deleting the m-th coordinate
is a bijection

Ep(a) «— H{T} X Eg_1(a\ 1),

where 7 runs over 0 together with the distinct parts of o (Notation [13.1]). Under this bijection
the residual factorial products [ [, ,,, (Ai+B;)! sum to @41 (a1 \r1, 042\7'2) (Deﬁmtlon, and
the remaining factors are exactly those of Definition [I3.9] No step depends on which coordinate
was isolated, so the value is independent of m. O

Uses (proof):[13.2] [13.6] [13.8] [5.2] [5.30} [5.23]

Lemma 13.13 (I(F.) as a rational quadratic form). Let k > 1, let e € Q with 1 +¢ > 0, and
let F. be the certificate polynomial attached to basis indices (ai, 0;)i<n and coefficients ¢ € Q™

(Definition[15.4). Then

n n
I(F) = |Felany = D> e Tilai, cisaj,0) € Q,

i=1 j=1

where F, is extended by zero off T. in the definition of Ij.
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Uses (statement):
Uses(notation): |Ik1FiH f LQ(X)l (index)

Proof. F, is continuous, hence square-integrable on the compact set 7Tz, and || F,[|2, () = fTE F?

2.
Expanding the square of the finite sum,

n n
2
Fe = E E :Cicj ba;,a; Daj,a;

i=1 j=1

and integrating term by term (a finite sum of continuous functions on a compact set),
Lemma [13.11] evaluates each f7-€ ba;,a;baj . as Ti(ai, ai;aj, az). Rationality follows since each
pairing and each c¢; is rational. O

Uses (proof): 13.11

Lemma 13.14 (3 Jg(m)(Fc) as a rational quadratic form). Letk > 1, lete € Q with0 < e <1,
and let F, be the certificate polynomial attached to basis indices (a;,a;)i<n and coefficients

c € Q" (Definition , extended by zero off T-. Then

k n n
ZJs(m)(FC) = ]{;ZZC@'CijE(aiaaﬁajvaj) S
m=1

i=1 j=1
Uses (statement):
Uses(notation): H

Proof. Fix m. The marginal { — fooo F.dt,,, taken for the extension of F,. by zero off 7T, is
linear in the coeflicient vector:

00 n [e's)
/ Fodtm =) ¢ / ba, c0; Al
0 - Jo

Squaring and integrating over S;, and interchanging the finite sums with the integral,

n n 00 0o n o n
Js(m)(Fc) = chicj/ (/0 bai,aidtm) (/0 baj,ajdtm>df = ZZQCJ’ Ti (as, o5 a4, o)
. i=1 j=1

i=1 j=1 S

by Lemmall3.12] The right-hand side does not depend on m, so summing over the k coordinates
multiplies it by k. O

Uses (proof): 13.12
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13.4 Existence of a certificate at k£ = 50

Proposition 13.15 (Existence of an explicit certificate for k& = 50). There exist a rational
number ¢ with 0 < e <1 and an explicit certificate for (50,¢) in the sense of Definition|13.10.

Uses (statement):
Uses(notation): o (index)
Proof. Take e =1/25, so that 0 < e < 1. Let the index set be

B := {(a,@) : a € Z>o, a a signature all of whose parts are even and > 2, a + |a| < 27},

a finite set; enumerate it in any fixed order as (ai,a1),..., (an,an) with n = |B| = 2526.
Definitions and attach to this enumeration two explicit rational symmetric matrices,

(Ar)ij = T5p(ai, ois ag, o), (Ag)ij = 50 T50(ai, ai; aj, ),

each entry being a finite sum of products of factorials, binomial coefficients and powers of .
What has to be produced is a vector ¢ € Q" with 4¢" Are < ¢" Aje; once ¢ is written down,
this is a comparison of two explicitly given rational numbers and is decided by exact integer
arithmetic after clearing denominators.

Such a vector is found as follows. By Lemma cTAjec= fTE F2 >0, and it vanishes only
for ¢ = 0 because the polynomials b, o, (a,a) € B, are linearly independent; so A is positive
definite and the generalised eigenvalue problem Ajv = AAjv has real eigenvalues, the largest
being Amax = sup,o(v' A;v)/(v" Arv). Computing a top eigenvector to sufficient precision and
rounding it coordinatewise to a rational vector over a common denominator yields c. None of
this is part of the verification: the precision analysis, the eigenvector and the rounding only serve
to produce a candidate ¢, and once c is fixed the sole assertion to be checked is the displayed
rational inequality. Carrying this out at (k,e,d) = (50,1/25,27) gives a ¢ with

cTAje
clArc

> 4.0043 > 4,

so the inequality of Definition holds. The degree bound cannot be relaxed by much:
the supremum of the quotient over the span of the degree-d basis increases with d, and at
(k,e) = (50,1/25) it is still below 4 for d < 24, its value there being 3.9995. . .; the exhibited ¢
lives at d = 27, where the exact quotient is 4.00430. ... The restriction to signatures with even
parts is likewise not cosmetic: it is what the test functions used here look like, and dropping
the multi-part signatures (allowing only a with at most two parts, say) lowers the attainable
quotient below 4.

It is equivalent, and closer to the classical formulation, to search in the power-sum monomials
P, =1] j Pa; with P, = >; t7 instead of the monomial-symmetric polynomials m,: expanding
a product of power sums groups the coordinates into blocks, so P, is a non-negative integer
combination of the m, with p obtained by merging parts of a; such p again have even parts
> 2 and |u| = |a]. Hence (1 + ¢ — P))?Py lies in the span of {by o : (a/,) € B} for every
(a,) € B, and a rational coefficient vector in the power-sum family transforms, by a finite
integer matrix, into one in the family B. O

Uses (proof): [[3.7, [[3.9] [[3.3, [[3.4} [13.1} [[3.11]

Proposition [13.15| gives an ¢ € QN [0,1] and an explicit polynomial F' € L?(7.) whose
enlarged Rayleigh quotient exceeds 4; the polynomial is then smoothed and used in the enlarged

sieve estimates.
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14 The admissible 50-tuple
Definition 14.1 (The tuple Hsp). Let

Hso == {0, 4, 6, 16, 30, 34, 36, 46, 48, 58, 60, 64, 70, 78, 84, 88, 90,
94, 100, 106, 108, 114, 118, 126, 130, 136, 144, 148, 150, 156, 160,
168, 174, 178, 184, 190, 196, 198, 204, 210, 214, 216, 220, 226, 228,
234, 238, 240, 244, 246} C Z>o,

a set of b0 distinct non-negative integers with minHsg = 0 and maxHsy = 246. It is
the narrowest known admissible 50-tuple, normalised so that its least element is 0; see
the Engelsma—Sutherland tables of admissible tuples, https://math.mit.edu/~primegaps/
tuples/admissible_50_246.txtl

Uses(notation):

Lemma 14.2 (Diameter of Hsg). diam(Hsp) = 246.

Uses (statement):
Uses(notation): (index)

Proof. The elements of H5g are listed in increasing order in Definition [14.1] so min Hso = 0 and
max Hsg = 246. By Definition diam(Hs0) = max Hso — min Hsp = 246 — 0 = 246. O

Lemma 14.3 (Admissibility of Hso). Hso is admissible.

Uses (statement):
Uses(notation): (index)

Proof. By Lemma it suffices to show that #{h mod p: h € Hso} < p for every prime p.
For p > 50 this is automatic: the reduction map Hsg — Z/pZ has image of cardinality at
most #Hso = 50 < p. Thus only the fifteen primes

p€{2,3,5,7,11,13,17,19, 23,29, 31, 37,41, 43,47}

require checking, and for each of them the reduction of the explicit list of Definition [14.1]is a
finite computation. It omits a residue class in every case; for instance every element of Hsg is
even, so the image modulo 2 is {0}, and modulo 3 the image is {0, 1}, missing 2. O

Uses (proof):

15 Assembly

The two bounds below are two cases of one argument. Its variational input is a lower bound for
the variational supremum; its arithmetic input is an admissible tuple of the corresponding size.
Taking the standard simplex, k& = 105, the bound Mjp5 > 4, and the tuple Higs of diameter
600 gives Theorem |4l Taking the e-enlarged simplex, k = 50, a numerical certificate of Q. > 4,
and the tuple Hso of diameter 246 gives Theorem |8 In the second case the variational input is
a finite, exact verification (Definition Theorem [7).
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Definition 15.1 (A certificate at k = 50). A 50-certificate is a datum consisting of a rational
number ¢ with 0 < ¢ < 1, finitely many elements b1, ...,b, of the certificate basis of Defini-
tion in the 50 variables t1,...,t50, and a rational vector a = (ay,...,a,) € Q" such that
the polynomial F, = Y 7" | a;b; of Definition satisfies the strict inequality

50

AT50(Fa) < Y JO(F).
/=1

Uses (statement):
Uses(notation): (index)

Both sides of the displayed inequality are rational numbers determined by the finite datum
(¢, (bi)i<n,a) through the closed-form pairings of Lemmas [13.13[ and [13.14] so the condition
defining a 50-certificate is a single exact comparison of two rationals. The analytic argument
uses only that a 50-certificate exists, not the particular €, basis, or coefficient vector.

Theorem 5 (DHL[50, 2] from a certificate). Suppose the primes have level of distribution 9 for

every ¥ < % (Theorem, and suppose a 50-certificate exists (Definition . Then DHL[50, 2]
holds: for every admissible 50-tuple H = {h1 < --- < hso} there are infinitely many n € N such
that at least two of n 4+ hy,...,n + hsg are prime.

Lean:
e Gaps246.thm dhl

Uses (statement):
Uses(notation): I} 0.(F)

Proof. Fix a 50-certificate (e, (b;)i<n,a) and set Fy := Fy, so that

50

dlso(Fo) < Y JO(F). (15.2)
=1

The functional I is an integral of a square, so I50(Fp) > 0; and I5o(Fp) = 0 would force Fyp =0

almost everywhere, hence g (Fy) = 0 for every ¢, contradicting (15.2). Therefore I5o(Fp) > 0
and the witness ratio @ := Q.(Fp) of Definition is defined and satisfies Q > 4 by .
Apply Lemma with this € € [0,1] and this @ > 4: it produces a level ¥ < % with
2/9 < @ and 1+ ¢ < 1/49, at which the primes have level of distribution . Note ¢ > 0, since
1/0>1+¢>1>0.
Apply Lemma [12.27) at this 9: since Q.(Fp) > 2/9 and 1 +¢ < 1/9, it produces a smooth
F supported on the enlarged simplex 7. and a margin § € (0,9/2) with

F? Vs 50JWF
/7; < (3-9) LA

Now let H = {h1 < --- < hso} be an arbitrary admissible 50-tuple. The data e, F,
¥, § satisfy every hypothesis of Proposition at k = 50 with p = 1: € € [0,1]; F is
smooth and supported on 7z; ¢ € (0,1), ¥ < %, and the primes have level of distribution ¥;
0 € (0,9/2); 1+ e < 1/¥; and the displayed inequality is exactly the witness inequality with
p = 1. Proposition therefore gives infinitely many n with at least two of n+hy,...,n+hsg
prime. As H was arbitrary, this is DHL[50, 2]. O
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Uses (proof): [12.28] [12.27] [12.26]

Theorem 6 (H; < 246, condltlonal on a certificate). Suppose the primes have level of distri-
bution ¥ for every ¥ < 3 (Theorem I) and suppose a 50-certificate exists (Definition m}
Then

linl)ioréf(pm+1 —pm) < 246.

m

Uses (statement):
Uses(notation): (index)

Proof. The tuple Hsp is admissible (Lemma [14.3) and has diam(Hso) = 246 (Lemma [14.2)).
Both hypotheses of Theorem [5 I 5| hold, so DHL[50, 2] holds, and applying it to Hso shows that

= {n € N: at least two of the shifts n + h, h € Hso, are prime}

is infinite.

For n € N every shift n 4+ h with h € Hsg lies in [n + min Hsp, n + maxHsg |, an interval
of length diam(Hs0) = 246. Hence N/ := {n + min Hsp : n € N} is an infinite set of natural
numbers such that [n/,n’ 4 246] contains at least two distinct primes for every n’ € .

Lemma applied to N/ with r = 2 and L = 246 gives the conclusion. O

Uses (proof): 5] [14.3] [14.2] [10.4]

Theorem 7 (Existence of a 50-certificate). A 50-certificate exists (Definition[15.1]).

Uses (statement):

Uses(notation): l |Ik |J6 )L |Q5(F)|

Proof. Take e = 5, which is ratlonal and lies in [0, 1], and take for by, ..., b, the certificate basis
of Definition at k =>50,e = 25 and total-degree bound 27; here n = 2526. Proposition|13.15
supplies a vector a* € Q" with I5o(Fy+) > 0 and Q/95(Fy+) > 4.0043. By Definition this
reads

ZJ1/25 ) > 4.0043 Isg(Fus) > 4Iso(Fas),

the last step because I5o(Fy+) > 0. Thus (5, (b;)i<n,a*) is a 50-certificate.

The verification is finite and exact. By Lemmas [13.13] and [13.14] the two sides are the
rational quadratic forms (a*)" A7 a* and (a*)" Ay a* in the pairing matrices of Definitions
and whose entries are given in closed form by Lemmas [13.11] and [13.12] With a* taken
over a common denominator, clearing denominators turns the required inequality into a single
comparison of two integers, namely 10% - (a*)T Aja* > 40043 - (a*)T A7 a*; its exact value is
Q1/25(Far) = 4.00430625 . .., which clears 4.0043, and a fortiori 4, strictly. No analytic input
enters at this point: the statement is a finite assertion about rational numbers. O

Uses (proof): [13.15] [13.13] [13.14] [13.7] [13.9] [13.11] [13.12] [13.3]

Theorem 8 (H; < 246). Suppose the primes have level of distribution 9 for every ¥ < %
(Theorem[1)). Then

liminf (pmy1 — pm) < 246.

m—0o0
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Lean:
e |Gaps246.thm_main

Uses (statement):
Uses(notation):

Proof. Theorem [7] provides a 50-certificate, which is the second hypothesis of Theorem [6} the
first is the present hypothesis. Theorem [6] then gives the conclusion. O

Uses (proof): [} [7]
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Notation index

Notation Definition

Pn€P, p1<pa<p3<-, {Pn:nE€EL>}=P
DPn
” HCZ, |H| < oo, Vgprime: #{hmodq:heH} <q

h; € Z, H:{hl,...7h‘7.[|}, hi <hg <--- <h|7.L|
hi Uses:
k k.= |H S ZZQ

Uses: [H

2
= (Zd'\njth- A(dy, ... 7dk)) , ME€Zxo

Wy, 1<i<k

Usess 1 )

N e N, N — 00

N Uses:

S(V.p) S(N, ) = 2w encon ( Tzt Xe(n+ hi) — P) wn, pER>p
’ Uses: .I )} IM
XP : >1—> 01}, X]pn)—l<:>n>2and(dEZ>1,d|n:>dE
P {L,n})
p € Ryg, liminfy_, o (SQ()\) - ,051(/\)) >0

p Uses: [N B0} B0 P di)]
S1(\) = n Wn, ANV R
Sl(/\) 1( ) n= ]Y)o< rrfoszW

Uses: [} [V o

Sy(N) 52(0) =% Jg<r;1<02dzv S xe(n b)) wa, A iNESR

Uses: Illlilm_

Ady,. .. dp) : NF SR, d; € Zs1, Mda, ..., dy) =0 unless [[*, d

Ady,...,d
(diy...,dg) R, ged Hle d;, W) =1, and Hle d; is squarefree
Uses: @.m
Ry = {(x1,...,xx) €[0,1)F s 2y + - + 23, < 1}
R Uses: El
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Notation Definition
)\Q(dl,.. dk)'Nk%R Ao(dl,...,dk) =

Ao(dl,...,dk) k)2 . -
(Hz L uld )d)z o Aler) F(llggg}%,...,llggglg) when ged([ds, W) =
(ri,W)=1 Vi
1, Ao(ds,.. = 0 otherwise

Uses: IEHZHEHMII.

Ny i N RN (s dp) = (T (i) di) S0y WPl

Ay(dy, ..., dy) dijr; vi Hizae(ri
N* — R of finite support
s
R Uses.
F:[0,1)* — R, Riemann-integrable, F(t1,...,t;) =
F Ounless t1 +---+1t, <1
Uses:
w:Zs1 —{-1,0,1}, pul):=1, pn):=(-1)"ifn=
H q1 - - g with g; distinct primes, u(n) := 0 if 3¢ prime : ¢> | n
o (F) = F(ty,...,t5)%dt, - - dty,
Ix(F) Uses): ﬁ :

2
TUE) = Jrom (S5 Pt te) dbn ) Tl dti, m € {1, .k}

W) vees: B AR

—{ t1, .o, tm— 1,tm+1,...,tk) S [O, 1]k_1 : Ezfl t; < 1}, m <
1F=m

(m)
Ri {1,...,k}
Uses: IE'
M Mk =
k sup{ fn 1 (m) /Ik ‘ F € C>([0,00)¥;R), F symmetric, supp F C Ry, Ix(F) #O}

TTL
Ui III--

Migs == _105
Mios Uses
21 € Z>o

Tk Uses m
vg € {0, 1 — 1}, ged(vo + hyy, W) =1for alli € {1,...,k}
”0 Uses: MIIEI
* (af,...,a3) € Q*
a
N:={1,2,3,...
. (123}
B P:={n€Zso:V¥d€Zs>,d|n = de{1,n}}
(a.1) (a,b) :=max{d € Z>1 :d|aand d | b}, a,b€Z, (a,b)#(0,0)
a,
0. [a1,...,a,] :==1cm(aq,...,an) =min{m € Z>1 : a; | mVi}, a; € Z>;
a,
2] |z] =max{n€Z:n<z}, x€R
x
(2] [] :=min{n€Z:n>2z2}, z€R
x
¢: NN, on):=4#{aec{l,...,n}:(a,n) =1}
¥ Uses:
TT(Tl) I:# dl,...,dr)GerdldQ"‘dr:n}, TlGN, reN
Tr Uses: [N
f<g <= IC=C(k,H)>0:|f| <C|g|, C independent of N
<y Uses: Ig;ﬂ
0(a) f(a:):Og(alv%l@HC>0, xo €R:|f(x)| < Clg(z)| Y > x0
g
f=olg) = limy f(N)/g(N) =
o(g) Uses: [V]
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Notation Definition
diam(#) %12215(7{) maxl j(hi —hj)=hy—h
m(x; q,@ #@p<x peEP, p=a (mod q)}, z€R>s, ¢EZ>1, a€Z
m(z;q,a) Uses: B B
mx)=#{p<z:peP} zeR
7(x) Uses:
9 9 € (O,%, VA >0: quwﬂ max(a)q):llﬂ'(x; q,a) — ﬂ'(x)/(p(qﬂ <A
z(logz)~4
Dy :=logloglog N
Do Uses:
W W
Uses:
8(z) d(x) : 1;)2; log p
Uses:
JeR, 0<d</2
0 Uses: @
d:=(dy,....dy) € ZE,
d Uses: I'/f-_zl_:
4= Yo Yo Y
> e g T e
e:=(e1,...,e;) €Z5,
€ Uses: B
ri=(ry,...,r5) € Z%,
r Uses: a
(u1,...,ux) € Z>1, w; | (diye;), d=(dy,...,dg), e=(e1,...,ex)
u Uses: I@@@
(a1,...,ax) € L%, where each a; = u; [[,,; 5.
a Uses E.
= (b1,....br e Z% ., where each b; = u; [z sig
b Uses E . -
S(m Z N<n<2N Xp(n—i-h )wn, A Nk—ﬂR, 1<m<k
S2m)()\) n=vg (mod
Uses l 3 7 7 o B P
R, y:=yx ( the y-transform of A\, Notation y_lambda), \:
y(re, - 57k) Nk — R of finite support
Uses: [k} A(dy, ..., di)b lur(r1, .-, 7))
yr NF S R g (ry, .. me) = (Hf:l pu(ri) p(r )) EdeZk —dlk’ ’; ), A
y(r1, .oy TR) rolds Wi
NF — R of finite support
Uses {01} B
Ymax = SUPpenk (Y T'1, )
o Ures: B 0 o71]
g:i=¢ * w: N —
g N (Dirichlet convolution), equivalently the multiplicative function with g(p) =

y(m) (riy...,m%)

(m)

Ymax

p—2and g(p®) =p*2(p—1)2fora>2, pcP

Uses @'ﬂ'.

=R, "™ (ry,..., ) =
(H u(r)())z Pl r =1, me {1, k)
i#m % d: n|d Vz;ﬁm i (di)’ m ) [

s BT T} B AT
yim) = su y 1 z z
Uses: iivy (ri,...,7%)
o) = Ies (1-22) " (1- 1)
Uses:
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Notation Definition
7:N=Rxo, 7(1) =1, y(mn) = y(m)y(n) if (m,n) =1, v(p) €
v [0,p)VpeP
e (B [27]
E(N,q _
(N.9) 1 + SUP(q,q)=1 Z N<n<25\/ xe(n) — o(q)™! >n<n<on Xe(n)|, €N
Uses: X .l. (a, D)
Y XN N<n<2N XpAT
N Uses
w(n) := # pGP pln}, neN
w(n) Uses:
T(n) :=#{d € Z>1:d|n}, n € Z>
.
(2) =512
@) 2
A(M /ety MeZ
A(M) 2 o m =1
Uses I@ﬁ
Ty:=73 v<r/d ”;} , dE€ZLx
Ta v,dW
s i lim
e) loge7 M€ Zsy
B(M) M) 1 -
Uses:
Pj ::Zfltz, j6221, (tl,..., )€R>O’ Eletigl
P; Uses:
I(s):= [t e tdt, seR
F(S) ( ) fo >0
B(a,b) == [y t* ' (1 —t)>"dt, a,be Zs
B(a,b) Uses:
Amax 1= SUpPgq |/\(d17 ) dk)|
Amax Uses d
d q(d, VVHZ 11di, eq]
e Uses: ll@@-
, >, fde) = aecr f(de)

Uy

Si,j

Ay

Ay

(W dl,el] [dk,ek]) 1

pairwise coprime
Uses: I. # a bl
u; €7 >1; uz uez y |disei] = diei/uiv d= (d2)7 e= (61)
Uses: [(a,b)} [la bL@El

~—

Sij € L1, LS 0,5 <k i #J5 Ldpe=1 = D, |(dire;) M(Sis)

=2 seacigi<e f((5i5)izg)
(81,5, ui)=1, (84,5, u;)=1
(51 3y Si, a) 1va¢{7ﬂ]}
(84,5, 5b,5)=1 Vbg{i,j}

uses: (AR R T
Z .

81,2538k, k—1

Usesl ., a,b

d<z M g* 7 z € Ryo
Uses
Hp(y) =2 acy 1(d)?9.(d), pEP yERs
u(d)°=1

d,p)=1
Uses: (a,b)}

A1 €(0,1), v(p)/p<1— A forallpeP
Uses:
Az € Rog, D w<p<s ’y(p) logp —log(z/w) < Ag, V2<w <z

peEP
Uses: El,
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Notation Definition
LERsg, Yp<s B2 _logz > —L, Vz>2
L - peP p
Uses:
g«: N—=>R totally multiplicative, g.(p) :==~v(p)/(p —y(p)) for p e P
= Uses: EI,
ogp
T(2) Tlz) = Eéﬁi 2 € R
Uses:
o G:[0,]] > R, G € C>([0,1])
. Gmax 1= supyeqo,1) (|G (1) + |G (1))
max Uses: El
r Fmax = Sup(tl)m’tk)e[o,l]k <|F(t1, N 7tk)| + Zf:1|g—f:(t1, ce ,tk)‘)
max Uses: [f]
yw : N — {0, 1} multiplicative, yw (p) := Lpt WJ]; yw(n) = 1[(n, W) = 1]
w U M)
Frl, e fo (T1s e s Tty by T 1s - -+ Thp) by, T 1=
F(m) 1
1Tk ogri/logR for i #m, m e {1,...,k}
Uses: EI, EI
FP(tla"')tk) = P(tl)""tk) ! 1[(t1)"'atk) € Rk]a Pe R[tla"'atk]
Fp Uses: [k|
Bd = {E(].—P])l{ (Pj)%lb,CGZZO, b+20§d}7 dEZZO
Ba Uses:
Ghj(@) =030, (¢ )Zb1+ b= [T, 92, bjeZsg, v€R
Gh,j(x) g
b b* = (b7,...,biy) € 2207 #Bd’dzll =42
Uses .
=(c},...,chy) €74, {(b},c}): 1 <i <42} enumerates B
c’ Uses @. -
N = ].—F)l)r.PQC7L 6R[t1,...,t105]
P Uses . @ @ S
105 7(m)
Ve N* € Z>O, F _ Xm IkL(]FP)(FP) o , (N*’D*) =1
e BEA TR
. D € Lo ST Fp )/Tx(Fp) |k 105 pope = N*/D*, (N*,D*) =
TE@U@H%MeCwﬁﬁMH%mzlmﬂfﬁwwuﬁcﬁmm
X smooth_cut-off of 7. to its T-inset
Uses:
R —{teRy:t; >eV1<i<hk S8 t;<1—¢}, e>0
R;(f) Uses: IE'
(T F)(t1y et ti) o= [y Flty, o ty) b, me {1,... k}
T, Uses: |kl
8= 19%—5, log R = Blog N
B Uses: i
S(A) == Sg( ) pS1(\), A:NF R
S() Uses: [S100} [B200} 3 AL - du)}
m(n) := mln{] >1:ippt;>n —|— hi}, n € Z>1
m(n) Uses
= max{j >1:pyy; <n+diam(H)}, neN
o Ones Y fumia s
2 Hios = {h1,...,h105} C Z, diam(Hi05) = 600, Vp € P: #{h; mod p: 1 <
105

i <105} <p

Uses:
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Notation Definition
As € R>q, 3V € Z>q squarefree : y(p) =0 for p | V, |y(p) — 1] <
45 As/p for ptV
Uses: El IZ'
V € Z>; squarefree, v(p) = 0 for all primes p | V, |y(p) — 1| <
4 Az /p for all primes ptV
Uses:
hd) = pu(d)? gu(d), d€Zsy
h(d) Uses:
a(d) == pu(d)?/o(d), de€ Z>
a(d) Uses:
b:N—
b(p) R multiplicative supported on squarefree integers coprime to V, b(p) :=
Uses i |Z|
by = Zp|m 8P m € Z>; squarefree
b L
Yo := limpy_s00 (Zn 15 logN) €
o R (Euler—Mascheroni constant; also written g in some proofs)
— u(f)? _
(o) Ap(x) Z(f{;:)z:l S Am(z) =0forz <1, me
Z>1 squarefree, x € R
Uses:
W’g N — R>¢ totally multiplicative, v4(p) := 0 for p | W, ~4(p) :=
Tg ~L- for p tw
Uses m
2
v, Y, = uW]‘[ 1’;}&)) F(...,llggg,...), r=(ry,...,7%), Tm =1
Urex FE T i m BT
D((ti)itm; 5,8') =F F(...,s,...), s,s in the m-th slot
o Uses:
) Pli=Y"0 ot €L, (ta,... t;) €REY!
by Uses [ a
I fllL2(x) = (fX |fI? ) L*(X) :={f: X — R measurable : || f||,2(x) <
1Lz oo}, X C R™ measurable
[ fll Lo (x) = esssup,ex | f(2)|, L®(X) :={f: X — R measurable :
11l (2 [ fllLoe(x) < o0}, X C R™ measurable
vol(A) := [, 1dx; - dxn, A C R™ Lebesgue measurable
vol(A)
CoX)={f: X —=>R:
o= (X) f has continuous partial derivatives of every order on X}, X C R™ open
C*(X) :={f € C>*(X) : supp(f) is compact}, X C R™ open
C(X) Uses:
€ = 1/25, the enlargement parameter
€
L k = 50, the tuple dimension used in Section
R := NY/2-9 the truncation level
R Uses:
- W =1l,<p, p, Do = logloglog N
sieve target; here p € (1,2),s0 |[p+ 1| =2
p
{te[0,00)%: >, t; <1}
R Uses:
- {t €[0,00)% : 3, t; < 1+¢}, the enlarged simplex
€

Uses: IEl
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Notation Definition
{teT:: t >7Vi, y .t <14¢e—7}, the 7-inset of 7c (mollifier width)
77 Uses: [T ! El
{s €10,00)" " : 37, s; <1— e}, the shrunken slice
Se Uses:
Ik(F) = [y 2t
Ix(F) Uses 7
Je(F) Uses
i Q. (F) = z’; J§”<F>/Ik<F>
Q- (F) Uses: |J:"” (F) m
the F- derived sieve weight on 7;
Ae Uses
d < Rl 5
ALm Uses
Apom, Aem(d), £€{1,2
Agm(n) Ueses A1 - |n+h - .2
power sum Py)(t) =ty + -+t
Py Uses: El
” an admissible 50-tuple with diam(Hsp) = 246
50
a signature: a finite non-increasing tuple (a1, ..., q;) of positive integers;
a || == D", o is its size; o \ ¢ removes the i-th part
Py :=TI!_, P,,, the power-sum monomial for a signature
Po a=(a,...,05); Pp=1
Uses:
, signature merger: |a U /| = |a| + |o/| and Pyuor = PaPur
alUa Uses:
signature restriction: (a;);es re-listed non-increasing; partial size
as lals =) ieg i
Uses:
set-partition weight: > p.¢(s) [Iper(2icp i)! (a non-negative
Ha(s) integer), for a signature « of length r and 1 < s <r
Uses:
signature polynomial G, € Q[z]: Y.._  x(x — 1)+ (x — s+ 1)Hy(s) for
Galx) signature « of length r > 1; Gy(z) :=1

Uses:
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